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0. Preface

The theory of large-scalestructure is preserly one of the most active re-
seard areasin cosmology The important questionsbeing studied include:
Did structure form by gravitational instabilit y? What are the nature and
amount of dark matter? What is the badkground cosmological model?
What were the initial conditions for structure formation? It is exciting
that we can ask these questionsseriously knowing that obsenational tests
are rapidly improving.

Numerouspapersand reviewsdiscussspeci ¢ theoretical models of large-
scalestructure, or speci c theoretical techniquesfor constructing and ana-
lyzing models. Howewer, there are few coherent preserations of the basic
physical theory of the dynamics of matter and spacetimein cosmology Al-
though there are now seeral textb ooks in this area, | think there is still
room for further pedagogicaldevelopmert. My aim in theselecture notesis
to provide a detailed yet readableintroduction to cosmologicaldynamics.

Although | gave an evening seminaron N-body techniquesfor simulating
large-scalestructure, for reasonsof length | have excluded that subject
from these notes. The subject is preserned elsewhere(e.g., Hockney &
Eastwood 1981, Efstathiou et al. 1985, Bertschinger & Gelb 1991,and S.
White's notesin this volume). Otherwise, these notes generally follow the
lectures| gavein Les Houches,exceptthat my lecture on Lagrangian uid
dynamics has been subsumedinto the section on relativistic perturbation
theory. The former subject is still ewlving, and doesnot seemto be as
fundamental asthe subjects of my other lectures.

| would like to thank Andrew Hamilton, Lam Hui, Bhuvnesh Jain,
Chung-Pei Ma, Dominik Sdcwarz, Uros Seljak, and Simon White for use-
ful commernts and discussion,and Rennan Bar-Kana, Chung-Pei Ma, Nick
Gnedin, and Marie Machacek for correcting seweral errors in early drafts.
| am grateful to the organizersand studens of the Les Houches Summer
Sdool for providing the opportunity to presen this material. | appreci-
ate the hospitality of John Bahcall and the Institute for Advanced Study,
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6 E. Bertschinger

where much of the writing was done. This work was supported by NASA
grants NAGW-2807 and NAG5-2816.

1. Elemen tary mechanics

This lecture applies elemeriary medianics to an expanding universe. At-
tention is given to puzzlessud as the role of boundary conditions and
consenation laws.

1.1. Newtonian dynamicsin cosmolay

For a nite, self-gravitating set of mass points with positions r;(t) in an
otherwiseempty universe,Newton's laws (assumingnonrelativistic motions
and no non-gravitational forces)are
dr; X (rirj)
=g ; @-= Gm; - LA 1.1
a2 di di o i, e (1.1)

In the limit of in nitely many particles ea with in nitesimal mass d °r,
we can also obtain g; = g(r;;t) asthe irrotational solution to the Poisson
equation,

rrg= 4G((;t); r g=0; (1.2)
which may be written
‘ 9
g(r;t) = G (ro;t)j(rrirrOj3 d3r0: (1.3)
The Newtonian potential , dened sothat g = @= @ (using partial

derivativesto indicate the gradiert with respectto r), obeysr 2 =4 G .

If the massdensity is nite and nonzeroonly in a nite volume, then
g (and also ) generally corvergesto a nite value everywhere,with g! 0
asr! 1 .If, howewer, remains nite asr! 1 ,then divergesand g
depends on boundary conditions at in nit y.

Considerthe dilemma facedby Newton in his corresppndencewith Bert-
ley concerningthe gravitational eld in cosmology(Munitz 1957). What
is g in an in nite  homogeneousnedium? If we consider rst a bounded
sphereof radius R, Gauss'theorem quickly givesusg = (4 =3)G r for
r < R. This result is unchangedasR ! 1 , sowe might concludethat g is
well-de ned at any nite r. Suppose, however, that the surfacebounding
the massis a spheroid (a attened or elongatedsphere,whosecross-section
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is an ellipse) of eccettricit y e > 0. In this casethe gravity eld is nonradial
(seeBinney & Tremaine1987,x2.3, for expressions).The only di erence in
the massdistribution is in the shell betweenthe spheroid and its circum-
scribed sphere,yet the gravity eld is changedeverywhereexceptat r = 0.
An inhomogeneouddensity eld further changesg. Thus, the gravity eld
in cosmologydepends on boundary conditions at in nit y.

There is an additional paradox of Newtonian gravity in anin nite homo-
geneousmedium: g = 0 at one point but is nonzeroelsewhere(at least in
the spherical and spheroidal examplesgiven above), in apparert violation
of the Newtonian relativit y of absolute space. Newton avoided this prob-
lem (incorrectly, in hindsight) by assumingthat gravitational forcesdue to
massat in nit y canceleverywhere sothat a static solution exists.

Theseproblemsare resoledin generalrelativit y (GR), which forcesusto
complicate the treatment of Newtonian gravity in absolute space.First, in
GR distant matter curvesspacetimesothat (r;t) do not provide good co-
ordinates in cosmology Second,in GR we must specify a global spacetime
geometry explicitly taking into accourt distant boundary conditions.

What coordinates shall we take in cosmology? First note that a ho-
mogeneousself-gravitating massdistribution cannot remain static (unless
non-Newtonian physicssuc asa ne-tuned cosmologicalconstart is added
to the model, as was proposedby Einstein in 1917). The obsened mass
distribution is (on average) expanding on large scales. For a uniform ex-
pansion, all separationsscalein proportion with a cosmicscalefactor a(t).
Even though the expansionis not perfectly uniform, it is perfectly reason-
ableto factor out the mean expansionto accourt for the dominant motions
at large distancesasin Figure 1. We do this by de ning comoving coordi-
natesx and conformal time asfollows:

Z,

dt®
x=r=a(t); d =dt=a(t) or = — (1.4)
o at9
The starting time for the expansionis = 0andt= 0whena = 0;if this

time was nonexistert (or ill-de ned in classicalterms) then we can set the
lower limit of integration for (t) to any corvenient value. Although the
units of a are arbitrary, | follow the standard corvertion of Peebles(1980)
in setting a= 1today whent = toand = (. A radiation sourceemitting
radiation at < o hasredshift = og=z= 1+ a ! where g isthe
rest wavelength.

For a perfectly uniform expansion,the comoving position vectors x re-
main xed for all particles. For a perturbed expansion,ead particle follows
atrajectory x () [or x (t)]. The comoving coordinate velocity, known also



8 E. Bertschinger

alt,) a(t,)
L ¥
.
t, .
Fig. 1. Perturb ed Hubble expansion.
asthe peculiar velocity, is
dx dr
R H(r ; (1.5)

where H (t) = dina=dt = a ?da=d is the Hubble parameter. Note that
v is the proper velocity measuredby a comoving obsener at x, i.e., one
whosecomoving position is xed.

[The distinction between\prop er" and \comoving" quartities is impor-
tant. Proper quantities are physical obsenables, and they do not change
if the expansionfactor is multiplied by a constart. Thus,v = dx=d =
(adx)=(adt) is a proper quartit y, while dx=dt is not. This is why | prefer

rather than t asthe independert variable.]

We shall assumethat peculiar velocities are of the sameorder at all dis-
tancesand in all directions, consistert with the choice of a homogeneous
and isotropic mean expansionscalefactor. These assumptionsare consis-
tent with the Cosmological Principle , which statesthat the universeis
approximately homogeneousand isotropic when averaged over large vol-
umes. In generalrelativit y theory, the Cosmological Principle is applied
by assumingthat we live in a perturbed Robertson-Walker spacetime. Lo-
cally, the GR description is equivalent to Newtonian cosmology plus the
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boundary conditions that the massdistribution is (to su cien t accuracy)
homogeneousand isotropic at in nit y.

Unlessotherwise stated, in this and the following lectures (until section
4) | shall use 3-vectorsfor spatial vectors assumingan orthonormal basis.
Thus,A B = A;B; = A'B; = A'B' with summation implied from i = 1
to 3. Note that A; = Al are Cartesian componerts, whether comoving
or proper, and they are to be regarded (in this Newtonian treatment) as
3-vectors, not the spatial parts of 4-vectors. (If we wereto use 4-vectors,
then A; = gj Al = @A’ in a Robertson-Walker spacetime. Becausewe are
not using 4-vectors, there is no factor of a distinguishing covariant and
contravariant componerts.) This treatment requiresspaceto be Euclidean,
which is believed to be an excellet approximation everywhere exceptvery
nearrelativistic compact objects sud asblack holesand, possibly, on scales
comparableto or larger than the Hubble distance c=H. (In section 4 the
restrictions to Cartesian componerts and Euclidean spacewill be dropped.)
Also, gradients and time derivativeswill be taken with respect to the co-
moving coordinates: r e, @O@.

Beforeproceedingfurther we must derive the laws governing the meanex-
pansion. Consider a spherical uniform massdistribution with massdensity

and radius r = xa(t) with x = constart. Newtonian energy consenation
states

1 dr > GM _ £
2 dt ro
implying
dina ? 8
d”a =(aH)’= 2Ga® K; K  2Bx % (1.6)
This result, known as the Friedmann equation, is valid (from GR) even if
includes relativistic particles or vacuum energydensity yac = =(8 G)

(where is the cosmologicalconstart). The cosmic density parameter is
8 G =(3H?), sothe Friedmann equation may also be written K =
( 1)(aH)?. Homogeneousexpansion, with a = a( ) independert of
X, requires K = constart in addition to r = 0. In GR one nds that
K is related to the curvature of space(i.e., of hypersurfacesof constart
). The solutions of eq. (E) for zero-pressure(Friedmann) models, two-
componert models with nonrelativistic matter and radiation, and other
simple equations of state may be found in textb ooks (e.g., Padmanabhan
1993, Peebles1993) or derived as good practice for the studert.
At last we are ready to describe the motion of a nonuniform medium
in Newtonian cosmologywith massdensity (x; )= ( )+ (x; ). We
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start from Newton's law in proper coordinates, d?r =dt?> = g, and transform
to comoving coordinates and conformal time:

d>x _ adx d a _ 2 (x X9 s0.

aztag T*g a2 - & (¢ )jx x0j3dx'
We eliminate the homogeneousterms (those preser in a homogeneous
universe) as follows. First, assuming that the universeis, on average,
spherically symmetric at large distance, the rst term on the right-hand
side becomes(from Gauss' theorem) (4 =3)Ga? x. (This is where the
boundary conditions at in nit y explicitly are used.) To get the term pro-
portional to x on the left-hand side, di erentiate the Friedmann equation:
(a=a)d(a=a)=d = (4 G=3)d( a?)=d . For nonrelativistic matter, / a 3,
implying d( a®)=d = aa,sod(a=a)=d = (4 =3)Ga® . (If includes
relativistic matter, not only isd =d changed,sois the gravitational eld.
Our derivation gives essetially the correct nal result in this case, but
its justi cation requires GR.) We conclude that the homogeneousterms
cancel,sothat the equation of motion becomes

Z
d’>x  adx (x x9
+ 28 g2 0. d3x° 0.
d2z ad a (X')jx x93 X o
where
z [0} 340
;)= Ga? _ GG )dx

x X9
Noteghat Cis a proper quartity: a?d*x%x  x9  d®r=r  r9.
If d®x ! 0whenthe integral is taken over all space| ashappensif
the density eld approacheshomogeneily and isotropy on large scales,with
being the volume-averageddensity | then ©is nite and well-de ned
(except, of course,on top of point masseswhich we ignore by treating the
density eld asbeing continuous). Newton's dilemma is then resolved: we
have no ambiguity in the equation of motion for x( ). We conclude that
0 sometimescalled the \p eculiar" gravitational potential, is the correct
Newtonian potential in cosmology provided we work in comoving coordi-
nates. Therefore we shall drop the prime and the quaint historical adjective
\p eculiar." In summary, the equations of motion become

d>x o adx _ L2 = 2 iy Y-

F+5d__ r; r =4 Ga® (x; ): 2.7)
As we shall seein section 4, the same equations follow in the weak- eld
(i j ¢, slow-motion (v ¢?) limit of GR for a perturbed Robertson-

Walker spacetime. If Newton had pondered more carefully the role of
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boundary conditions at in nit y, he might have invented modern theoretical
cosmology!

1.2. Lagrangian and Hamiltonian formulations

The equations of Newtonian cosmologymay be derived from Lagrangian
and Hamiltonian formulations. The latter is particularly useful for treat-
ments of phasespace.

In the Lagrangian approad, one considersthe trajectories x( ) and the
action S[x( )]. From elggmerary medanics (with proper coordinates and
no cosmology yet), S= L dt with LagrangianL =T W = %mv2 m
for a particle moving in a potential (T is the kinetic energyand W is
the gravitational energy). We now write a similar expressionin comoving
coordinatgs, bearing in mind that the action must be a proper quantit y:

S= L(x;x; )d ; L=a %mv2 m (1.8)
where x_= v is the peculiar velocity. We will show that eq. (E) is the
correct Lagrangian by shawing that it leadsto the correct equations of
motion.

Equations of motion for the tra jectories follow from Hamilton's principle:
the action must be stationary under small variations of the trajectories
with xed endpoints. Thus, we write x( ) ! x( )+ x( ), dx=d !
dx=d + (%:d ) x( ). The changein the action is

2 a @ d
S= — X+ — —(x) d
2
, @ d @
wherewe haveintegrated by parts assuming(@=@) x = 0at = ;and

2. Applying Hamilton's principle, S = 0, we obtain the Euler-Lagrange
equation (it works in cosmology too!):

¢ e e_, o)

d @& @&
The readermay verify that substituting L from eq. (E) yields the correct
equation of motion (L..7).
It is straightforward to extend this derivation to a system of self-
gravitating particles lling trlle universe. The Lagrangian is
X 1 .
L=a émivi2 W (1.10)
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where the total gravitational energy excludesthe part arising from the

mean density:
I

1 X z
w= 3 m ; a d®x
0 . 1
X . 34,0
= @ _OM g I A, (1.11)
je AXi Xl x x5

wherethe factor % is introducedto avoid double-courting pairs of particles.
For a cortin uous massdistribution _we obtain

w=1 LhPx = 1Ga® dxy dixp L) (X2 )g g5
2 2 X1 Xg2j
In the Hamiltonian approac one considersthe trajectoriesin the single-
particle (6-dimensional) phasespace,fx( );p( )g. The aim is to obtain
coupled rst-order equationsof motion for x( ) and p( ), known asHamil-
ton's equations, instead of a single second-orderequation for x( ).
The derivation of Hamilton's equations has se\eral steps. First we need
the canonical momertum conjugate to x:
Q dx
p & amv = amOI : (1.13)
Note that p is not the proper momertum measuredby a comoving obsener:
mv is. In Hamiltonian mecanics, one must usethe conjugate momentum
and not the proper momertum.
The next step is to eliminate dx=d from the Lagrangian in favor of
p. We then transform from the Lagrangian to a new quantity called the
Hamiltonian, using a Legendretransformation:

LOGxs ) H(xsp; ) p x L (1.14)

Notice that we transform L to H and x to p (the latter through eq. .
Why do we perform thesetransformations? The answer is that now Hamil-
ton's principle givesthe desired equations of motion for the phase-space
trajectory fx );p( )& In phasespace,Hamilton's principle sasthat the
actonS= Ld = (p x H)d mustbe stationary under indepen-
dent variations of all phasespacecoordinates: x( ) ! x( )+ x( ) and
p()! p()+ p(). Asan exercisethe readercan shav, using a method
similar to the derivation of the Euler-Lagrange equation above,

dx _@ dp_ @&

g @ 4 @& (1.15)
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provided that p x = 0 at the endpoints of
In our case,H = p?=(2am) + am (getting the a's right requires using
the Legendretransformation), yielding

dx _ p . dp _

4 " am’ d amr (1.16)
These equations could be combined to yield eq. (D), but in the Hamilto-
nian approac we prefer to think of two coupled ewolution equations. This
is particularly useful when studying the ewlution of a system in phase
space,as we shall do in section 3 with hot dark matter.

1.3. Conservation of momentum and energy?

Are total momertum and energy consened in cosmology? This is a non-
trivial question becausethe canonical momertum and Hamiltonian di er
from the proper momerntum and energy

Consider rst the momertum of a particle in an unperturbed Robertson-
Walkeruniverse. With no perturbations, = 0sothat Hamilton's equation
for p becomesdp=d = amr = 0, implying that the canonicalmomen-
tum p is consened. But, the proper momertum mv = a p measuredby a
comoving obsener decrease®sa increases.What happenedto momertum
consenation?

The key point is that v = dx=d is measuredusing a non-inertial (ex-
panding) coordinate system. Suppose, instead, that we choosev to be a
proper velocity measuredrelativeto some xed origin. Momentum conser-
vation then impliesv = constart (if r = 0, asweassumedabove). At =

1and », the particle isat x1 and x ,, respectively. Becausedx=d givesthe
proper velocity relativeto a comovingobsener at the particle's position, at
1 wehavedx=d =v (a=a)x1,whileat ,,dx=d =v (a=ad,x,. (The
proper velocity relativeto the xed origin isv in both casesput the Hubble
velocity at the particle's position | the velocity of a comoving obsener |
changesbecausethe particle's position has changed.) Combining these,we
nd [x(2) x()I=(2 1) (@=a[x(2) x()]=(2 1)+0(2 1)
or, in the limit , ! 0,d’x=d ? = (a=a)dx=d . This is precisely
our comoving equation of motion in the caser = 0. Thus, the \Hubble
drag" term (a=a)dx=d is merely a \ ctitious force" arising from the use
of non-inertial coordinates. Stated more physically, the particle appearsto
slow down becauseit is cortinually overtaking faster moving obseners.

Energy consenation is moreinteresting. Let usched whetherthe Hamil-
tonian H(x;p; ) is consened. Using Hamilton's equations for a single
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particle, we get

dH_@ d @ db, 0 _ @l w17
d @ d @ d @ @
Using H = p?=(2am) + am , we obtain dH=d = (a=a)(p®=2am) +
md(a )=d which is nonzeroewen if d=d = 0. Is this lack of energy

consenation due to the useof non-inertial coordinates? While the appear-
ance of a Hubble-drag term may suggestthis is the case,if we wish to
obtain the total Hamiltonian (or energy)for a system of particles lling all
of space,we have no choice but to usecomoving coordinates.

Perhaps the Hamiltonian is not consened becauseit is not the proper
energy To examinethis possibility, we usethe Hamiltonian for a system of
particles in comoving coordinates, with H = a(T + W). The proper kinetic
energy (with momenrnta measuredrelative to comoving obseners) is

;X 1P
2 ! i2512mi'

(1.18)

while the gravitational energy W is given in eq. (1.11). Holding xed
the momerta, we seethat a?T is a constart, implying @aT)=@ = aT.
Similarly, holding xed the particle positions, we nd that a is a con-
stant, implying @aw)=@ = 0. Wethus obtain the Layzer-Irvine equation
(Layzer 1963, Irvine 1965)

d a :
T (T+W)= —@T+W): (1.19)

Total energy (expressedin comoving coordinates) is not consened in
Newtonian cosmology (This is also the casein GR | indeed, there is
generally no unique scalar for the total energyin GR.) Howewer, if almost
all of the massis in virialized systemsobeying the classicalvirial theorem
2T + W 0, we recover approximate total energy consenation.

2. Eulerian uid dynamics
2.1. Cosmolajical uid equations

A uid is a denseset of particles treated as a continuum. If particle
collisions are rapid enoughto establish a local thermal equilibrium (e.g.,
Maxwell-Boltzmann velocity distribution), the uid is an ideal collisional
gas. If collisionsdo not occur (e.g., a gasof dark matter particles), the gas
is called collisionless. (I exclude incompressible uids, i.e., liquids, from
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consideration becausethe gasesconsideredin cosmologyare generally very
dilute and compressible.) The uid equationsdiscussedin this lecture ap-
ply only for a collisional gas (or a pressurelesscollisionlessgas). They
apply, for example, to baryons (hydrogen and helium gas) after reconbi-
nation, to cold dark matter beforetrajectories intersect (\cold dust"), and
(with relativistic corrections) to the coupled photon-baryon uid before
recombination.

| shall assumea nonrelativistic gas and ignore bulk electric and mag-
netic forces. These are not dicult to add, but the essetial physics of
cosmological uid dynamics does not require them.

The uid equationsconsistof massand momertum consenation lawsand
an equation of state. Mass consenation is represeted by the contin uit y
equation . In proper coordinates (r;t) this is

@ @ _n. o dr .
@+@(v)—0, V_dt' (2.1)
We corvert to comoving coordinates =  dt=a(t), x = r=a(t), being care-

ful to transform the partial derivativesas follows: @@ = (@=@)@@ +
(@=@) @&, @@ = a ‘@& a 'r . Wealsorewrite the density and

velocity by factoring out the mean behavior:

= @A+ ); ((jzl_rt:Hr+v (2.2)
wherev = dx=d is now the peculiar velocity. The reader may easily show
that eq. (2.1) becomes

%+r [(A+ )v]=0: (2.3)

Momentum consenation for an ideal uid is represemed by the Euler
equation (Landau & Lifshitz 1959). It is most simply obtained by adding
the pressure-gradien force to the equation of motion for a freely-falling
masselemert, eq. (B). In comoving coordinates, we nd

dv a 1

— 4+ = = — . 24

y aV r rp (2.4)
The time derivativeis takenalongthe uid streamline and is known asthe
convective or Lagrangian time derivative:

d

q - @@ +vor o (2.5)

Closingthe uid equationsrequiresan ewolution equation for the pressure
or some other thermodynamic variable. Perhapsthe most natural is the
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ertropy. For a collisional gas, thermodynamics implies an equation of
state p= p(; S) whereS is the speci c ertropy. For example,for an ideal
nonrelativistic monatomic gas, for reversible changeswe have

TdS = d 29 vpd 1 (2.6)

which says that the heat input to a uid elemen equalsthe change in
thermal energy plus the pressurework done by the elemen, i.e., energyis
consened. Combining this with the ideal gaslaw p= kgT= where is
the mean molecular massand kg is the Boltzmann constart, we obtain

- 2
. — 53 £ .

p(; S) = exp 3k S (2.7)
The equation of state must be supplemeried by an ewlution equation for
the speci ¢ ertropy. Outside of shock waves,the entropy ewolution equation
is

ds _ )
Td_ = a( ) (2.8)

where and are, respectively, the proper speci ¢ heating and cooling
rates (in ergg ' s ). They are determined by microphysical processes
such as radiativ e emissionand absorption, cosmicray heating, Compton
processesetc. For the simplest case,adiabatic ewlution, = = 0. For
a realistic non-ideal gas, it may be necessaryto ewlve the radiation eld,
the ionization fraction, and other variables specifying the equation of state.

The uid equations are much harder to solve than Newton's laws for
particles falling under gravity, for sewral reasons. First, they are non-
linear partial dierential equationsrather than a set of coupled ordinary
di erential equations. Second,shock waves(discortinuities in , p, S, and
V) prevent intersection of uid elemens. These discortinuities must be
resolved (on a computational meshor otherwise) and followed stably and
accurately. Finally, heating and cooling for realistic gasesare complicated
and can lead to large temperature or ertropy gradients that aredi cult to
resole. An example of the latter is the sun, whosetemperature changes
by about 15 million K in a distance that is minusculecomparedwith cos-
mological distance scales.

Computational uid dynamics is a dicult art but is important for
galaxy formation. | shall not summarize the numerical methods here but
refer the reader instead to the literature (e.g., Sod 1985, Leveque 1992,
Monaghan 1992,Bryan et al. 1994,Kang et al. 1994).

Some of the most important e ects of gas pressure can be gleaned
from linear perturbation theory, in which we linearize the uid equations
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about the uniform solution for an unperturbed Robertson-Walker space-
time. This technique is useful for cheding for gravitational and other
linear instabilities. Moreover, the linearized uid equations may provide
a reasonabledescription of large-scale,small-amplitude uctuations in the
(dark+luminous) matter, ewven if structure is nonlinear on small scales.
This is a common assumption in large-scalestructure theory. It is sup-
ported reasonablywell by numerical simulations.
Linearizing the corntinuity and Euler equations gives

1
—+r v O0; v_+§v r -rp; (2.9)

where an overdot denotes @@ . The pressuregradient may be obtained
from the equation of state p = p(; S). For an ideal nonrelativistic
monatomic gas,
1 2 p
r p=cir +3Tr S 2= %
Finally , we must linearize the ertropy ewlution equation. If the time scale
for entropy changesis long compared with the acoustic or gravitational
time scales,eq. (@) becomesdS=d 0. For the small peculiar velocities
of linear perturbation theory this reducesto S. 0.
There are v e uid variables( , S, and three componerts of v), hence
v elinearly independert modes. The generallinear perturbation is a linear
combination of these,which we now proceedto examine.

wl o,

(2.10)

2.2. Linear instability 1: isentropic uctuations and Jeans criterion

We begin with some nomenclature from thermodynamics. Isentropic
meansr S = 0: the same erntropy ewverywhere. Adiabatic means
dS=d = O0: the erntropy of a given uid elemen does not change. The
two conceptsare distinct. It is commonin cosmologyto say \adiabatic"
when one means\isentropic." This usageis confusing and | shall adopt
instead the standard terminology from thermodynamics.

Isertropic uctuations are the natural outcome of quantum uctuations
during in ation followed by reheating: rapid particle interactions in ther-
mal equilibrium eliminate ertropy gradients. If r S = 0, the linearized
uid and gravitational eld equationsare

4+r v=0: v+ = cr ; r? =4Ga? :(211)
Combining these givesa damped, driven acoustic wave equation for

*+ > _=4Ga? +c%r ? (2.12)

o ||
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Aside from the Hubble damping and gravitational sourceterms, this equa-
tion is identical to what onewould get for linear acoustic wavesin a static
medium.

To eliminate the spatial Laplacian we Fourier transform the wave equa-
tion. For oneplanewave, (x; )! (k; )exp(ik x). The waveequation
becomes

*+ =_= 4 Ga? k¢ k3 k2 ¢ ; (2.13)

where we have de ned the comoving Jeanswavenumber,
1=2
4 Ga?

Ky
c3

(2.14)

Neglecting Hubble damping (by setting a = 1), the time dependenceof
the solution to eq. (R.13) would be / exp( il ), yielding a dispersion
relation very similar to that for high-frequencywavesin a plasma, but with
an important sign di erence becausegravity is attractiv e:

12=12+K2¢2 | 12= 13+K3E: (2.15)

The plasmafrequencyis! , = (4 ne€’=me)'=2 while the Jeansfrequencyis
l'; = kics = (4 G )'™2. Whereaselectromagneticwaveswith ! 2 < ! 2 do
not propagate (k> < 0 implies they are evanesceh e.g.,they re ect o the
Earth's ionosphere), gravitational modeswith k < k; are unstable (! 2 <
0), aswas rst noted by Jeans(1902). In physical terms, pressureforces
cannot prevent gravitational collapsewhenthe sound-crossingtime =cg is
longer than the gravitational dynamical time (G ) 72 for a perturbation
of proper wavelength = 2 a=k.

Including the Hubble damping term slows the growth of the Jeansinsta-
bilit y from exponertial to a power oftime fork  kj;. In generalthereis one
growing and one decaing solution for (k; ); theseare denoted (k; ).
For ¢2 = 0 and an Einstein-de Sitter (at, matter-dominated) badground
with a( )/ 2, +/ 2and / 3 Fork Kkj, we obtain acoustic
oscillations. In a static universethe acoustic amplitude for an adiabatic
plane wave remains constart; in the expanding caseit dampsin general.
An important exception is oscillations in the photon-baryon uid in the
radiation-dominated era; the amplitude of these oscillations is constart.
(Showing this requiresgeneralizingthe uid equationsto a relativistic gas,
a good exercisefor the student.) In any case,acoustic oscillations suppress
the growth relative to the long-wavelength limit.

It is interesting to write the linear wave equation in terms of rather
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than usingr > = 4 Ga2 |/ a ! for nonrelativistic matter (with
2 )
a a la> 3
*+3=_+ = = — + k2C2 =0; 2.16
a a 2az 2 S (2.16)

where we usedthe Friedmann equation (@); recallthat K = ( 1)(aH)?
is the spatial curvature constart. In a matter-dominated universe,di eren-
tiating the Friedmann equationgivesa=a (1=2)a’=a’ = (1=2)K, yielding

'+3g—_+ K22 2k =0: 2.17)

When written in terms of the gravitational potential rather than the den-
sity, the wave equation losesits gravitational sourceterm.

The solutions to eq. ( depend on the time-dependenceof the sound
speed as well as on the badkground cosmology To get a rough idea of the
behavior, considerthe ewlution of the potential in an Einstein-de Sitter
universe lled with anideal gas. For a constart sound speed,the solutions
are

+(k; )= Fakes );  (k; )= 2ya(kcs ); cs = const.;(2.18)

where j, and y, are the spherical Besselfunctions of the rst and second
kinds of order 2. Although simple, this is not a realistic solution even
before reconmbination (in that case,the photons and baryons behave as
a single tightly-coupled relativistic gas, and relativistic corrections to the
uid equations must be added), exceptinsofar asit illustrates the generic
behavior of the two solutions: (damped) oscillations for kcs 1 and
power-law behavior for kcs 1.

An alternative approximation, valid after recombination, is to assume
that the baryon temperature roughly equalsthe photon temperature (this
is a reasonableapproximation becausethe small residual ionization ther-
mally couplesthe two uids for along time eventhough there is negligible
momertum transfer), ¢2 = cisa ! where ¢y is a constart. In this casethe
solutions are powers of

n 5 P 25 4(kcos 0)? |

(k; )= "; n= 5 ; Teas/ al: (2.19)

The solutions oscillate for kcg ¢ > 5=2 and they damp for kcs ¢ > 0.

In both of our solutions, and indeed for any reasonableequation of state
in an Einstein-de Sitter universe,long-wavelength (kcs 1) growing den-
sity modes have correspnding pgtential .+ = constart, while the decgy-
ing density modes have / a 3d . The density perturbation and
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potential dier by a factor of a? / a ! from the Poissonequation. If
K < 0ork?c2 > 0, then . decas with time, although . still grows.
Note that the important physical length scalewhere the transfer func-
tion . (k; )= (k;O0)fallssigni cantly below unity is the acoustic comoving
horizon distancecs , not the causalhorizon distancec or the Hubble dis-
tance c=H. Setting cs to the acoustic speed of the coupled photon-baryon
uid at matter-radiation equality givesthe physical scaleat which the bend
0OCCUrS, Cs eq, iN the power spectrum of the standard cold dark matter and
other models.

2.3. Linear instability 2: entropy uctuations and isocurvature mode

Entropy gradients act as a sourceterm for density perturbation growth.
Using eq. (R.10) and repeating the derivation of the linear acoustic equa-
tion, we obtain (for 2 ¢2)

.
+ S

o ||

2
—_ 4Ga? cr? = 3T s (2.20)

For adiakatic ewlution, S.= 0, sowhat courts is the initial entropy gradi-
ert. Entropy gradients may be producedin the early universeby rst-order

phasetransitions resulting in spatial variations in the photon/bary on ratio
or other abundanceratios. If there were no ertropy gradients presen be-
fore such a phasetransition, then the entropy variations canonly have been
produced by nonadiabatic processes(This may explain the \adiabatic vs.
isocurvature" nomenclature usedby somecosmologists.) In practice, these
ertropy uctuations aretakenasinitial conditions for subsequet adiabatic
ewolution.

Equation () is not applicable to the early universebecauset assumes
the matter is a one-compnert nonrelativistic gas. Howewer, the behavior
of its solutions are qualitativ ely similar to those for a relativistic multi-
componert gasand soits analysisis instructiv e.

The isocurv ature mode is given by the particular solution of density
perturbation growth having = —= 0but r 2S 8 0 at someearly ini-
tial time ;. The initial conditions may be regarded as a perturbation in
the equation of state in an otherwise unperturbed Robertson-Walker (con-
stant spatial curvature) spacetime,accourting for the name\iso curvature."
Variations in ertropy at constart density correspond to variations in pres-
sure, which lead through adiabatic expansionto changesin the density.
Therefore, initial erntropy uctuations seeddensity uctuations.
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The solution to eq. () is obtained easily in Fourier spaceusing the
source-free(isertropic) solutions  (k; ):
z

s(k; )= ngS(k) L(k; ) alTooqgo

b #
(k; ) aT%%d? ; (2.21)
whereprimes are usedto indicate that the variablesare evaluatedat = °©

We seethat both growing and decging density perturbations are induced.
After the source(aT ) becomessmall, the density uctuations ewlve the
sameway asisertropic uctuations | e.g.,they oscillate asacoustic waves
if kcg 1. To reinforce the point about nomenclature made earlier,
| note that in our approximation, both isocurvature and \adiabatic" (i.e.,
isertropic) modesare adiamatic in the senseof thermodynamics: S.= 0 after
the initial momert. For arealistic multi-comp onert gasthe ewolution is not
truly adiabatic, but that is a complication we shall not consider further.
In the literature, modes are described as being adiabatic or isocurvature
depending only on whether the initial density is perturbed with negligible
initial entropy perturbation, or vice versa.

2.4. Vorticity | or potential ow?

With the growing and decaying isertropic perturbations, and the isocurva-
ture mode, we have accounied for three of the expected v e linear modes.
The remaining two degreesof freedom were lost when we took the di-
vergenceof the Euler equation, thereby annihilating any transverse(rota-
tional) cortribution to v. We considerthem now.

Theorem : Any di erentiable vector eld v(x) may bewritten asa sum
of longitudinal (curl-free) and transverse (divergence-free)parts, vy and
Vo , respectively:

VIX) = vk(X)+ Vo (X); r  vg=Tr1 VvV, =0: (2.22)
The proof follows by construction, by solvingr v, = andr v, =
where r vand! r v. In a at Euclidean space,solutions are
given by

1 z (x x9
- = 3,,0. .
Vi(x) = 2 (xo)jiX x0j3d X% (x) r v (2.23)
z
1 (x x9 500
= — | - £ : | :
Vo (X) 7z ! (x9 X X% dx%; 1(x) r v: (2.24)
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Note that this decompsition is not unique; we may always add to vy a
curl-free solution of r vy, = 0 and to v, a divergence-freesolution of
r Vg = 0 (e.g., constart vectors). With suitable boundary conditions
(e.g., v d® = 0 when integrated over all space)this freedom can be
eliminated. The variables and ! are called the (comoving) expansion
scalar and vorticit y vector, respectively.

In our precedingdiscussionof perturbation ewolution we have implicitly
consideredonly vi. The remaining two degreesof freedom correspond to
the componerts of v, (the transversality condition r v, = 0 removes
one degreeof freedom from this 3-vector eld). Fortunately, we can get a
simple nonlinear equation for v, | actually, for its curl, ! | by taking
the curl of the Euler equation:

L+ S = v D ) ()
=r (v 1)+2T(rIn) (rS) (2.25)

wherewe have assumedan ideal monatomic gasin writing the secondform.
The term arising from ertropy gradierts is called the baro clinic term. It
is very important for the dynamics of the Earth's atmosphereand oceans

(Pedolsky 1987).
An important generalresult follows from eq. (2.25), the Kelvin  Circu-
lation Theorem : If I = 0everywhereinitially ,then! remainszero (even

in the nonlinear regime) if the baroclinic term vanishes. (We are assuming
that other torques such as magnetic onesvanish too.) The reasonfor the
importance of this result in cosmologyis that many models assumeirro-
tational, isertropic initial conditions. With adiabatic ewolution, it follows
that ! = 0. Such a ow is also called potential ow becausethe velocity
eld may then be obtained from a velocity potential: v = vy = r .

Nonadiabatic processeqheating and cooling) and oblique shack waves
can generatevorticit y. In a collisionless uid, if the uid velocity is de ned
as the mass-weighted average of all the mass elemenis at a point, this
averaging behaves like erntropy production in regions where trajectories
intersect, and so vorticity can be generatedin the mean (uid) velocity
eld. Vorticity also arisesfrom isocurvature initial conditions. Equation
(2.21) implies s/ r 2S for long wavelengthsin the linear regime, giving
a baroclinic torque proportional tor s r S/ r (r 2S) r S, which
is nonzeroin general(though it appearsonly in second-orderperturbation
theory).

For most structure formation models, vorticit y generationis quite small
until shocks form (or trajectories intersect, for collisionlessdark matter).
In this case,one may obtain the velocity potential from the line integral of
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the velocity eld:
Z X
v(x) = (0) v dl: (2.26)
0

Taking the path to be radial with the obsener in the middle allows one
to reconstruct the velocity potential, and therefore the transversevelocity
componerts, from the radial componert. This idea underliesthe potential
o w reconstruction method, POTENT (Bertschinger & Dekel 1989). If the
(smoothed) density uctuations are su cien tly small for linear theory to
be valid, we can estimate the density uctuation eld from an additional
divergence. If pressureis unimportant, so k kyand [/ (), the
linearized cortin uity equation gives

din .
= = _= H : 2.27
v a dina ( )
For a wide range of cosmologicalmodels, din . =dlna  f() 0:6

depends primarily on the mass density parameter and weakly on other
cosmological parameters (Peebles1980, Lahav et al. 1991). Thus, com-
bining measuremets of v (radial componerts from galaxy redshifts and
distances) and independert measuremets of (from the galaxy density
eld plus an assumption about how dark matter is distributed relative to
galaxies) allows estimation of  (Dekel et al. 1993). A review of the PO-
TENT techniques and results is given by Dekel (1994).

3. Hot dark matter

The previous lecture studied the ewlution of an ideal collisional gas in-
cluding gravity and pressure. A gas of neutrinos, or of collisionlessdark
matter particles, behavesdi erently. In this lecture we investigatethe ewvo-
lution of a nonrelativistic collisionlessgaswhose particles have signi cant
thermal speeds. (Relativistic kinetic theory is discussedby Stewart 1971,
Bond & Szalay 1983, and Ma & Bertschinger 1994b.) An example is the
gas of relic thermal neutrinos that decoupledat a temperature kg T 1
MeV in the early universe. The presen number density of these neutrinos
(about 113cm 3 for ead of the three avors) is sud that a single massiwe
type cortributes m c2=(93h2eV)to , whereh = Ho=(100kms Mpc 1).
Massive neutrinos are called hot dark matter becausetheir thermal speeds
signi cantly aect the gravitational growth of perturbations.
Beforeworking out the detailed equations of motion for hot dark matter,

it is usefulto considerin generalterms the e ect of a thermal distribution.
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Supposewe have a cold gaswith no thermal motions. In this caseit doesn't
matter whether the gasis collisional or collisionless: gravitational instabil-
ity ampli es the growing mode of irrotational density perturbations. What
happenswhen we add thermal motions? We know the answer for a colli-
sional gas: pressurestabilizes collapsefor wavelengthslessthan the Jeans
length, the distance soundwavestravelin onegravitational dynamical time.
For collisionlessparticles we also expect suppression.However, a collision-
lessgascannot support sound waves,becauseno restoring force is provided
by particle collisions.

A perfect collisional gasis fully described by its mass(or energy) density,
uid velocity, and temperature asfunctions of position. All other properties
follow from the fact that the phasespacedensity distribution is (locally)
the thermal equilibrium distribution, e.g. Maxwell-Boltzmann. This is not
true for a collisionlessgas, whose complete description requires specifying
the full phasespacedensity.

For a collisionlessgas, the velocity distribution function may be far from
Maxwellian, sothat the spatial stresstensoris not the simple diagonal form
appropriate for an ideal gas. Instead there may be signi cant o -diagonal
terms cortributing shear stress that acts like viscosity in a weakly col-
lisional uid: it damps relative motions. We expect perturbations in a
collisionlessgasto be damped for wavelengths shorter than the distance
traveledby particles with the characteristic thermal speedduring onegravi-
tational collapsetime, the collisionlessanalogueof the Jeanslength. Stated
simply, overdenseor underdenseperturbations decay becausethe particles
y away from them at thermal speeds. This collisionlessdamping process
is called free-streaming damping.

The characteristic thermal speedof massiwe neutrinos after they become
nonrelativistic is

kg T

Vi = 2 = 50:4(1+ 2) (m c?=eV) 'kms ! (3.1)

where we have used the standard big bang prediction T = (4=11)'=T

(e.g., Kolb & Turner 1990) with T 2:735 K today. Multiplying v
by the gravitational time (4 G a?) 72 givesthe comoving free-streaming
distance,

s = 0:41( h?) 21+ 2)¥? (m ?=eV) Mpc: (3.2)

At any time, uctuations with wavelengthlessthan about ;s are damped,;

much longer wavelength uctuations grow with negligible suppression.
The free-streamingdistance doesnot really grow without bound asz !

1 becausehe neutrino thermal speedcannot exceedc. Applying this limit
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givesa maximum comoving free-streamingdistance of
smax = 3L:8( h?) 2 (m ?=eV) “?Mpc: (3.3)

Thus, unlessthey are regeneratedby perturbations in other componerts
(as happens, for example, in a model with hot and cold dark matter),
primeval density uctuations in massiwe neutrinos with wavelength smaller
than this rather large scalewill be erasedby free-streamingdamping. A
more quartitativ e treatment is preserted below using the actual ewvolution
equationsfor the neutrino phasespacedensity distribution.

3.1. Tremaine-Gunn bound

Before treating the phase spaceewlution, we discussanother important
consequencef nite neutrino thermal speed: high-speedneutrinos cannot
be tightly paded into galaxy halos. This fact can be usedto place a lower
bound on the neutrino massif neutrinos make up the dark matter in galaxy
halos (Tremaine & Gunn 1979).

The initial phase spacedensity for massive neutrinos is a relativistic
Fermi-Dirac distribution (presened from the time when the neutrinos de-
coupledin the early universe):

- 2h;°
~ exp(pc=ke To) + 1

where p is the comoving canonicalmomerntum of eq. (, hp is Planck's

constart (with a subscript to distinguish it from the scaled Hubble con-

stant), and To = aT is the presen neutrino \temp erature." The decrease
of T with time is compensatedfor by the factor a relating proper mo-

mentum to comoving momertum. Ignoring perturbations, the presen-day

distribution for massiwe neutrinos is the relativistic Fermi-Dirac | not the

equilibrium nonrelativistic distribution | becausethe phase spacedistri-

bution was presened after neutrino decoupling.

Tremaine & Gunn (1979) noted that becauseof phasemixing (discussed
further below), the maximum coarse-grainedphase spacedensity of mas-
sive neutrinos today is lessthan the maximum of f(p), hP3. If massiwe
neutrinos dominate the massin galactic halos, this must be no lessthan
the phasespacedensity neededfor self-gravitating equilibrium. This bound
can be usedto set a lower limit on the neutrino massif one assumesthat
the neutrinos constitute the halo dark matter.

Although the neutrino mass bound is somewhat model-dependent be-
causethe actual coarse-graineddistribution in galactic halos is unknown,
we can get a reasonableestimate by assuming an isothermal sphere: a

fo(p) ; (3:4)
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Maxwell-Boltzmann distribution with constart velocity dispersion ? (at
a= 1 sothat there is no distinction betweenproper and comoving):

f(r;p)= (2 m? 2) 32n(r) exp ngz : (3.5)

In a self-gravitating systemthere are a family of spherical density pro les
(r) = m n(r) obeying hydrostatic equilibrium:
z
1dP _ GM(<r)_ 4G '

B = 7z, r2 (r)dr: (3.6)

The simplest caseis the singular isothermal spherewith / r 2; the reader
caneasilychek that = ?2=(2 Gr?). Imposingthe phasespacebound at
radius r then gives

m>@) %8 chd r2 . (3.7)
Up to overall numerical factors, this is the Tremaine-Gunn bound.

The singular isothermal sphereis probably a good model where the ro-
tation curve produced by the dark matter halo is at, but certainly breaks
down at small radius. Becausethe neutrino massbound is stronger for
smaller r?, the uncertainty in the halo core radius (interior to which the
massdensity saturates) limits the reliabilit y of the neutrino massbound.

For the Local Group dwarf galaxiesin Draco and Ursa Minor, measure-
merts of stellar velocity dispersionssuggest is a few to about 10km s *
(Pryor & Kormendy 1990). If thesegalaxieshave isothermal halosat r = 1
kpc, the crude bound of eq. (E) implies m is greater than a few eV.

3.2. Vlasov equation

We now presen a rigorous treatment of the ewolution of perturbations in a
nonrelativistic collisionlessgas, basedon the ewlution of the phasespace
distribution. The single-particle phase spacedensity f (x;p; ) is de ned
sothat f d®xd3p is the number of particles in an in nitesimal phasespace
volume elemen. We shall use comoving spatial coordinates x and the
asseiated conjugate momertum p = amx_ (eq. . Note that d®xd3p =
m3d3rd3v is a proper quartity so that f is the proper (physical) phase
spacedensity.

If the gasis perfectly collisionless,f obeysthe Vlasov (or collisionless
Boltzmann) equation of kinetic theory,

Df @, & @ d @_

> o'd a'd & " (3.8)



Cosmological Dynamics 27

This equation expressesonsenation of particles along the phasespacetra-
jectory fx( );p( )g. Using Hamilton's equations( for nonrelativistic
particles, we obtain
@ p @ @

+ — — —=0:
@ am @ amr @ 0: (3.9

The Vlasov equation is supposedto apply for the coarse-grainedphase
spacedensity for a collisionlessgasin the absenceof two-body correlations
(Ichimaru 1992). Often, howewer, the statistical assumptionsunderlying
the use of the Vlasov equation are vague. To clarify its application we
digressto presen a derivation using the Klimontovich (1967) approadc to
kinetic theory.

Consideronerealization of a universe lled with particles following phase
spacetrajectories fx;( );pi( )g (i labelsthe particles). The exact single-
particle phasespacedensity (called the Klimontovich density) is written
by summing over Dirac delta functions:

X
fxps )= x xi()] [P pi( )] (3.10)

No statistical averagingor coarse-graininghas beenapplied; f is the ne-
grained density for one universe. This phase space density obeys the
Klimontovich (1967) equation, which is of exactly the sameform as eq.
(B.8). The proof follows straightforwardly from substituting eq. (B.10) into
eq. (B.9).

The Klimontovich density retains all information about the microstate
of a systembecauseit speci es the trajectories of all particles. This is far
too much information to be practical. We must reduce the information
content by performing someaveraging or coarse-graining. This averaging
is taken over a statistical ensentle of microstates correspnding to a given
macrostate| for example, microstates with the samephasespacedensity
averagedover small phasespacevolumescontaining many particles on av-
erage. We denote the averagesusing angle brackets hi, without being very
preciseabout the ensenble adopted for the coarse-graining.

The discretenesse ects of individual particles are accourted for by the
s-particle distribution functions (s = 1, 2, :::) fs, which are de ned using
a standard cluster expansion:

* +

X
H(x;p; )i = x xi) (p pi) fa(x;p; ) (3.11)
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h‘(xl;gl; YE(X2;p2; )i =
X

+

(X1 Xi) (P2 pi) (X2 xi) (p2 pi) +

+

(X1 xi) (p1 pi) (X2 X)) (P2 Pj) (3.12)

i=1
X
i6]

= (X1 X2) (pP1 p2)fi(X1;p1; )+ Fa(X1;p1iX2;P2; )

and so on. We further write f, as a sum of uncorrelated and correlated
parts,

fa(X1;P1;X2;P2; ) = Fa(X1; P )Fa(X2;p2; )+ Foc(X1;P1sX2;P2; ) (3.13)

This equation de nes f,¢, known in kinetic theory as the irreducible two-
particle correlation function. If there are no pair correlations in phase
space,f,c = 0.

We now ensenble-averagethe Klimontovich equation, recalling that it
is identical to eq. (E) provided we usethe Klimontovich density. If is
a speci ed external potential, neglecting self-gravity, we seethat f, obeys
the Vlasov equation. Howewer, if  is computed self-consistetly from the
particles, the mr (@ =@) term is quadratic in the Klimon tovich density,
yielding an additional correlation term from egs. (3.12) and ( after
coarse-graining. This term is not presen in the Vlasov equation.

The cortribution to the gravity eld from the particles is (cf. eq. 1.11)

z
o Gm 3,043.0¢ (v 0 0y X X9
r(x; )= 3 dedpf(x,p,)jx X02
ca2 & X). (3.14)
x x93
where the secondterm, required in comoving coordinates, removes the
contribution from the mean uniform badground.

Combining our results now yields the exact kinetic equation for the one-

particle phasespacedensity f:

@1 p @1 @1 _
@ am @ ™ @
z 9 @
Gm? d3x°d3p°j(;(7;(0j3 @ = xiPxep’ (3.15)
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where r is given by eq. (3.14) using f; for f, and adding any other
contribution from other sources.Equation (3.15) is calledthe rst BBGKY
hierarchy equation (Peebles1980,Ichimaru 1992). It di ers from the Vlasov
equation by a correlation integral term.

If there are no phase space correlations, as would occur if we had a
smooth collisionless uid, then the one-particle or coarse-graineddistri-
bution obeys the Vlasov equation of kinetic theory. Correlations may be
introduced by gravitational clustering, which couplesf,; to f;. One may
derive an ewlution equation for f,. | the secondBBGKY hierarchy equa-
tion | by averagingf @ =@, but it involvesfs., and soon. The result is
an in nite hierarchy of coupledkinetic equations,the BBGKY hierarchy.

For some cases,Boltzmann's hypothesis of molecular chaos may hold,
implying f,c = O except at binary collisions, with the right-hand side
of eq. (3.15) becoming a Boltzmann collision operator. Fortunately, for
the particles of interest here| neutrinos | the gravitational (and non-
gravitational, after neutrino decoupling) collision time is solong that the
correlation integral is completely negligible. Thus, hot dark matter com-
posed of massiwe neutrinos obeys the Vlasov equation after decoupling.
From now on we shall drop the subscript 1 from f .

We now return to our main line of developmert to discussphasemixing.
The Vlasov equation implies consenation of phase spacedensity, but a
given initial volume d®xd3p ewlvesin a complicated way (i.e., the trajec-
tories of particles initially inside this volume may be highly complicated).
Considerthe initial phasespaceelemen shown in Figure 2a, extracted from
a one-dimensionalN -body simulation. Figures 2b and 2c¢ show the phase
spacedistribution at a later time, with ead particle's trajectory ewlved
according to Hamilton's equations without (Fig. 2b) and with (Fig. 2c)
gravity, respectively. In both caseghe areadxdp of the phasespaceelemen
is identical to the initial areaasa consequencef the Vlasov equation.

Figure 2cillustrates the processknown as phasemixing: the phasespace
structure becomeshighly convoluted as particles make multiple orbits. Re-
gionsof initially high phasespacedensity can end up entwined with regions
of initially low phasespacedensity. Although the density is consened along
eat phasespacetrajectory, if the distribution is coarse-grained(averaged
over nite phasespacevolume), the resulting coarse-graineddensity is not
consened. The maximum coarse-graineddensity can only decreaseas we
noted previously in the discussionof the Tremaine-Gunn bound.

The processof phase-mixingis complicated, and the only practical means
of integrating the Vlasov equation for such an ewlved collisionlesssystem
is by N -body simulation: the phasespaceis sampledwith discrete particles
at someinitial time and the patrticle trajectories are computed, providing
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Fig. 2. Phase space evolution. (a) Initial conditions. (b) Evolved state without gravity.
(c) Evolved state with gravity.

a sample of the ewlved phasespace. However, analytical methods can be
usedwhile the phasespacedistribution is only slightly perturbed from the
homogeneousequilibrium distribution. These methods, preserted in the
next two subsections,will help us to understand free-streaming damping
in detail.

3.3. Nonrelativistic evolution in an external gravitational eld

In this sectionwe considerhot dark matter made of nonrelativistic massiwe
neutrinos with so that their self-gravity is unimportant. The
gravitational potential (x; ) (using comoving coordinates) is assumedto
be given from other sourcessudc as cold dark matter in a mixed hot and
cold dark matter model.

We can solve the Vlasov equation (@) approximately by replacing
@ =@ with the unperturbed term @o=@. This approximation is valid
forjf foj fo, and should su ce to demonstratethe collisionlessdamp-
ing of small-amplitude uctuations.

A quadrature solution of the Vlasov equatiorgcan be opfained provided

that we changethe time variable from tos= d =a= dt=a? and then
Fourier transform the spatial variable:
z
f(x;p; ()= dkek*f(k;p;s): (3.16)

The gravitational potential is transformed similarly. Integrating eq. (@)
over s, we obtain the solution
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fk;p;s) = f’\(k;p;sge tku(s si)

S
vim k & ds%a2(s) "(k; Y e kuls s . (3.17)
@
whereu = p=m and s; is an initial time. If the initial phasespacedistribu-
tion is unperturbed, then f’\(k; p;si) = fo(p) (k). Note that the complex
exponertials in eq. (3.17) correspond to the propagation of the phasespace
density along the characteristics dx=ds = u. This motion is called free-
streaming.
Tounderstandthe behavior of the free-streamingsolution, let usexamine
the integral term of eq. (3.17), which is proportional to
z

S Sj

dya’(y+ s) “(k;y+ s)e "V ; (3.18)

where k p=mandy = s® s;. For su cien tly slowly moving neutrinos,

is small enoughsothat y 1. This condition correspnds to a free-
streaming distance along k that is much lessthan k *. Theseneutrinos do
not move far from the crestsand troughs of the plane wave perturbation.
Neglectingthe exponertial, the time dependenceof the solution is the same
asfor cold dark matter.

If, howewer, y 1, correspnding to neutrinos traveling acrossmany
wavelengths of a perturbation, the rapid oscillations of the exponertial
lead to cancellation in the integrand of eq. ( and suppressionof the
neutrino phase space density perturbation. This e ect, known as free-
streaming damping, occurs becauseneutrinos that are initially at the crests
or troughs of density waves move so far that they distribute themselhes
almost uniformly. The small gravitational accelerationinduced by the ex-
ternal potential is inadequateto collect the fast-moving neutrinos in dense
regions.

Thus, perturbations can grow only for the neutrinos that move lessthan
about one wavelength per Hubble time. Our analysis con rms the rough
picture we sketched in the beginning of this lecture.

We can obtain the net density perturbation (in Fourier space)by inte-
grating eq. (3.17) over momerta:

z
n(ks) 1
No

- d*pfik;p;s)

z

S k) K AR k9 (s OF @ . (3.19)
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R
whereng = d3pfo(p) is the mean comoving number density and F is the
Fourier transform | with respectto the momerntum! | of the unperturbed
distribution function:

F(g) = n—lo d®pe P 9fq4(p) : (3.20)

For the relativistic Fermi-Dirac distribution appropriate to hot dark matter,
F hasthe seriesrepresemation (Bertschinger & Watts 1988)

_ 4 X n+1 n . ke To .
F(q) = 3—(3)n:l( 1) W- Po c (3.21)

where (3) = 1:202:::is the Riemann zeta function and F (0) = 1.

Equation (3.19) doesnot give much insight into free-streamingdamping.
To get a better feel for the physics, as well as a simpler approximation
for treating hot dark matter, we now shav how to corvert eq. (3.19) into
a di erential equation for the ewlution of the hot dark matter density
perturbation similar to eq. ( for a perfect collisional uid. This may
seemimpossiblea priori | how canthe dispersive behavior of a collisionless
gasbe represeted by uid-lik edierential equations?| but we shall see
that it is possibleif we approximate fo(p) by a form di ering slightly from
the Fermi-Dirac distribution. The results, although not exact, will give us
additional insight into the behavior of collisionlessdamping.

The rst step is to rewrite eq. (3.19) for the Fourier transform of the

density uctuation "
z

Nkes) = km o dsa(s9) (ki OGF (@] g @ . (3.22)
Next, we di erentiate twice with respect to the time coordinate s:
z

@\ - 2 s 0,2 N d .
G- k . ds%a?(s?) “(k;sY E}[qF(q)] ; (3.23)
% = KPa(9)"(k;s)

k3 z S 0.2 A d2

m ds?a?(s? “(k;sY w[qF(q)] : (3.24)

Note the appearanceof a non-integrated sourceterm in the secondderiva-
tiv e, arising becaused(gF )=dq doesnot vanish at s = s° (q = 0) while gF
does.
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Next, we note that if d?(gqF )=d¢f were to equal a linear combination of
d(gF )=dqgand (df ), then we could write the integral in equation (3.24) asa
linear combination of @ =@ and N Unfortunately, this is not the casefor
F (qg) givenby eq. (). However, it is true for the family of distribution
functions whoseFourier transforms are

F (o) = exp(  dpo) ; (3.25)

for any dimensionlessconstart . This de nes the family of phasespace
density distributions

z d3q n p? 2
f (p)=n éPIF (q) = o __ 1+ 3.26
(p) 0 (2 )3 (q) 2( p0)3 zp(2) ( )
For this form of unperturbed distribution we have
L= 2@ ) (P (3:27)
deP ar )= Po dq q Po) Q- :
Combining egs. (B.22){(3.24) and (B.27), we get
N 21212
(AP I : LSRR IR (3.28)

To put this result into a form similar to the acoustic wave equation we
derived for a collisional uid, we de ne the characteristic proper thermal
speed

keT _ _Po .
mc ma

(3.29)

Next, we change the time variable from s badk to with d =ds = a.
Finally, we assumethat the sourceterm gravitational potential "is given
by the Poissonequation for a perturbation . in a componert with mean
massdensity . (e.g.,cold dark matter | recall that we are neglectingthe
self-gravity of the neutrinos). Dropping the hat on " | the result is

<+ g—+2kc _+K2 =4Ga..: (3.30)

This equation was rst derived by Setayeshgar(1990). It is approximate
(not exact) for the linear ewolution of massiwe neutrinos becausewe replaced
the Fermi-Dirac distribution by eq. (B.26). It is not dicult to shaw
that eq. () is the only form of the distribution function for which
eg. (3.17) can be reducedto a dierential equation for (k; ). (Even



34 E. Bertschinger

the Maxwell-Boltzmann distribution fails | a collisionlessgas with this
distribution initially doesnot ewlve the sameway asa collisional gaswith
the Maxwell-Boltzmann distribution function for all times.) One should
also bear in mind that doesnot cortain all the information neededto
characterize perturbations in a collisionlessgas(Ma & Bertschinger 1994a).
Complete information residesin f’\(k; p;S).

Evenif eq. () is not exact for massiwe neutrinos and does not fully
specify the perturbations, it provides an extremely helpful pedagogicguide
to the physicsof collisionlessdamping. We seeat oncethat a gravitational
source can induce density perturbations in a collisionlesscomponert, but
the sourcecompetesagainsacoustic(k?c?) and damping (a=a+ 2kc ) terms.
Roughly speaking, hot dark matter behaveslike a collisional gaswith an
extra free-streamingdamping term.

Doesthe k2c? term imply that a collisionlessgas can support acoustic
oscillations? To ched this we consider the limit kc 1 so that the
Hubble damping and gravitational sourceterms are negligible. We then
have

* 420 _+12 0; ! =kc : (3.31)

Because! changesvery slowly with time compared with the oscillation
timescale! !, eq. (B.31) is a linear dierential equation with constart
coe cien ts and is easily solved to give the two modes

/| e or e' ;1 1: (3.32)

Neither solution oscillates! The rst one beginsto grow but is rapidly
damped on a timescale! !, after the typical neutrino has had time to
crossone wavelength.

Becausethe damping time (kc ) ! is proportional to the wavelength,
short-wavelength perturbations are damped most strongly. At any given
time , perturbations of comoving wavelength lessthan about ¢ are at-
tenuated. This is precisely the free-streaming distance we introduced in
the beginning of this lecture, equation (Q).

Our results enable us to understand why the hot dark matter trans-
fer function is similar to that of cold dark matter for long wavelengths
but cuts o sharply for short wavelengths(Bond & Szalay 1983). During
the radiation-dominated era,a( ) / . While the massiwe neutrinos were
relativistic, ¢ ¢ was constart. The comoving free-streaming distance
increased,c / a, with hot dark matter perturbations being erasedon
scalesup to the Hubble distance. After the neutrinos becamenonrelativis-
tic, howewer, ¢ is given by eq. (, ¢ / a . Thus, the free-streaming
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distance saturates at the Hubble distance when the neutrinos becomenon-
relativistic. During the matter-dominated era, a( ) / 2 (while 1)

sothat the free-streamingdistance decreasesc / a 2. Howewer, free-
streaming has already erasedthe hot dark matter perturbations on scales
up to the maximum free-streamingdistance, eq. (E). Only if the pertur-

bations are re-seededge.g. by cold dark matter or topological defects, will

small-scalepower be restoredto the hot dark matter.

3.4. Nonrelativistic evolution including self-gravity

Now that we have deweloped the basictechniquesfor solving the linearized
nonrelativistic Vlasov equation, adding self-gravity of the collisionlesspar-
ticles is easy We simply add a cortribution to arising from . In eq.
(3.17), if we have a mixture of hot and cold dark matter, ™ ( c+ );
additional contributions may be added as appropriate. Equation (-)
becomes
Z S
Moo= L da¥(s) [oF (@14 GaX(s)

(9 e(k; )+ (9" (k;so)l: (3.33)

This equation was rst derived (in a slightly dierent form) by Gilbert
(1966) and is known as the Gilbert equation. Note that in the self-
gravitating case appearsboth inside and outside an integral. Equation
(3.33) is a Volterra integral equation of the secondkind. Bertschinger &
Watts (1988) presernt a numerical quadrature solution method.

Using the sametrick asin the previous subsection, we can corvert the
Gilbert equationto a di erential equationfor , if the unperturbed phase
spacedensity distribution is approximated by the form f (p) of eq. ().
The result is

<+ g—+2kc _+ K2 =4Ga[cct ] (3.34)

With a suitable choice for the parameter , the solution of eq. ()
provides a good match (to within a few percert, in general) to the solu-
tion of the Gilb ert equation using the correct Fermi-Dirac distribution for
massie neutrinos (Setayeshgar1990). Therefore, it may be used for ob-
taining quick estimates of the density perturbations of nonrelativistic hot
dark matter.
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4. Relativistic cosmological perturbation theory
4.1. Intr oduction

This section is an expanded version of my fth lecture at Les Houches.
One lecture gave barely enoughtime to introduce the essetial ideas of
relativistic perturbation theory: classi cation of metric perturbations, the
linearized Einstein equations,and gaugemodes. Understanding the physics
of these topics, as well as the relativistic generalizations of my previous
lectures, requires a much deeper immersion. Unable to nd a pedagogical
treatment in the existing literature that matches these needsto my sat-
isfaction, | have deweloped the subject more fully in these written lecture
notes. They are not acompleteguideto relativistic perturbation theory but
rather a starting point from which the reader may delve into the increas-
ingly rich literature of applications. This sectionis self-cortained and may
be read independertly of the previous sections, although the reader may
nd it interesting to cortrast the nonrelativistic presenations of sections1
and 2 with the relativistic treatment given below.

4.1.1. Synopsis

According to the Newtonian perspective of gravity and cosmology space-
time is at and absolute, gravity is action at a distance, and particle
dynamics is given by Newton's secondlaw F = ma or, equivalently, by
Hamilton's principle of least action. The Einsteinian perspective is quite
di erent: spacetimeis a curved manifold which ewlves causally through
the Einstein eld equationsin responseto sources,and particle dynamics
is given in absenceof nongravitational forcesby geadesic motion. In this
section | attempt not only to preser the essetials of relativistic gravita-
tional dynamics, but alsoto show how it reducesto and extendsNewtonian
cosmologyin the appropriate limit.

One of the main purposesof thesenotesis to provide a clear explanation
of the scalar, vector, and tensor modesof gravitational perturbations. (We
shall follow the customary usagein this subject by referring to di erent spa-
tial symmetry componerts as\mo des" even when they are not expanded
in any basiseigenfunctions. Thus, the \scalar mode" is described, in part,
by a eld (x ) that is a scalar under spatial coordinate transformations
but is not restricted to being a single Fourier componert or other harmonic
basis function.) Newtonian gravity correspnds to the former (the scalar
mode), while the latter (vector and tensor modes) represem the relativis-
tic e ects of gravitomagnetism and gravitational radiation, which have no
courterpart in Newtonian gravity although they are similar to electromag-
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netic phenomena. If the motion of sourcesis expandedin powers of v=¢
the vector and tensor gravitational elds are O(v=c) and O(v=c)? times the
Newtonian eld, respectively. On terrestrial scalesthe vector and tensor
modesare extremely weak| they have not beendetectedin the laboratory,
although satellite experimerts are plannedto seart for the former through
the Lense-Thirring \gravitomagnetic momen" precession,and large inter-
ferometric detectors are being built to measuregravitational radiation |
but they could have important consequencefor the ewlution of large-scale
matter and radiation uctuations, including the production of anisotropy
in the microwave badground radiation.

The Newtonian limit corresppndsto weakgravitational elds (black holes
are to be avoided) and slow motions (v2 ¢, for both sourcesand test
particles). For nearly all cosmologicalapplicationsit is su cien t to consider
only weak elds | small perturbations of the spacetimemetric around a
homogeneousand isotropic badkground spacetime. At the sametime it is
usually safeto assumethat the gravitational sourcesare nonrelativistic,
although the test particles (e.g., photons) neednot be. Becausethe weak-
eld, slow source motion limit does not necessarilyimply small density
uctuations, we can (and will) investigate nonlinear particle and uid dy-
namics even while treating the metric perturbations and source velocities
as being small.

In sections @{@ we shall dewelop the machinery for cosmological
perturbation theory using the methods deweloped by Lifshitz, Peebles,
Bardeen, Kodama & Sasaki,and others. We discussthe consequence®f
gaugeinvariance| the invariance of physical quantities to small changes
in the spacetimecoordinates| and symmarizethe standard results in the
syndironous gauge of Lifshitz (1946)1 In section @ we introduce a new
gaugethat claries how generalrelativit y extends Newtonian gravity in
the weak- eld limit and in section@ we attempt to clarify the physical
content of generalrelativit y theory in this limit. In section@we shall see
how simply and clearly the Hamiltonian formulation of particle dynamics
followsfrom generalrelativit y. Finally, in section@ we introducean alter-
native fully nonlinear formulation of generalrelativit y due to Ehlers, Ellis
and others, and we demonstrate its connection with the Lagrangian uid
dynamics that was discussedin my fourth lecture.

Apparently it is not widely known that Lifshitz' paper is published in English and is
available in many libraries. This classic paper was remarkably complete, including a full
treatmen t of the scalar, vector, and tensor decomposition in open and closed univ erses
and a concisesolution to the gauge mode problem; it presented solutions for perfect uids
in matter- and radiation-d ominated univ erses;and it contrasted isentropic (adiabatic)
and entropy uctuations.
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We shall not discussthe relativistic Boltzmann equation nor the classi -
cation of isertropic and isocurvature initial conditions. In the nonrelativis-
tic limit, thesetopics have already beencoveredin my preceding lectures.
Neither shall we discussthe physics of microwave badground anisotropy
or the ewlution of perturbations in speci ¢ models. Our aim hereis to de-
rive and comprehendthe gravitational eld equations, not their solution.
Although this goal is restricted, we shall seethat the physical content is
su cien tly rich. After working through thesenotesthe readermay wish to
consult one of the many books or articles discussingthe detailed ewolution
for a variety of models (e.g., Lifshitz & Khalatnik ov 1963; Peebles& Yu
1970;Weinberg 1972; Peebles1980;Press& Vishniac 1980;Wilson & Silk
1981; Wilson 1983;Bond & Szalay 1983; Zel'dovich & Novikov 1983; Ko-
dama & Sasaki1984, 1986; Efstathiou & Bond 1986; Bond & Efstathiou
1987;Ratra 1988;Holtzman 1989; Efstathiou 1990; Mukhanov, Feldman &
Brandenberger1992;Liddle & Lyth 1993;Peebles1993;Ma & Bertschinger
1994b).

Understanding thesenoteswill not require much experiencewith general
relativit y, although somebadkground is helpful. The reader can test the
waters by examining the following summary of essetial generalrelativit y
and di erential geometry While somemathematical formalism is neededto
get started, the focusthereafter will remain asmuch aspossibleon physics.

4.1.2. Summary of essential relativity
We adopt the following corventions and notations, similar to those of Mis-
ner, Thorne & Wheeler (1973). Units are chosensothat ¢ = 1. The
metric signature is ( ;+;+;+). The unperturbed badkground spacetime
is Robertson-Walker with scalefactor a( ) expressedn terms of conformal
time. A dot (or @) indicates a conformal time derivative. The comoving
expansionrate is written () a=a= aH. The scalefactor obeys the
Friedmann equation,
2 - 8 2 .
= —Ga K : (4.1
3

The Robertson-Walker line elemen is written in the general form using
conformal time  and comoving coordinates x':

ds?=g dx dx =a%( ) d?2+ ;x)dx'dd (4.2)
Latin indices (i, j, k, etc.) indicate spatial componerts while Greek in-
dices( , , , etc.) indicate all four spacetimecomponerts; we assumea

coordinate basisfor tensors. Summation is implied by repeated upper and
lower indices. The inverse4-metric g (suchthat g g = ) is used
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to raise spacetimeindices while the inverse3-metric U (1 ;= ') is
usedto raise indices of 3-vectorsand tensors. Three-tensorsare de ned in
the spatial hypersurfacesof constart ~ with metric j; and they shall be
clearly distinguished from the spatial componerts of 4-tensors. We shall
seeaswe go along how this \3+1 splitting" of spacetimeworks when there
are metric perturbations.

Many dierent spatial coordinate systems may be used to cover a
uniform-curvature 3-space. For example, there exist quasi-Cartesian co-
ordinates (x; y; z) in terms of which the 3-metric componerts are

K 2
i = 5 1+ x X2+y2+ z? . 4.3)

We shall use 3-tensor notation to avoid restricting ourselvesto any partic-
ular spatial coordinate system. Three-scalars,vectors, and tensorsare in-
variant under transformations of the spatial coordinate systemin the badc-
ground spacetime (e.g., rotations). A 3-vector may be written A = Alg;
where e; is a basis 3-vector obeying the dot product rule ; e = ;. A
second-rank3-tensormay be written (using dyadic notation and the tensor
product) h = hi g; ;. We write the spatial gradient 3-vector operator
r =e'@(@ @@')wheree' g = ij. The experts will recognizee' as
a basisone-formbut we cantreat it asa 3-vectore' = U g; becauseof the
isomorphism between vectors and one-forms. Becausethe basis 3-vectors
in generalhave nonvanishing gradients, we de ne the covariant derivative
(3-gradient) operator r ; with r ; jx = 0. If the spaceis at (K = 0) and
we use Cartesian coordinates, then j; = j,r ; = @, and the 3-tensor
index notation reducesto elemeriary Cartesian notation. If K 6 0, the
3-tensor equations will cortinue to look like those in at space(that is
why we usea 3+1 splitting of spacetime!) exceptthat occasionally terms
proportional to K will appearin our equations.

Our application is not restricted to a at Robertson-Walker badkground
but allows for nonzerospatial curvature. This complicatesmatters for two
reasons. First, we cannot assumeCartesian coordinates. As a result, for
example,the Laplacian of a scalarand the divergenceand curl of a 3-vector

involve the determinant of the spatial metric, detf j o
r 2 122@ 1=2 jj @ : r v 122@ lZZVi :
roov o TK@v)e ; (4.4)
where 1k = 1727jj k] is the three-dimensional Levi-Civita tensor, with

[ij K] = +1 if fij kg is an even permutation of 123y, [ijk] = 1 for an
odd permutation, and 0 if any two indices are equal. The factor 172
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ensuresthat I ¥ transforms lik e a tensor; as an exerciseone can shaw that
k= 2 k.

The secondcomplication for K 6 0 is that gradients do not commute
when applied to 3-vectors and 3-tensors (though they do commute for 3-
scalars). The basic results are

[rjir JA = @R AT

[rk;r |]hij = (3)Rink|hnj + (B)Rjnklhin ; (4.5)
where[r j;r ] (r jr « r «r j). The commutator involvesthe spatial
Riemann tensor, which for a uniform-curvature spacewith 3-metric j is
simply

(B)Rijkl =K e ko (4.6)

Finally , we shall needthe ewlution equationsfor the full spacetimemet-
ric g . Theseare given by the Einstein equations,

G =8GT ; (4.7)

whereT isthe stress-energytensorand G is the Einstein tensor, related
to the spacetimeRicci tensorR by

G R %g i R R ; R R : (4.8)
The spacetimeRiemann tensor is de ned accordingto the corvertion
R @ @ + ; (4.9)
where the a ne connection coe cien ts are
1
59 (@ +@g @9 ): (4.10)

We seethat the Einstein tensor involves secondderivativ es of the metric
tensor componerts, so that eq. (@) provides second-orderpartial di er-
ertial equationsfor g

The reader who is not completely comfortable with the material sum-
marized above may wish to consult an introductory generalrelativit y text-
book, e.g. Schutz (1985).

4.2. Classi cation of metric perturbations

Now we consider small perturbations of the spacetime metric away from
the Robertson-Walker form:
ds? = a®() (@+2)d?+2wd dx'+[1 2 ) 4 + 2h;ldx'dx ;

Thy =0: (4.11)
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We have introduced two 3-scalar elds (x; ) and (x; ), one 3-vector
eld w(x; ) = we', and one symmetric, tracelesssecond-rank 3-tensor
eld h(x; ) = hje €. No generality is lost by making h; traceless
since any trace part can be put into . The factors of 2 and signs have
beenchosento simplify later expressions.

Equation (4.11) is completely general: g  has 10 independert compo-
nents and we have introduced 10 independent elds (1 + 1+ 3+ 5 for

+ + w + h). In fact, only 6 of these elds can represem physical de-
greesof freedom becausewe are free to transform our 4 coordinates ( ;x')
without changing any physical quartities. In nitesimal coordinate trans-
formations, called gauge transformations, result in changesof the elds
( ;; w;h) becausethe spacetimescalar ds> = g dx dx must be in-
variant under general coordinate transformations. We shall explore the
consequence®f this invariance later. Coordinate invariance complicates
general relativit y compared with other gauge theories (e.g., electromag-
netism) in which the spacetimecoordinates are xed while other variables
changeunder the appropriate gaugetransformations.

Unless stated explicitly to the cortrary, in the following we shall treat
the perturbation variables ( ; ; w;;h; ) exclusiwely as 3-tensors (of rank
0, 1, or 2 accordingto the number of indices) with componerts raised and
lowered using ' and j . In doing this we chooseto use j as the 3-
metric in the perturbed hypersurfaceof constart  despite the fact that
the spatial part of the 4-metric (divided by a?) is givenby (1 2 ) j +
2h; . This treatment is satisfactory becausewe will assumethat the metric
perturbations are small and we will neglect all terms quadratic in them.
However, we will useg to raise4-vectorcomponents: G =g G . Do
take careto distinguish Latin from Greek!

We have introduced 3-scalar, 3-vector, and 3-tensor perturbations.
(From now on we will drop the pre x 3- sinceit should be clear from
the context whether 3- or 4- is implied.) Are thesethe famous scalar, vec-
tor, and tensor metric perturbations? Not quite! Recall the decomposition
of a vector into longitudinal and transverseparts:

W=Wg+Wy; I Wg=r W, =0: (4.12)
Sincewy, = r w for somescalar w, how can it be called a vector per-
turbation? By de nition, only the transversecomponert w-, represems a
vector perturbation.

There is a similar decomposition theorem for tensor elds: Any di eren-
tiable tracelesssymmetric 3-tensor eld h; (x) may be decomposedinto a
sum of parts, called longitudinal, solenoidal,and transverse:

h(x) = he+ hy + hy : (4.13)



42 E. Bertschinger

The various parts are de ned in terms of a scalar eld h(x) and transverse
(or solenoidal) vector eld h(x) sud that

hij;k: Dijh; hij;? =7 (ihj); r ihij;TZO; (4.14)
where we have denoted symmetrization with parenthesesand have em-
ployed the tracelesssymmetric double gradient operator:

1 1
rahy iy +rgh) o Dy rirg g jr2e (4.15)
Note that the divergencesof h, and h, are longitudinal and transverse
vectors, respectively (it doesn't matter which index is contracted on the
divergencesince h is symmetric):

r hkzgr r2+3K h; r h, =
wherer 2h (r 2h')e;. (We do not call h, the transverse part, as we
would by extensionfrom w-, , because\transv erse" is convertionally used
to refer to the tensor part.) The longitudinal tensor hy is also called the
scalar part of h, the solenoidalpart h, is also called the vector part, and
the transverse-traceles part hr is also called the tensor part. This clas-
si cation of the spatial metric perturbations h; was rst performed by
Lifshitz (1946).

The purpose of this decomposition is to separate h; into parts that
can be obtained from scalars, vectors, and tensors. Is the decomposition
unique? Not quite. It is clear, rst of all, that h and h; are de ned only
up to a constart. But there may be additional freedom (Stewart 1990).

First, the vector h is de ned only up to solutions of Killing's equation
r ihj + r jh; = 0, called Killing vectors (Misner et al. 1973). The reader
can easily verify that one suc solution (using the quasi-Cartesian coordi-
nates of eq. @ is (hx;hy;hz) = (y; x;0). In an open space(K 6 0)
this solution would be excluded becauseit is unbounded| our perturba-
tions should not diverge! | but in a closedspace(K > 0) the coordinates
have a bounded range. This Killing vector, and its obvious cousins, cor-
respond to global rotations of the spatial coordinates and not to physical
perturbations.

Next, there may alsobe non-uniquenessassaiated with the tensor (and
scalar) componert:

r2+2K h; (4.16)

NI =

hi ! hjr+ 55 rirg 5 r+2K : (4.17)
where is somescalar eld. From egs. (4.5) and (E) one can show

r?ri)=ri(r?+2K) sothat r; |, = 0 asrequired for the tensor
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componert. However, we alsorequire h;; 1 to betraceless,implying (r 2+
3K) = 0. Thus, the tensor mode is de ned only up to eq. (f.17) with
bounded solutions of (r 2+ 3K) = 0. In fact, this condition alsoimplies

i = Dj , sowe may equally well attribute j to the scalar mode h;; .
Thus, we are free to add any multiple of to h (the scalarmode) provided
we subtract D from the tensormode. In an openspace(K 6 0) there are
no nontrivial bounded solutionsto (r 2+ 3K) = 0 but in a closedspace
(K > 0) there are four linearly independent solutions (Stewart 1990). Once
again, thesesolutions correspond to rede nitions of the coordinates with no
physical signi cance. Kodama & Sasaki(1984, Appendix B) gave a proof
of the tensor decomposition theorem, but they missedthe additional vector
and scalar/tensor mode solutions presert in a closedspace. In practice, it
is easyto excludethese modes, and so we shall ignore them hereafter.

Thus, we concludethat the most generalperturbations of the Robertson-
Walker metric may be decompsedat ead point in spaceinto four scalar
parts eat having 1 degreeof freedom( ; ; wy; hy), two vector parts eah
having 2 degreesof freedom (w- ; h, ), and one tensor part having 2 de-
greesof freedom (hr, which lost 3 degreesof freedomto the transversality
condition). The total number of degreesof freedomis 10.

Why do we bother with this mathematical classi cation? First and fore-
most, the di erent metric componerts represen distinct physical phenom-
ena. (By way of comparison, in previous lectures we have already seen
that vy and v, play very di erent rolesin uid motion.) Ordinary New-
tonian gravity obviously is a scalar phenomenon(the Newtonian potential
is a 3-scalar), while gravitomagnetism and gravitational radiation | both
of which are absert from Newton's laws, and will be discussedbelow |
are vector and tensor phenomena,respectively. Moreover, this spatial de-
composition can also be applied to the Einstein and stress-energytensors,
allowing usto seeclearly (at leastin somecoordinate systems)the physical
sourcesfor eat type of gravity. Finally, the classi cation will help us to
eliminate unphysical gauge degreesof freedom. There are at least four of
them, correspnding to two of the scalar elds and one transverse vector
eld.

Wewill not write the weak- eld Einstein equationsfor the generalmetric
of eqg. (4.11). Instead, we will consideronly two particular gaugechoices,
ead of which allows for all physical degreesof freedom (and more, in the
caseof synchronous gauge). First, howewver, we must examine the stress-
energy tensor.
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4.3. Stress-enegy tensor

The Einstein eld eqgs. (@ show that the stress-energytensor provides
the source for the metric variables. For a perfect uid the stress-energy
tensor takesthe well-known form

T =( +puu +pg ; (4.18)

where and p are the proper energy density and pressurein the uid rest
frame and u = dx =d (where d ? ds?) is the uid 4-velocity. In
any locally at coordinate system, T represets the energy density, T
the energy ux density (which equalsthe momertum density T'°), and T#
represets the spatial stresstensor. In locally at coordinates in the uid
frame, T = | T% = 0,and TV = p I for a perfect uid.

For an imperfect uid sud as a sum of sewral uncoupled componerts
(e.g., photons, neutrinos, baryons, and cold dark matter), the stress-energy
tensor must include extra terms correspnding in a weakly collisional gasto
shearand bulk viscosity, thermal conduction, and other physical processes.
We may write the generalform as

T =( +puu +pg + : (4.19)
Without loss of generality we can require to be tracelessand o w-
orthogonal: = 0, u = 0. In locally at coordinates in the uid
rest frame only the spatial componerts ! are nonzero (but their trace
vanishes)and the spatial stressis T! = p i + 1. With theserestrictions
on (in particular, the absenceof a © term in the uid rest frame)

we implicitly dene u sothat u is the enemy current 4-vector (as op-
posed,for example,to the particle masstimes the numkber current 4-vector
for the baryons or other consened particles). As a result of these condi-
tions, u includesany heat conduction, p includes any bulk viscosity (the
isotropic stressgeneratedwhen an imperfect uid is rapidly compressedr
expanded),and (called the shearstress)includesshearviscosity. Some
workersadd to eq. () terms proportional to the 4-velocity,q u +u q,
where q is the energy currert in the particle frame (taking u to be pro-
portional to the particle number current). Either choice is fully general,
although our choice is the simplest.

We shall needto ewaluate the stress-energycomponerts in the comoving
coordinate frame implied by eq. (4.11). This requires specifying the form
of the 4-velocity u . Therefore we must digressto discussthe 4-velocity
componerts in a perturbed spacetime.

Consider rst the casewherethe uid is at rest in the comoving frame,
i.e., u' = 0. (This condition de nes the comoving frame.) Normalization
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(g uu = 1)thenrequiresu®=a (1 )to rst orderin . Lowering
the componerts using the full 4-metric givesug = a(l+ ) andu; = aw,
in the weak- eld approximation.

The appearanceof andw; in the componerts u for a uid at restin the
comoving frame may appear odd. They arise because,in our coordinates,
clocks run at dierent rates in dierent placesif r ; 6 0 (the coordi-
nate time interval d correspndsto a proper time interval a( )(1+ )d )
and they also have a position-dependert o set if w; 6 0 (an obsener at
x| = constart seeshe clocks at x' + dx' running fast by an amount w;dx').
At rst thesemay seemlik e strange coordinate artifacts one should avoid
(this may be a motivation for the syndironousgaugein which = w; = 0!)
but they have straightforward physical interpretations: represets the
gravitational redshift and w; represens the dragging of inertial frames. We
shall seelater that they also can be interpreted as giving rise to \forces,"
allowing us to apply Newtonian intuition in generalrelativit y. Do not for-
get that in general relativit y we are forced to accept coordinates whose
relation to proper times and distancesis complicated by spacetimecurva-
ture. Therefore, it is advantageouswhen we can reinterpret thesee ects in
Newtonian terms.

We de ne the coordinate 3-velocity

dx  dx! ul
d_ = M e = F e ; (420)
Who_se componerts are to b_e_raised and Iov_vered using a_nc_i iovi=
Vo= ui=u0, v2 jvVivi,w v wjvi,v h v hjviv, etc. The

4-vector componert u® follows from applying the normalization condition
uu = 1L

1 W v+ vZ v hv
0 — .
u= p— 1 : 4.21
al“'l V2 1 V2 ( )

In the absenceof metric perturbations this looks like the standard result
in special relativit y aside from the factor a ! that appears becausewe
use comoving coordinates. With metric perturbations we can no longer
interpret v exactly as the proper 3-velocity becauseadx' is not proper
distance and ad is not proper time. However, the corrections are only
rst order in the metric perturbations.

We will assumethat the mean uid velocity is nonrelativistic so that
we can neglect all terms that are quadratic in v. (This doesnot exclude
the radiation era, since we allow individual particles to be relativistic and
require only the bulk velocity to be nonrelativistic.) We will also neglect
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terms involving products of v and the metric perturbations. With these
approximations, the 4-velocity componerts become

wW=al@ );u=alv;u= al+ ); u = alvitw):(4.22)

The apparert lack of symmetry in the spatial componerts arisesbecause
ui = gou®+ gj U and go = a®w; 6 0in general.

From eq. ( we can seehow w; is interpreted as a frame-dragging
eect. For w; 6 O the worldline of a comoving obsener (de ned by the
condition v; = 0) is not normal to the hypersurfaces = constart: u =
aw; ' 6 0for a 3-vector '. In alocally inertial frame, on the other hand,
the worldline of a freely-falling obsener obviously would be normal to the
spatial directions. (This is true in special relativit y and also in general
relativit y as a consequenceof the equivalence principle.) By making a
local Galilean transformation, dx' ! dx' + w'd , we can remove w; from
the metric at a point. This transformation correspndsto choosingalocally
inertial frame, calledthe normal frame, moving with 3-velocity w relative
to the comoving frame. In the normal frame the uid 3-velocity isv + w.

If wi = w;( ) is independert of x, one can remove w; everywhere from
the metric by a global Galilean transformation. (Try it and see!) Howeer,
we may be interested in situations where w; = w;(x; ) sothat dierent
transformations are required in dierent places. In this casethere is no
glokal inertial frame. Spatially varying w; correspnds to shearing and/or
rotation of the comoving frame relative to the normal frame. This is called
the \dragging of inertial frames." Although we can choosecoordinates in
which w; = 0 ewverywhere, we shall seethat there are advantagesin not
hiding the dragging of inertial frames. In general, the comoving frame
is noninertial: an obsener can remain at xed x' only if acceleratedby
nongravitational forces. The syndronous gaugeis an exception in that
w; = 0 everywhere and the comoving frame is locally inertial. We shall see
later that thesefeaturesof syndironousgaugeobscurerather than eliminate
the physical dragging of inertial frames.

Now that we have all the ingredients we can nally write the stress-
energytensor componerts in our perturbed comoving coordinate systemin
terms of physical quartities:

T% = ; Tho= (+PV;

TS = ( +p(vi+w) ; Tij:pij+ ij:

(4.23)
We usemixed componerts in order to avoid extraneousfactors of a(1 + )
anda(l ). Note that the tracelessshearstress '; may be decompsed

asin egs. (.13 and (f.19) into scalar, vector, and tensor parts. Similarly,
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the energy ux density ( + p)v' may be decompsedinto scalarand vector
parts. (The pressureappearshere, just asin special relativit y, to account
for the pdV work donein compressinga uid. For anonrelativistic uid p

, but we shall not make this restriction.) We may already anticipate that
these sourcesare responsible in the Einstein equations for scalar, vector,
and tensor metric perturbations.

In writing the componerts of the stress-energytensor we have not as-
sumedj | . The only approximations we make in the stress-energy
tensor are to neglect (relativ e to unity) v2 and all terms involving products
of the metric perturbations with v and ij . Of course,owing to the weak-
eld approximation, we are also neglectingany terms that are quadratic in
the metric perturbations themsehes.

Before moving on to discussthe Einstein equations we should rewrite
the consenation of energy-mometum, r T = 0, in terms of our metric
perturbation and uid variables. (Weuser to denotethe full spacetime
covariant derivativerelative to the 4-metric g . It should not be confused
with the spatial gradiert r ; de ned relative to the 3-metric j .) Using
the approximations mertioned in the precedingparagraph, one nds

@ +3( Y +p+r [( +pv]=0 (4.24)
and

@I( +p(v+w)]+4 ( +p)(v+w)
+r p+r +( +pr =0: (4.25)

(Deriving these gives useful practice in tensor algebra.) It is easyto in-
terpret the various terms in these equations. The terms proportional to
the expansionrate arise becausewe are using comoving coordinates and
conformal time and have not factored out a 3 from or p. The pressure
p is present with becausewe let be the energy density (not the rest-
massdensity), which is a ected by the work pressuredoesin compressing
the uid. Excluding theseterms, the energy-conseration eq. ( looks
exactly like the Newtonian cortinuity equation aside from the changein
the expansionrate from to —. This modi cation is easily understood
by noting from eq. (4.11) that the e ectiv e isotropic expansion factor
is modi ed by spatial curvature perturbations to becomea(l ). The
momertum-consenation eq. (4.25) similarly looks like the Newtonian ver-
sion with a gravitational potential , aside from the special-relativistic
e ects of pressureand the addition of w to all the velocities to place them
in the normal (inertial) frame.
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4.4. Synchonous gauge

Syndhronous gauge,introduced by Lifshitz (1946) in his pioneering calcu-
lations of cosmologicalperturbation theory, is de ned by the conditions

= w; = 0, which eliminate two scalar elds ( and the longitudinal part
of w) and onetransversevector eld (w- ). It is not dicult to show that
syndronous coordinates can be found for any weakly-perturb ed spacetime.
However, the synchronous gaugeconditions do not eliminate all gaugefree-
dom. This hasin the past led to considerableconfusion (for discussionsee
Press& Vishniac 1980and Bardeen 1980).

Syndhronous gaugehas the property that there exists a set of comoving
obsenerswho fall freely without changing their spatial coordinates. (This
is nontrivial when one notes that in order to remain at a xed terrestrial
latitude, longitude, and altitude above the surface of the earth it is nec-
essaryto accelerateeverywhere exceptin geosyntironous orbits.) These
obseners are called \fundamental' comoving obseners. The existence of
fundamental obseners follows from the gealesic equation

O('ji+ uu =0 (4.26)

for the trajectory x (), whered = ( ds?)'2? for a timelik e geadesicand
u =dx =d . With = w; = 0, eq. (£.10) gives o, = 0, implying that
u' = 0is a gedesic.

Each fundamenrtal obsener carries a clock reading conformal time =

dt=a(t) and a xed spatial coordinate label x'. The clocks and labels of
the fundamental obseners are taken to de ne the coordinate valuesat all
spacetime points (assumingthat these hypothetical obseners densely |l
space). The residual gaugefreedomin syndronous gaugearisesfrom the
freedomto adjust the initial settings of the clocks and the initial coordinate
labels of the fundamertal obseners.

Becausethe spatial coordinates x' of ead fundamertal obsener are held
xed with time, the x' in syndronous gaugeare Lagrangian coordinates.
This implies that the coordinate lines becomehighly deformed when the
density perturbations becomelarge. When the trajectories of two funda-
mental obseners intersect the coordinates becomesingular: two di erent
setsof x label the samespacetimeevernt. This aw of syndronous gauge
is not apparert if j = j 1 and the initial coordinate labels are nearly
unperturbed, so this gaugemay be used successfully(with some care re-
quired to avoid corntamination of physical variables by the residual gauge
freedom)in linear perturbation theory.

To be consistent with the corvertional notation used for syndronous
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gauge(Lifshitz 1946;Lifshitz & Khalatnik ov 1963;Weinberg 1972; Peebles
1993), in this section only we shall absorb into h; and double hj :
ds?=a?( ) d2+(j +hyj)dx'dd ; h h';60: (4.27)

Using this line elemen and the de nitions of the Ricci and Einstein tensors,
it is straightforward (if rather tedious) to derive the componerts of the
perturbed Einstein tensor:

1 1 i
a2(300=3(2+ K)+ h > r 2+ 2K h+ Er ir jh' (4.28)
a’G’ = 5 rib by Go= Y G’ ; (4.29)
Gl = 2 + 2+K L+ }@+ Q@ 27 oo
| _ i > 5 j j

1
Kh'j+§'k rr jhoror b’y orgropy

+% ror h< (4.30)

One can easily verify that the unperturbed parts of the Einstein equations

G% =8GT%= 8G andG'; = 8 GT', = 8 Gp/; give the Fried-

mann and energy-conseration equations for the background Robertson-
Walker spacetime.

Our next goalis to separatethe perturbed Einstein equationsinto scalar,

vector, and tensor parts. First we must decomppsethe metric perturbation

eld h; asin egs. (B.13{(4.15), with a term added (and the notation
changedslightly) to accourt for the trace of h; :

1
hy = 3hy +Dy r % 41 ahy+hy 1 (4.31)

where D; was de ned in eq. (.19). Werequirer ihi = r ih'.; =0to
ensurethat the last two parts of h; are purely solenoidal (vector mode)
and transverse-traceless(tensor mode) cortributions. The scalar mode
variablesareh andr 2 , whoseLaplacianis . We shall not worry about
how to invert the Laplacian on a curved spacebut simply assumethat it
can be done if necessary

The perturbed Einstein equations now separate into 7 dierent parts
accordingto the spatial symmetry:
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G% % r2+3K ( h)+ h=8 Ga¥ ) (4.32)
G% %r i(h ) Krir 2_=8Ga[( +pwvi ;(4.33)
G%., % r2+2K hj=8 Ga?[( +pwvil, ; (4.34)

G i (@+2@h+ 32+ (h )

=24 Ga’(p p); (4.35)

Gligik: %@+ @ Dy r ? +éDij( h)
=8 Ga? j y; (4.36)
G, %@h @ r h)=8Ga® j - ; (4.37)

, 1 1
Gyr: §@+ @ é|r2+K hj 1 =8 Ga® j v: (4.38)

The derivation of theseequationsis straightforward but tedious. They have
decomposed naturally into separate equations for the scalar, vector, and
tensor parts of the metric perturbation, with the sourcesfor eat given by
the appropriate part of the energy-momerum tensor. Howewer, there are
more equationsthan unknowns! There are four scalar equationsfor and
h, two vector equationsfor h;, and one tensor equation for h;. +. How can
this be?

Before answering this question, let us note another interesting feature
of the equations above, which will provide a clue. The equations arising
from G° involve only a single time derivative of the scalar and vector
mode variables, while those arising from G' have two time derivatives,
as we might have expected for equations of motion for the gravitational
elds. This meansthat we could discard eqs. (4.32){(4.34) and be left
with exactly as many second-orderin time equations as unknown elds.
Alternativ ely, we could discard eqs. (4.35){(4.37) and be left with exactly
enough rst-order in time equationsfor the scalarand vector modes. Only
the tensor mode ewlution is uniquely specied by a second-orderwave
equation.

The reasonfor this redundancyis that the twice-cortracted Bianchi iden-
tities of dierential geometry, r G = 0, force the Einstein egs. (Q)
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to imply r T = 0. The Einstein equations themseles cortain redun-
dancy, as we can ched explicitly here. By combining the time derivative
of eq. (4.32) and the divergenceof egs. (4.33) and (4.34) one obtains
the perturbed part of eq. (#.29) (note, however, that !  h=6). Simi-
larly, eq. (4.25) follows from the time derivative of egs. (4.33) and (4.34)
combined with the gradient of eqs. (4.35){(4.37). Because we require the
equations of motion for the matter and radiation to locally conservethe net
enemgy-momentum, three of the perturbed Einstein egs. (4.32){(4.38) are
redundant.

In the literature, G%, = 8 GTY, is often called the \ADM energy con-
straint" and G% = 8 GTY is called the \ADM momertum constraint"
equation. The 3+1 space-timedecomposition of the Einstein equationsinto
constraint and ewlution equations was deweloped in detail by Arnowitt,
Deser & Misner (1962, ADM) and applied to cosmology by Durrer &
Straumann (1988) and Bardeen (1989). The ADM constraint equations
may be regardedas providing initial-v alue constraints on (h; ;h; 5 h;) and
the matter variables. If these constraints are satis ed initially (this is re-
quired for a consistert metric), and if eqs. (4.35){(4.37) are usedto ewlve
(h; ;h; 5 hy) while the matter variables are ewlved so as to locally con-
sene the net energy-mometium, then the ADM constraints will be ful lled
at all later times. (This follows from the results stated in the preceding
paragraph.) In e ect, the Einstein equationshave built into themsehesthe
requirementof energy-momemum consenation for the matter. If one were
to integrate eqs. (4.35){(4.37) correctly but to violate energy-momenum
consenation, then egs. (4.32){(4.34) would be violated.

In practice, we may nd it preferable to regard the ADM constraints
alone| and not egs. (4.35){(4.37) | as giving the actual eld equa-
tions for the scalarand vector metric perturbations. They have fewer time
derivativesand henceare easierto integrate. Equations (4.35){(4.37) are
not necessaryat all (although they may be useful for numerical chedks)
becausethey can always be obtained by di erentiating egs. (4.32){(4.34)
and using energy-mometum consenation.

This situation becomesclearerif we compareit with Newtonian gravity.
The eld equationr 2 = 4 Ga? is analogousto eq. (4.32). (We shall
seethis equivalencemuch more clearly in the Poissongaugebelow.) Let us
take the time derivative: r 2_= 4 G@(a? ). If we now replace @( )
using the continuity equation, we obtain a time ewlution equation for
r 2 analogousto the divergenceof eq. (4.33). The solutions to this
ewlution equation obey the Poissonequation if and only if the initial
obeys the Poissonequation. Why should one bother to integrate r 2 _in
time when the solution can always be obtained instantaneously from the
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Poissonequation? Viewed in this way, we would say that the extra time
derivativesin the G' equations have nothing to do with gravity per se
The real eld equations for the scalar and vector modes come from the
ADM constraint equations.

If the scalar and vector metric perturbations ewlve accordingto rst-
order in time equations, their solutions are not manifestly causal (e.g.,
retarded solutions of the wave equation). We shall discussthis point in
detail in sectioni.7. However, for now we may note that the tensor mode
obeysthe wave eq. (4.38). The solutions are the well-known gravity waves
which, as we shall see,play a key role in enforcing causality. The source
for these wavesis given by the transverse-tracelessstress (generated, for
example, by two massesorbiting around ead other). The @ term arises
becausewe usecomoving coordinates and the K term arisesasa correction
to the Laplacian in a curved space; otherwise the vacuum solutions are
clearly waves propagating at the speed of light. Abbott & Harari (1986)
show that eq. (4.38) is the Klein-Gordon equation for a masslessspin-two
particle.

4.5. Gaugemaodes

As we noted above, the syndironous gauge conditions do not completely
x the spacetime coordinates becauseof the freedomto rede ne the per-
turb ed constart-time hypersurfacesand to reassignthe spatial coordinates
within these hypersurfaces. This freedom is not obvious in the linearized
Einstein equationsfor the scalarand vector modes,but it is preser in the
form of additional solutions that must be xed by appropriate choice of
initial conditions and that represem nothing more than relabeling of the
coordinates in an unperturbed Robertson-Walker spacetime.

To seethis e ect more clearly, we considera generalin nitesimal coor-
dinate transformation from ( ;x') to (*;&'), known as a gauge transfor-
mation :

A= () R=Ext Ty )+ (X )
with r =0: (4.39)

For corveniencewe have split the spatial transformation into longitudinal
and transverseparts. Note that the transformed time and spacecoordinates
depend in generalon all four of the old coordinates.

Coordinate freedom leads to ambiguity in the meaning of density per-
turbations. Consider, for example, the simple case of an unperturbed
Robertson-Walker universein which the density dependsonly on (if one



Cosmological Dynamics 53

usesthe \correct" coordinate). In the transformed systemit dependsalso
on®': (M= ()+(@ ) (x; ). In other words, even in an unperturbed
universewe can be fooled into thinking there are spatially-varying density
perturbations.

This example may seemcortriv ed, but the ambiguity is not trivial to
avoid: When spacetimeitself is perturbed, and time is not absolute, what
is the best choice of time? The samequestion arisesfor the spatial coordi-
nates.

To clarify this situation we must examine gaugetransformations further.
First note that when we transform the coordinates we must also transform
the metric perturbation variablessothat the line elemen ds? (a spacetime
scalar) is invariant. It is straightforward to do this using eqgs. (4.11) and
(4.39). The result is

N N

= : = +1r +
- - 3

Wi = wj+r i( _) i ﬁij = hij Dij raijys (4.40)

where Dj is the tracelessdouble gradient operator de ned in eq. ().
The transformed elds (with carets) are to be evaluated at the samecoor-
dinate values( ;x') asthe original elds.

Supposenow that our original coordinates satisfy the synchronous gauge
conditions = w; = 0. [Torecover the notation of eq. ( usedspecially
for syndironous gauge we now double h; and put the trace of h; into
h= 6 .] From egs. (4.40) and (}.27) it follows that there is a whole
family of synchronous gaugeswith metric variables related to the original
oneshy

i=h 2r2 6 _; "= 22 ; fhi=h 2;; (4.41)

where
Z

o(X) %; i= i(x): (4.42)

Thus, the synchionous gaugehasresidual freedom in the form of one salar
( o) and one transversevector ( ;) function of the spatial coordinates.
The presenceof these extraneous solutions (called gauge modes) has
createda great deal of confusionin the past, which might have beenavoided
had more cosmologistsread the paper of Lifshitz (1946). In 1980,Bardeen
wrote anin uen tial paper shonving how onemay take linear combinations of
the metric and matter perturbation variablesthat are free of gaugemodes.
For example,Bardeende ned two scalarperturbations A and  related
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to our synchronous gauge variables h and (Bardeen actually used the
variablesH;, h=6and Ht =2) asfollows:
1 2

A= %r 204 ) H:é(h ) 51 (4.43)

It is easyto ched that thesevariablesare invariant under the syndronous
gaugetransformation given by egs. (F.41){(4.42).

Bardeen'swork led to a urry of papersconcerninggauge-invariant vari-
ablesin cosmology A standard referenceis the classicpaper by Kodama
& Sasaki(1984). Elegart treatments basedon general 3+1 splitting of
spacetime were given later by Durrer & Straumann (1988) and Bardeen
(1989). The simpler form of the gauge-invariant variables often makesit
easierto nd analytical solutions (e.g., Rebhan 1992). Howe\er, it is not
necessaryto usegauge-irvariant variables during a calculation, and many
cosmologistshave contin ued successfullyto use syndironous gauge. In the
end, when the results are corverted to measurablequartities | spacetime
scalars| the gaugemodesautomatically get canceled.In a numerical solu-
tion, howewver, one must be careful that the gaugemodesdo not swamp the
physical ones,otherwiseroundo can produce signi cant numerical errors.

Gaugeinvariant variables actually appear somewhat strange if we con-
sider the analogoussituation in electromagnetism. The electric and mag-
netic elds in at spacetimemay be obtained from potentials and A
(note we are implicitly using a 3+1 split of spacetime),

E= r @A ; B=r A : (4.44)

With this choice, the source-freeMaxwell equationsare automatically sat-
is ed; the other two (the Coulomb and Ampere laws) become

r2+@r A)= 4 ; @ r2A+r _=4J3; (445

where is the chargedensity and J is the current density. Theseequations
are invariant under the gaugetransformation N = @ , A\i = Aj+r

If we didn't know about electric and magnetic elds, but were alarmed
by the gauge-degndenceof the potentials, we couldtry to nd linear com-
binations of and A that are gauge-invariant. Howewer, there are two
well-known and more direct ways to eliminate gaugemodes. The rst is
\gauge xing" | i.e., placing constraints on the potentials so asto elim-
inate gauge degreesof freedom. One popular choice, for example, is the
Coulomb gauger A = 0,sothat A = A, istransverse. The transversality
condition meansthat the gaugetransformation variable cannot depend
on position (though it can depend on time); thus, most of the gaugefree-
dom is eliminated. The secondpossibility is to work with the physical elds
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themseles instead of the potentials: E and B are automatically gauge-
invariant. This procedurerequiresthat we analyzethe equation of motion
for chargesto determine which combinations of and A are physically
most signi cant.

In the next sectionwe shall adopt the rst procedure(gauge- xing) using
the gravitational analogueof the Coulomb gauge. Later we shall intro duce
Ellis' covariant approac basedon gravitational elds themseles.

4.6. Poisson gauge

Recallthat our generalperturbed Robertson-Walker metric (4.11) contains
four extraneousdegreesof freedom assaiated with coordinate invariance.
In the synchronous gaugethesedegreesof freedomare eliminated from gog
(one scalar) and go; (one scalar and one transverse vector) by requiring

= w; = 0. There are other ways to eliminate the samenumber of elds.
As we shall see,a good choice is to constrain go; (eliminating one scalar)
and g; (eliminating one scalarand one transversevector) by imposingthe
following gaugeconditions on eq. (4.11):

rrw=0; r h=0: (4.46)

| call this choice the Poisson gayge by analogy with the Coulomb gauge
of electromagnetism(r A = 0).M More conditions are required here than
in electromagnetismbecausegravity is a tensor rather than a vector gauge
theory. Note that in the Poissongaugethere are two salar potentials (
and ), one transversevector potential (w ), and one transverse-taceless
tensor potential h.

A restricted version of the Poisson gauge, with w; = h; = 0, is
known in the literature asthe longitudinal or conformal Newtonian gauge
(Mukhanov, Feldman & Brandenberger 1992). These conditions can be
applied only if the stress-energytensor cortains no vector or tensor parts
and there are no free gravitational waves, so that only the scalar metric
perturbations are presen. While this condition may apply, in principle,
in the linear regime (j = j 1), nonlinear density uctuations generally
induce vector and tensor modeseven if none were presen initially . Setting
w = h = 0 is analogousto zeroing the electromagnetic vector potential,

Y The same gauge has been prop osed recently by Bombelli, Couch & Torrence (1994),

who call it \cosmological gauge." However, | prefer the name Poisson gauge because
cosmology | i.e., nonzero a | is irrelevant for the de nition and physical interpreta-

tion of this gauge. Although | have seenno earlier discussion of Poisson gauge in the
literature, its time slicing corresponds with the minimal shear hyp ersurface condition of
Bardeen (1980).
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implying B = 0. In general, this is not a valid gaugecondition | it is
rather the elimination of physical phenomena. The longitudinal/conforma |
Newtonian gaugereally should be called a \restricted gauge." The Poisson
gauge, by cortrast, allows all physical degreesof freedom preser in the
metric.

To prove the last statemert, and to nd out how much residual gauge
freedomis allowed, we must nd a coordinate transformation from an ar-
bitrary gaugeto the Poissongauge. Using eq. (4.40) with hats indicating
Poissongaugevariables, we seethat a suitable transformation exists with

=w+ h; =h; =h; (4.47)

where w comesfrom the longitudinal part of w (wy = r w), while h
and h; comefrom the longitudinal and solenoidal parts of h in eq. ().
Becausethese conditions are algebaic in , , and (they are not di er-
ertiated, in cortrast with the transformation to syndronous gaugeof eq.
), we have found an almost unique transformation from an arbitrary
gaugeto the Poissongauge. One can still add arbitrary functions of time
alone (with no dependenceon x') to  and ;. (Adding a function of time
aloneto hasnoe ect at all becausehe transformation, eq. 4.39,involves
only the gradient of .)

Spatially homogeneouschangesin  represem changesin the units of
time and length, while spatially homogeneoushangesin represen shifts
in the origin of the spatial coordinate system. Thesetrivial residual gauge
freedoms| akin to electromagnetic gauge transformations generated by
a function of time, the only gaugefreedom remaining in Coulomb gauge
| are physically transparert and should causeno conceptual or practical
dicult vy.

It isinteresting to seethe coordinate transformation from a syncronous
gaugeto the Poissongauge. As an exercisethe reader can show that this
is given by

— 1 270 . — 1 1 2 . = 1 :

= 2r °*+ ; = 6( h)+2 r — W = 2@hI :(4.48)
Comparing with eq. (, we seethat the two Poisson-gaugescalar po-
tentials are = A and = H. (Kodama & Sasaki1984 call these
variables = and = .) The vector potential w; in Poissongaugeis

related simply to the solenoidal potential h; of the syndronous gauge(eq.
f-39).

Thus, the metric perturbations in the Poissongaugecorrespnd exactly
with seweral of the gauge-irvariant variables introduced by Bardeen. By
imposing the explicit gaugeconditions (§.46), we have simplied the math-
ematical analysis of these variables.
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Now that we have seenthat the Poissongauge solvesthe gauge- xing
problem, let us give the components of the perturbed Einstein equations.
They are no more complicated than those of the synchronous gauge:

G%: r?+3K 3 _+ = 4 Ga¥( ) (4.49)
Gk ri(—+ )=4Ga[( +p(vi+w ; (4.50)
G, 2+ 2K w =16 GaZ[( +p)(vi+ W), ; (4.51)

G.: * K + (—+2)+@2_+ ? %rz( )

=4 Ga’(p p); (4.52)

G'ieik: Dij( )=8 Ga% j «; (4.53)
Gi,: (@+2)r qw)=8Ga® - ; (4.54)
Gir: @+2@ r?+2K hy =8Ga® jr: (4.55)

As in the synchronous gauge,the scalar and vector modessatisfy initial-
value (ADM) constraints (eqs. 4.49{4.51) in addition to ewlution equa-
tions. Howewer, it is remarkablethat in the Poissongaugewe canobtain the
scalar and vector potentials directly from the instantaneous stress-energy
distribution with no time integration required. This is clear for and
w, both of which obey elliptic equationswith no time derivatives(egs. 4.53
and 4.51, respectively). By combining the ADM energy and longitudinal
momertum constraint equationswe can alsoget an instantaneousequation
for

r2+3K =4Ga’[ +3 (15 1 ¢ [ +p(V+wW)
(4.56)
Bardeen (1980) de ned the matter perturbation variable ( +

3 )= and noted that it is the natural measureof the energy density
uctuation in the normal (inertial) frame at rest with the matter suc that

v + w = 0O (recall the discussionin section @). Howevwer, for our analysis

we will remain in the comoving frame of the Poissongauge,in which case
= andnot p, isthe density uctuation.

We can show that for nonrelativistic matter the eld equationswe have
obtained reduceto the Newtonian forms. First, it is clear that in the non-
cosmologicallimit ( = K = 0), eq. (4.56) reducesto the Poissonequation.
For 6 0the longitudinal momertum density ¢ is alsoa sourcefor , but
it is unimportant for perturbations with j = j vy v=c wherevy is the
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Hubble velocity acrossthe perturbation. Next, considerthe implications
of the fact that the shearstressfor any physical systemis at most O( ¢ 2)
where ¢; is the characteristic thermal speed of the gas particles. (For a
collisional gas the shear stressis much lessthan this.) Equation (4.53)
then implies that the relative di erence between and is no more than
O(cs=0)?. Third, eq. (4.51) implies that the vector potential w  (vy =0?v.
Thus, the deviations from the Newtonian results are all O(v=0)?. Poisson
gaugegivesthe relativistic cosmolayical genealization of Newtonian gravity.

There are still more remarkable features of the Poisson gauge. First,
the Poissongauge metric perturbation variables are almost always small
in the nonrelativistic limit (j j ¢%, v  ¢?), in cortrast with the syn-
chronous gaugevariables h;j , which becomelarge whenj = j> 1. (How-
ever, Bardeen 1980 shows that the relative numerical merits of these two
gaugescan reverse for isocurvature perturbations of size larger than the
Hubble distance.) Second,if ( ; ; w;h) are very small, they | but not
necessarilytheir derivatives!| may be neglectedto a good approximation,
in which casethe Poissongaugecoordinates reduce preciselyto the Eule-
rian coordinates usedin Newtonian cosmology Finally, it is amazing that
the scalarand vector potentials depend solely on the instantaneous distri-
bution of stress-energy in fact, only the energyand momerntum densities
and the shearstressarerequired. Only the tensor mode| gravitational ra-
diation | follows unambiguouslyfrom a time evolution equation. In fact,
it obeys precisely the same equation as in the synchronous gauge (with
a factor of 2 di erence owing to our dierent de nitions) becausetensor
perturbations are gauge-invariant | coordinate transformations involving
3-scalarsand a 3-vector cannot changea 3-tensor (leaving asidethe special
caseof eq. .17 for a closedspace).

4.7. Physical content of the Einstein equations

In the last section we showved that the Poissongaugevariables ( ; ; w)
are given by the instantaneous distributions of energy density, momertum
density, and shear stress (longitudinal momertum ux density). Is this
action at a distance in generalrelativit y?

We shawed in eq. ( that the Poissongaugecan be transformed to
any other gauge. In the cosmologicalLorentz gauge(seeMisner et al. 1973
for the noncosmologicalversion) all metric perturbation componerts obey
wave equations. Therefore, the solutions in Poissongaugemust be causal
despite appearancesto the cortrary.

There is a preceden for this type of behavior: the Coulomb gauge of



Cosmological Dynamics 59

electromagnetism. With r A = 0, egs. (§.45) become
r2 = 4 ;: r _=4J3; @ r?>A=41J,: (4.57)

We have separated the current density into longitudinal and transverse
parts. The similarity of the rst two (scalar) equationsto egs. (4.49)
and (4.50) is striking. The similarity would be even more striking if we
wereto usecomoving coordinates rather than treating x and hereas at
spacetime coordinates. As an exerciseone can shaw that with comoving
coordinates, and J will be multiplied by a® and that —becomes_+
The last step follows when one distinguishes time derivativesat xed x
from thoseat xed ax.

Are weto concludethat electromagnetismalsoviolates causality, because
the electric potential  depends only on the instantaneous distribution of
charge? No! To understand this let us examine the Coulomb and Ampere
lawsin at spacetimefor the elds rather than the potentials:

r E=r Ex=4 ; @Ex=4J¢;r B @E, =4 J, :(4.58)

The Amperelaw hasbeensplit into longitudinal and transverseparts. We
seethat the longitudinal electric eld indeed is given instantaneously by
the charge density. Becausethe photon is a masslessvector particle, only
the transversepart of the electric and magnetic elds is radiativ e, and its
sourceis given by the transversecurrent density:

@ r?2B=4r J,; @ r2E,= 4@J,: (459

But how does this restore causality? To seehow, let us consider the
following example. Supposethat there is only one electric charge in the
universeand initially it is at rest in the lab frame. If the charge moves|
even much more slowly than the speedof light | E | the solution to the
Coulomb equation | is changed everywhere instantaneously. It must be
thereforethat E, alsochangesinstantaneouslyin sud a way asto exactly
cancel the acausalbehavior of E .

This indeedhappens,asfollows. First, note that the motion of the charge
generatesa current density J = Ji + J, . The longitudinal and transverse
parts separatelyextend over all space(and are in this senseacausal)while
their sum vanishesaway from the charge (asdor Jyandr J,). The
magnetic and transverse electric elds obey eqs. (). BecauseJ, is
distributed over all spacebut r J» is not, retarded-wave solutions for
B are localized and causal while those for E, are not. Howewer, when
Ey is addedto E,, one nds that the net electric eld is causal (Brill &
Goodman 1967). It is a useful exerciseto show this in detail.
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Now that we understand how causality is maintained, what is the use
of the longitudinal part of the Amperelaw, @Ey = 4 J«? The answer
is, to ensurecharge consenation, which is implied by combining the time
derivativ e of the Coulomb law with the divergenceof the Ampere law:

@ +r J=@ +r Jy=0: (4.60)

Charge conservation is built into the Coulomb and Ampere laws. This
remarkable behavior occurs becauseelectromagnetismis a gaugetheory.
Gauge invariance e ectively provides a redundant scalar eld equation
whosephysical role is to enforcecharge consenation. From Noether's the-
orem (e.g., Goldstein 1980), a corntin uous symmetry (in this case,electro-
magnetic gaugeinvariance) leadsto a consened currert.

General relativit y is also a gauge theory. Coordinate invariance | a
continuous symmetry | leadsto consenation of energy and momertum.
As a result there are redundant scalar and vector equations [egs. (4.50),
(4.52), and (4.54)]whoseroleis to enforce the conservation laws[egs. (
and (4.25)]. We are free to usethe action-at-a-distance eld equationsfor
the scalar and vector potentials in Poissongauge because,when they are
convertedto elds and combined with the gravitational radiation eld, the
resulting behavior is ertirely causal.

The analogy with electromagnetism becomesclearer if we replace the
gravitational potentials by elds. We de ne the \gravito electric" and
\gravitomagnetic" elds (Thorne, Price & Macdonald 1986; Jantzen,
Carini & Bini 1992)

g= r @w; H=r w; (4.61)

using the Poisson gaugevariables and w. In section E we shall see
how these elds lead to \forces" on particles similar to the Lorentz forces
of electromagnetism. For now, howewer, we are interested in the elds
themseles.

Note that g and H are invariant under the transformation ! r
w ! w+r . In the noncosmologicallimit ( = 0) this is a gauge
transformation correspnding to transformation of the time coordinate (cf.
egs. 4.39 and 4.40). Howeer, gaugetransformations in generalrelativit y
are complicated by the fact that they change the coordinates and elds
as well asthe potentials. For example, the terms in eq. (4.40) arise
becausethe transformed metric is evaluated at the old coordinates. Thus, g
shouldacquireaterm r  underatrue gauge(coordinate) transformation,
which is incompatible with eq. (). The actual transformation ( !

. w! w+r )isnotacoordinate transformation. Generalrelativit y
diers from electromagnetismin that gaugetransformations change not
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just the potentials but alsothe coordinates usedto evaluate the potentials;
remenber that the potentials de ne the perturbed coordinates! Only in
a simple coordinate system, such as Poisson gauge| the gravitational
analogueof Coulomb gauge| isit possibleto seea simple relation between
elds and potentials similar to that of electromagnetism.

In the limit of comoving distance scalessmall compared with the cur-
vature distance jKj 72 and the Hubble distance !, and nonrelativistic
shearstressesthe gravito electric and gravitomagnetic elds obey a gravi-
tational analogueof the Maxwell equations:

r g= 4Ga’? ; r g+ @H=0;
r H=0; r H= 16 Ga%, ; (4.62)

wheref = ( + p)(v+ w) is the momertum density in the normal (inertial)

frame. (You may derive these equations using egs. 4.49, 4.50, 4.53, and
) These equations di er from their electromagnetic counterparts in
three essetial ways: (1) the sourceshave opposite sign (gravity is attrac-
tive), (2) the transversemomentum density hasa coe cien t 4 times larger
than the transverse electric current (gravity is a tensor and not a vector
theory), and (3) there is no \displacement current" @g in the trans-
verse Ampere law for r H . Recalling that Maxwell added the electric
displacemen current precisely to consene charge and thereby obtained
radiativ e (electromagnetic wave) solutions, we understand the di erence
here: the vector componert of gravity is nonradiative. Unlik e the photon,
the graviton is a spin-2 particle (or would be if we could quantize general
relativit y!), soradiativ e solutions appear only for the (transverse-traceless
tensor potertial h; . In fact, the vector potential is nonradiative precisely
becauseit is neededto ensuremomertum consenation; massconsenation

is already taken care of by the scalarpotential. Recall the role of the ADM

constraint equations discussedin section @ Gravity has more consena-
tion lawsto maintain than electromagnetismand consequetly needsmore
elds to constrain.

Obtaining this physical insight into generalrelativit y is much easierin
the Poisson gaugethan in the syndironous gauge. This fact alone is a
good reason for preferring the former. When combined with the other
advantages (simpler equations, no time ewlution required for the scalar
and vector potentials, reduction to the Newtonian limit, no nontrivial gauge
modes, and lack of unphysical coordinate singularities), the superiority of
the Poissongaugeshould be clear.

Although the physical picture we have deweloped for gravity in anal-
ogy with electromagnetismis beautiful, it is inexact. Not only have we
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linearized the metric, we have also neglected cosmologicale ects in eqs.
(4.62). We shall seein section@ how to obtain exact nonlinear equations
for (the gradients of) the gravitational elds.

4.8. Hamiltonian dynamics of particles

In this section we extend to general relativit y the Hamiltonian formula-
tion of particle dynamicsthat is familiar in Newtonian medanics. In the
processwe shall obtain further insight into the physical meaning of the
gravitational elds discussedin the previous section. A preliminary ver-
sion of this material appearsin (Bertschinger 1993). A related presertation
in the context of gravitational elds near black holesis given by Thorne et
al. (1986).

As in the nonrelativistic case,we choosea Hamiltonian that is related
to the energy of a particle. Consequetly, our approac is not manifestly
covariant; the energydependson how spacetimeis slicedinto hypersurfaces
of constart conformal time becausethe energyis the time componert of
a 4-vector. Nevertheless, our approad is fully compatible with general
relativit y; we must only selecta specic gauge. For simplicity we shall
adopt the Poisson gauge, eq. (4.11) with gauge conditions eq. ().
We assumethat the metric perturbations are given by a solution of the
eld eqgs. (4.49){(4.55). Our Hamiltonian will include only the degreesof
freedom assaiated with one particle; one can generalizethis to include
many particles (even treated as a corntinuum) and the metric variables
(Arnowitt et al. 1962; Misner et al. 1973; Salopek & Stewart 1992) but
this involvesmore machinery than necessaryfor our purposes.

The goal of the Hamiltonian approad is to obtain equations of motion
for trajectories in the single-particle phase spaceconsisting of the spatial
coordinates x' and their conjugate momerta. The rst question is, what
are the appropriate conjugate momerta? This question practically answers
itself when we expressthe action scalarin terms of our coordinates:

z z dx z

S= Pdx = P +Pidi d = (H+Px)d : (463
Note that we have automatically expressedthe action in terms of the co-
variant (lower-index) componerts of the 4-momertum (also known as the
componerts of the momertum one-form). We canggad o the Hamiltonian
and conjugate momerta using the fact that S= Ld whereL(x';x!; )
is the Lagrangian, which is related to the Hamiltonian H (x';P;; ) by the
Legendre transformation L = P;jx' H. The Hamiltonian therefore is
H = P | despite appearances,we shall seethat this is not in general
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the proper energy| and the conjugate momena equal the covariant spa-
tial componerts of the 4-momertum. Indeed, we may simply de ne the
conjugate momerta and Hamiltonian in this way. (Care should be taken
not to confusethe Hamiltonian H with the Hubble parameter H and the
gravitomagnetic eld H!)

With thesede nitions, H and P; correspnd to the usual quartities en-
courtered in elemerary nonrelativistic medanics, but we neednot rely on
this fact. For any choice of spacetimegeometry and coordinates we may de-
termine the correspnding Hamiltonian and conjugate momerta from the
4-momertum componerts: for a particle of massm, H = mgp dx =d ,
Pi = mg; dx =d where d measuresproper time along the particle
trajectory. As an exercise,one may show that with cylindrical coordi-
nates (r; ;z) for a nonrelativistic particle of massm in Mink owski space-
time, P, = mr_is the radial momertum, P = mr?_is the angular
momertum about e,, P, = mz is the linear momentum along e,, and
H=E m+ (P?+ P?=r2+ P2)=2m is the proper energy (including the
rest massenergy). We shall determine the functional form H (x'; P;; ) for
our perturbed Robertson-Walker spacetimebelow.

First, howewer, let usshow that our approadc leadsto the usual canonical
Hamilton's equationsof motion, rigorously justifying our choicesH = P
and P; being the momertum conjugate to x'. To do this we simply vary
the phasespacetrajectory fx'( ); P;( )gto fx' + x'; P; + P;g, treating

x'( ) and P;( ) asindependert variations and computing the variation

of the action of eq. (#.63):

z _
_ @'l i @'l ) dx' . _Ei
S= @x @P'+d_P'+P'd x' d
dx' @ P @ i i
1 @ Pi() d—+@ () d; (464

where we have assumedP; x' = 0 at the endpoints of integration. Requir-
ing the action to be stationary under all variations, S = 0, we obtain the
standard form of Hamilton's equations:

dx' @ @ dP . @

d @' d @
Thus, Hamilton's equations give phase spacetrajectories in general rela-
tivit y just asthey do in nonrelativistic medianics.

Our next stepis to determine the Hamiltonian for the problem at hand.
We shall assumethat the particle falls freely in the perturbed Robertson-
Walker spacetimedescribed in the Poissongauge. For comparisonwith the

(4.65)
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nonrelativistic results, it is useful to relate the 4-momertum componerts
to the proper energy and 3-momertum measuredby a comoving obsener
(i.e., oneat xed x'), E and p;:

P= al+ )E; Pi=a(l )p+Ew)+hjp :  (4.66)

The rst equationfollowsfrom E = u P whereu isthe 4-velocity of a
comoving obsener from eq. ( with v = 0, while the secondequation
followsfrom projecting P into the hypersurfacenormal to u and normal-
izing to give the proper 3-momertum. The weak- eld approximation has
beenmade(i.e., terms quadratic in the metric perturbations are neglected),
but the particle motion is allowed to be relativistic. The factorsa(1+ )
and a(l ) are obviously neededfrom eq. (4.11) to convert proper quan-
tities into coordinate momenta, the Ew; term arisesbecauseour spaceand
time coordinates are not orthogonal if there is a vector mode, and the h;; p
term arisesbecauseour spatial coordinates are not orthogonal if there is
a tensor mode. The reader may verify that the 4-momertum satis es the
normalization conditong P P = E?+ p?= m?, and that this con-
dition would be violated in generalwithout the vector and tensor terms in
P;i.

Using theseresults it is easyto shaw that, to rst order in the metric
perturbations, the Hamiltonian is

_ h I1=2
HxP; )= ja+ )P w h PP+am?>  + ; (4.67)

where

= (P;) PZ+atm? 7

(4.68)
and the squaresand dot products of 3-vectorssud asp;, P;, and h P; are
computed using the 3-metric, e.g.,P2 = U P;P;. Usingthe Hamiltonian of
eq. (B.67), egs. (.65 may be shavn to be fully equivalert to the geadesic
equations for a freely falling particle moving in the metric of eq. (4.11),
and they could also be obtained starting from a Lagrangian approad.
The advantage of the Hamiltonian approach is that it treats positions and
conjugate momerta equally asis neededfor a phasespacedescription.

Equation ( appearsstrangeat rst glance. To understand it better,
let usrecall the standard form for the Hamiltonian of a particle with charge
e in electromagnetic elds (with  being the electrostatic potential):

. h l'1=2
He(x';Pj;t) = jP eAj?+m? +e : (4.69)

Note that the proper momentum isp = P  eA whereP is the conjugate
momertum. Comparing egs. (#.67) and (§.69), we seethat they are very
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similar asidefrom the tensorterm h P presen in the gravitational case.
The few remaining di erences are easily understood. To compensate for
spatial curvature | e ectively a local change of the units of length | in
the gravitational caseP is multiplied by (1 + ). The electric charge e
is replaced by the gravitational charge (energy!); to zeroth order in the
perturbations = H = aE. The use of comoving coordinates is respon-
sible for the factors of a( ). The gravitational (gravitomagnetic) vector
potential isw | aswe anticipated in eq. (). Finally, the electrostatic

potential energye is replacedin the gravitational caseby . The strong
analogy betweenthe vector mode and magnetismaccourts for the adjective
\gravitomagnetic."

A dierent interpretation of the gravitomagnetic contribution to the
Hamiltonian will clarify the relation of gravitomagnetism and the drag-
ging of inertial frames. In section @ we noted that w is the velocity of
the comoving frame relativeto a locally inertial frame (the normal frame).
Forw? 1,p° p+ Ew is therefore the proper momertum in the nor-
mal frame. According to eq. (), then, neglecting the scalarand tensor
modes, P is the comoving momerntum (i.e., multiplied by a) in the normal
frame, P = ap® while P w (the combination presen in the Hamilto-
nian) is the comoving momertum in the comoving frame. It is logical that
the Hamiltonian should depend on the latter quantit y; after all, we are us-
ing non-orthogonal comoving spacetimecoordinates. Howevwer, it is equally
reasonablethat the conjugate momertum should be measuredin the frame
normal to the hypersurface = constart. Thus, it is simply the o set
betweenthesetwo frames| if onelikes,the dragging of inertial frames|
that is responsible for the ~ w term in eq. (. Gravitomagnetism |
and similarly magnetism, if oneinterprets (e=m)A asa velocity | canbe
viewed as a kinematical e ect!

The tensor mode, correspnding to gravitational radiation, givesan extra
term in the Hamiltonian | really in the relation betweenthe proper and
conjugate momerta | that is not presen in the caseof electromagnetism.
Geometrically, h correspnds simply to a local volume-preserving defor-
mation of the spatial coordinate lines, and in this way it simply extends
the e ect of the spatial curvature term P in eq. ( ( represems an
orientation-preserving dilatation of the coordinate lines). However, what
is more important is the dynamical e ect of theseterms, neither of which
is familiar in either Newtonian gravity or electromagnetism.

To study the dynamics of particle motion we useHamilton's egs. ()
with the Hamiltonian of eq. (. In terms of the proper momentum
p measuredby a comoving obsener, Hamilton's equationsin the Poisson
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gaugebecome
h 12
j—xz(u + h)%; E® jp+ Ewji+m?

di[a(l +h)pl= g+v H Vir +Vvivirh) _w;
(4.70)

where we have de ned E°to be the proper energyin the normal frame, v
is the peculiar velocity (in the weak- eld limit it doesn't matter whether it
is the coordinate or proper peculiar velocity nor whether it is measuredin
the comoving or normal frame) and g and H are the gravito electric and
gravitomagnetic elds given by egs. (:@). The dot following h indicates
the three-dimensionaldot product, with h p being a 3-vector.

Equations (4.70) appear rather complicated at rst but ead term can
be understood without much dicult y. First, note that the factor (1 +

+ h) in the rst equation is preser solelyto corvert from a proper
velocity to a coordinate velocity dx=d accordingto the metric eq. (4.11).
Using the transformation from the normal (primed) to comoving frame,
p=p° Ew p° E%, the equation for dx=d implies that the proper
velocity in the comoving frame must equal p=E® = p%=E® w. This is
identically true becausep®=ECis the proper velocity in the normal frame,
whosevelocity relative to the comoving frameis  w.

Similarly, the factor a(1 ~ + h) in the momertum equation simply con-
verts the proper momertum p to the comoving momertum in the comoving
frame, P w (cf. eq. ). The rst two terms on the right-hand side
have exactly the sameform as the Lorentz force law of electrodynamics,
with the electric chargee replacedby the comoving energy and the electric
and magnetic elds E and B replacedby their gravitational courterparts
g and H . Thus, generalrelativit y in the weak- eld limit gives\forces" on
freely-falling bodies (when expressedin the Poissongauge)that are very
similar to those of electromagnetism!

The remaining terms in the momertum equation have no counterpart in
electrodynamics or Newtonian gravity. There are two gravitational force
terms quadratic in the velocity arising from spatial curvature. The rst one
is presen for a scalarmode and is responsible for the fact that photons are
de ected twice as much as nonrelativistic particles in a gravitostatic eld
( = in the Newtonian limit). The secondterm represets, in e ect,
scattering of moving particles by gravitational radiation. A gravity wave
traveling in the z-direction will acceleratea particle in this direction if the
particle hasnonzerovelocity in the x-y plane (the direction of polarization




Cosmological Dynamics 67

of the transversegravity wave). If the particle is at rest in our coordinate
system, it remainsat rest when a gravity wave passedy. However, because
the gravity wave correspnds to a deformation of the spatial coordinate
lines, the proper distance between two particles at rest in the coordinate
system doeschange (Misner et al. 1973).

Finally, the last term in the momertum equation, _w, represets a sort
of cosmicdrag that causesvelocities of massiwe particles to tend toward zero
in the normal (inertial) frame (by driving p toward Ew). The timescale
for this term (the time over which changesappreciably) is the Hubble
time, soit should not be regardedasthe frame dragging normally spoken
of when loosely describing the vector mode. In fact, in the normal frame
this term is absen, but then the gravitomagnetic term changesfrom v H
to r (w v). The relative velocity of the comoving and normal (inertial)
frames w is responsible for the frame-dragging and other e ects; let us
considera particularly interesting one.

In general, w varies with position so that at di erent placesthe iner-
tial frames rotate relative to the comoving frame with angular velocity

%r w = %H ; this is easily shown from a rst-order Taylor series
expansionof w with the constraint r w = 0. As aresult, a spin S will
precessrelative to the comoving frame at a rate dS=d = %H S (the
Lense-Thirring e ect). Using the magnetic analogy, one would predict a
gravitomagnetic precessiorrate S H in the comoving frame, where is
the gyrogravitomagnetic ratio. (The analogousmagnetic precessiorrate is

B, where = S.) Note that this result leadsto the conclusionthat
there is a universal gyrogravitomagnetic ratio = %!

Thus, one may interpret the vector mode perturbation variable w either
as a sourcefor (rather mysterious) frame-dragging e ects, or as a vector
potential for the gravitomagnetic eld H . In the former caseone can elim-
inate w altogether by choosing orthogonal spaceand time coordinates suc
as given by the syndironous gauge. However, | prefer the latter interpre-
tation becauseof the closeanalogyit brings to electrodynamics, allowing
us to transfer our at spacetimeintuition to generalrelativit y. The price
to pay is that one must be careful to distinguish the comoving and normal
frames.

We have discussedthe gravitomagnetic and gravitational wave cortribu-
tions to the equations of motion in order to illustrate the similarities and
di erences betweengravity and electrodynamics. (They are clearestin the
Poissongauge;the interestedreader may wish to rederive the results of this
sectionin synchronous or someother gauge.) Why aren't we familiar with
these forcesin the Newtonian limit? The answer is becausethe sources
of H and h are smaller than the sourceof the \gravitostatic* eld r
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by O(v=0 and O(v=0)?, respectively (cf. egs. 4.62 and 4.55). From egs.
(4.70), the forcesthey induce are smaller by additional factors of O(v=c)
and O(v=0?2. Thus, for nonrelativistic sourcesand particles, the dynami-
cal e ects of gravitomagnetism and gravitational radiation are negligible.
While ordinary magnetic e ects are suppressedby the samepowers of v=c,
the existence of opposite electric chargesleadsin most casesto a nearly
complete cancellation of the electric charge density but not the current
density. No sud cancellation occurs with gravity becauseenergy density
is always positive.

Since typical gravitational elds in the universe have 10 °
and h; is much smaller than this, the curvature factors (1 + + h)
and (1 + h) may be replaced by unity to high precisionin eqgs. (4.70)
(and they are absert anyway in locally at comoving coordinates). In the
weak- eld and slov-motion limit, then, egs. (4.70) reduceto the standard
Newtonian equations of motion in comoving coordinates.

4.9. Lagrangian eld eguations

General relativit y makes no fundamenrtal distinction between time and
space,although we do. To obtain eld equationsthat are similar to those
of Newtonian gravity and electrodynamics, we have until now employed a
\3+1 split" of the Einstein and energyconsenation equations. Ellis (1971,
1973), following earlier work of Ehlers (1961, 1971), Kundt & Tremper
(1961), and Hawking (1966), has developed an alternativ e approac based
on a \1+3 split" of the Bianchi and Ricci identities. The cosmological
applications have beendeweloped extensively by Ellis and others in recen
years(Ellis & Bruni 1989;Hwang & Vishniac 1990;Lyth & Stewart 1990;
Bruni, Dunsby & Ellis 1992; and referencestherein). Ellis' approac has
someimportant advantages,as we shall see.

The 3+1 split correspnds to the \slicing" of spacetimeinto a seriesof
spatial hypersurfaces,eat labeledby a coordinate time . (The dierent
splitting proceduresare most easily visualized with one spatial dimension
suppressedisinga 2+1 spacetimediagram, with time correspnding to the
vertical axis. The spatial hypersurfacesare then horizontal slicesthrough
spacetime.) Spacetimeis described by Eulerian obseners sitting in these
hypersurfaceswith constart spatial coordinates.

The 1+3 split, called \threading," is complemenary to slicing (Jantzen
et al. 1992). In this casethe fundamenal geometrical objects used for
charting spacetimeare a seriesof timelik e worldlines x ( ;q), where is
an ane parameter measuringproper time alongthe worldline and q gives
a unique label (e.g., a spatial Lagrangian position vector) to ead di erent
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worldline (or \thread"). In this casespacetimeis described by Lagrangian
obseners moving along theseworldlines.

The threading description is more general than the slicing one. If we
take the threads to correspnd to the worldlines of comoving obsenersin
the slicing framework (lines of xed x), then the two descriptions are the
same. In the 1+3 description, howewer, di erent threads may crosswith no
harmful consequencesvhile in the 3+1 description a spatial hypersurface
must not be allowed to crossitself or other slices. Thus, the threading
description may be usedto follow the ewolution of cold dust beyond the time
when matter trajectories intersect, when the perfect- uid Euler equations
break down. The advantage of a Lagrangian description is well known
for collisionlessmatter | the Lagrangian approad exclusiwely is usedfor
nonlinear gravitational simulations| andthe sameadvantagesaccrueeven
when describing the spacetimegeometry itself.

In the 1+3 approach eat worldline threading spacetime has a time-
like unit tangent vector (4-velocity) u = dx =d = u ( ;q) sud that
uu = 1. Spacetimetensors are then decomposedinto parts parallel
and normal to the worldline passingthrough a given point. This decompo-
sition is accomplishedin a covariant form using the tangent vectoru and
the orthogonal projection tensor

P (u=g +uu ; (4.71)

suhthat P u = 0andP P =P . P iseectively the spatial
metric for obseners moving with 4-velocity u (Ellis 1973). We may useit
and u to split any 4-vector A into timelik e and spacelile parts, labeled
by the tangent vector of the appropriate thread:

A(u) uA ; AU P A : (4.72)

Eventhough A (u) lookslike (and is, in fact) a 4-vector, we can regard it
as a 3-vector in the rest frame of an obsener moving along the worldline
x ( ;q) becauseu A (u) = 0. [Note that A denotesthe original 4-
vector while A (u) denotesits projection normal to u . We shall include
the argumert (u) for the projection whenewer neededto remove ambiguity.]
Werequire that at ead point in spacetimethere is at least onethread with
correspnding tangent u ( ;q). If there are seweral threads then there are
seweral di erent decompositions of A(u) and A (u) at x , ead labeled by
g (implicitly , if not explicitly) through u ( ;q). This causesnho problems
aslong aswe refer to a single distinct thread, which we do by retaining u
in the argument list.
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The decomposition of a second-ranktensor T is similar:

TWwW=uuT ; T(u=g T(u= P uT ;
T (=P P T (4.73)

As an exerciseonemay apply this decomposition to the stress-energytensor
of eq. ( using the comoving obseners to de ne the threading. For
v2 1, oneobtains nonzeroelemers T = , T; = a( + p)vi (with now;),
and T, = p '+ ;. Becarefulto distinguish the 4-velocity of the threads
(with v' = 0) from those of the matter (eq. f.23).

Now that we have described the 1+3 spacetimesplitting procedure, we
are ready to apply it to gravity following Hawking (1966) and Ellis (1971,
1973). What equations should we use? One might think to split the Ein-
stein equationsusing 1+3 threading, but this doesnot add anything funda-
mentally newto what we have already done. The correct approac suggests
itself whenwethink in Lagrangianterms following a freely-falling obsener,
whoseworldline de nes oneof the threads. Sud an obsener feelsno grav-
itational force at all but does notice that adjacen freely-falling obseners
do not necessarilymove in straight lines with constart speed. In Newto-
nian terms this is explained by \tidal forces" while in generalrelativit y it
is called geadesic deviation. We shall not present a derivation of geadesic
deviation here (onemay nd it in any generalrelativit y textb ook) but sim-
ply note that it followsfrom the non-comnutativit y of covariant spacetime
derivatives of the 4-velocity. The relevant equation is the 4-dimensional
version of the rst of eqgs. (4.5), called the Ricci identit y:

[r ;r Ju =R u (4.74)

This identit y holds for any di erentiable vector eld u . In the Lagrangian
eld approach we seek evolution equations for the Riemann tensor itself
rather than the metric tensor components.

One advantage of working with the Riemann tensor is the fact that part
of it | the Riccitensor| is given algebaically by the local stress-energy
through eqs. (@) and (@). Howevwer, one cannot (in 4 dimensions)recon-
struct the ertire Riemann tensor from the Ricci tensor alone. One could
obtain it by di erentiating the metric found by solving the Einstein equa-
tions (cf. egs. B.9, B.10). As we shall see,there is another method that
doesnot require integrating the Einstein equations.

This alternativ e method is basedon an ewlution equation for that part
of the Riemann tensor that cannot be obtained from the Ricci tensor, the
Weyl tensor C
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C R %(gR+gR g R g R )

+%(g g g g ): (4.75)

This tensor obeys all the symmetries of the Riemann tensor| C =
Ci 1 1=¢C and C | ;= 0 (where squarebrackets denote antisym-
metrization) | and in addition is traceless: C = 0. Thus, the trace
part of the Riemann tensor is given by the Ricci tensor R (through the
Ricci terms on the right-hand side of eq. 4.75) while the tracelesspart is
given by the Weyl tensor. Physically, the Ricci tensor givesthe contribu-
tion to the spacetimecurvature from local sources(through the Einstein
egs. @ combined with @ while the Weyl tensor givesthe cortribution
due to nonlocal sources. It is clear that Newtonian tidal forceswill be
represeted in the Weyl tensor. It may be shown that in 4 dimensionsthe
Ricci and Weyl tensorsead have 10 independert componerts.

How do we get an ewolution equation for the Weyl tensor? The Einstein
equations will not do becausethe Weyl tensor makes no appearance at
all in the Einstein tensor. The correct method, due to Kundt & Tramper
(1961), makesuse of the Bianchi identities,

r R +r R +r R =0: (4.76)

These identities follow directly from the de nition of the Riemann ten-
sor (seeany generalrelativit y or di erential geometry textb ook). For our
purposesthe key point is that they provide di erential equations for the
Riemann tensor. Contracting eq. () on and and using egs. (4.75)

and (E), we get
r C :r[G]+%g[r]G : 4.77)

Note that if we cortract now on and , using the symmetry of G and
g wegetr G = 0, asnoted before. Howewer, here we regard eq.
( as an equation of motion for the Weyl tensor. Using the Einstein
egs. (@), we seethat the sourceis givenin terms of the energy-momerum
tensor, so

1
r C :SGr[T]+§g[r]T : (4.78)

The next step is to split the Weyl tensor into two second-ranktensors
using a 1+3 threading of spacetime(Hawking 1966, Ellis 1971),

E (u uucC ;o H (u) 1 (uucC

5 (4.79)

)
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We have usedthe fully antisymmetric tensor = ( g¥?] ], where
g is the determinant of g and [ ] is the completely antisymmetric
Levi-Civita symbol de ned by three conditions: (1) [0123]= +1, (2) [ ]
changessign if any two indices are exchanged, and (3) [ 1= 0if any
two indicesare equal. (Note that Ellis usesthe tensor = . We
have compensatedfor the signchangein de ning H . Bewarethat =

(9 ¥?[ ].) Thetwo newtensorsE andH areboth symmetric
(H must be explicity symmetrized), traceless,and o w-orthogonal, i.e.,
E u=H u=0andP E =E ,P H =H . ThereforeE
and H ead has5 independert componerts, half as many as the Weyl
tensor. Indeed, the Weyl tensor is fully determined by them for non-null
threads:

c =@ 9 Juuk (u)
+ ( g +49 JuuH (u); (4.80)
whereg gg9g g9g9g = 3 =g y 1=9 ,with
g1 1= 0.Eqg. (4.80)is the inverseof egs. ( providedg uu = 1.

Ellis (1971) has a sign error in the rst term of his versionof eq. (4.80) at
the end of his section 4.2.3.

The tensors  (u) andH (u) are calledthe electric and magnetic parts
of the Weyl tensor, respectively. Togetherwith the Ricci tensor they fully
determine the spacetimecurvature for a given threading (i.e., a system of
threads with tangent vectors) u ( ;q). It is worth noting that, if there
are seweral threads at a given spacetimepoint, E (u) and H (u) have
di erent valuesfor eat thread, and sothey may be consideredLagrangian
functions: E ( ;q) and H ( ;q). The Weyl tensor componerts are,
howewer, unigue, with the samevalue for all threads passingthrough the
samespacetimepoint. This condition is satis ed automatically if the same
4-velocity u is usedin both egs. (f.79) and (4.80).

Our goal is to rewrite eq. () interms of E  and H . Becausethe
results involve the covariant derivativ e of the 4-velocity eld r u , we rst
decomposethis quantity into acceleration,expansion,shear,and vorticit y:

Du 1
ru-ud+PPrU—ua+3P+ +1
=r u , = (), == ult - (4.81)

We have introduced the covariant derivative in the direction u , D=d

ur . Sincethis is just the proper time derivative along the worldline,
a = Du =d isthe 4-acceleration. The o w-orthogonal part of the velocity
gradient, P P r u , has beendecommsedinto the expansion scalar
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, the tracelesssheartensor , and the vorticity tensor!  orits ow-
orthogonaldual,! . Note that the expansionscalarincludesa cortribution
due to cosmic expansionin addition to the peculiar velocity: neglecting
metric perturbations, =a %( +r v). Note alsothat in the uid rest
frame, ! 'g; = %r v is half the usual three-dimensional vorticit y. (Ellis
denes! and! with the opposite signto us.)

We shall apply this gradient expansionto the tangent eld of the 1+3
spacetimethreading. This requiresthat u be di erentiable, which will be
true (almost everywhere) if it correspnds to the 4-velocity eld of a ow.

In a frame comoving with the uid, , j and!j arethen the usual uid
expansion,shear, and vorticit y, respectively.
By projecting r C with various combinations of u and P (u)

(these are dependert on the spacetimethreading), one can derive the fol-
lowing identities:

uur C =P P r E + u H 3H ! ;(4.82)
1
éP uu r C = P PTr H + u E
3E ! (4.83)
DE
P P ur C =P P g + P ur H
+2uaHC ) + E +P ( E )
2E ( L)y E ( +! ); (489
1PPu r C = PPDH +P ur E
2 d
+2uakE () H P ( H)
+2H  ( I Y+H ( +! ): (4.85

These identities follow from egs. (4.80) and (4.81). All quartities on the
right-hand sidesare to be evaluated for a giventhread u ( ;Q).

Finally we are ready to obtain equations of motion for the electric and
magnetic parts of the Weyl tensor from eq. (). In fact, in nitely
many sets of equations are possiblebecauseare free to use any spacetime
threading! For example, we may choose Eulerian threading with q = x,
in which casein the Poissongaugewe have u® = a (1 )y and u' = 0,
sothat D=d = a (1 )@ is the Eulerian proper time derivative. In
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this casethe 1+3 split coincideswith our previous 3+1 split. The Eulerian
description is not covariant, for it dependson our choice of gauge. Because
the Weyl tensorformalism is more complicated than our previoustreatment
basedon the Einstein equations, there is no clear advantageto its usewith
Eulerian threading.

If, howewver, we usethe uid velocity itself | the u appearing in eq.
(), which is well-de ned ewven for an imperfect or collisionless uid |
to de ne the threading, then the Weyl tensor approadh becomesmore at-
tractiv e. This choice correspndsto Lagrangian threading: the threads are
the worldlines of uid elemers, sothat D=d now is the proper time deriva-
tive measuredin the uid rest frame. There are two important advantages
to this choice. First, it is covariant: the uid worldlines de ne a unique
spacetimethreading with no gaugeambiguities (Ellis & Bruni 1989), while
any coordinates may be usedto expressthe tensor componerts E  and
H . Second,the right-hand side of eq. ( | the sourcefor the Weyl
tensor| is expressedn terms of the same4-velocity usedin the threading,
greatly simplifying the projections appearing in egs. (){(4.85).

Ellis (1971) and Hwang & Vishniac (1990) give the Lagrangian gravita-
tional eld equationsfor a generalstress-energytensor. For a perfect uid

(with = 0in eq. the results are
(div-E): P P r E + u H 3H !
8
:?GP r ; (4.86)
H): P P % PO ) ur E
2uaEC ) + H +P ( H ) 34 C )
+H (1) =0; (4.87)
(div-H): P P r H u E +3E !
= 8G( +p)! ; (4.88)
(E): P P DE +P C ) ur H
+2uaHC ) + E +P ( E ) 3E )
+E (1) = 4G(+p (4.89)

These have been obtained by substituting egs. (f.19) and (F.89{(4.85)
into eq. (B.79), andusingr T = 0 to simplify the right-hand sides
of the div-E and E_ equations. The results agreewith egs. (4.21) of Ellis
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(1971). For animperfect uid it is necessarnto add terms to the right-hand
sidesinvolving the shearstress . For a pressurelessuid (e.g., cold dust
before the intersection of tra jectories) the 4-accelerationa vanishes.

In his beautifully lucid pedagogicalarticles presering the Lagrangian
uid approad, Ellis (1971, 1973) has noted the similarity of egs. (4.86){
(4.89) to the Maxwell equations, particularly if the covariant form of the
latter are split using 1+3 threading. Compare them with egs. (4.62) for
the vector (not tensor) gravitational elds in the Poissongauge. Although
the latter equationsare more reminiscent of the Maxwell equationsin at
spacetime,they are only approximate (they are basedon a linearized met-
ric and neglectseweral generally small terms), they are tied to a particular
coordinate system (Poissongauge), and they do not incorporate gravita-
tional radiation. By cortrast, egs. (4.86){(4.89) are exact, they are valid
in any coordinate system (all quartities appearing in them are spacetime
tensors), and they include all gravitational e ects. The exact equationsin-
volve second-ranktensorsrather than vectors because,in the terminology
of particle physics, gravity is a spin-2 rather than a spin-1 gaugetheory.

The quasi-Maxwellian equations (4.86){(4.89) show that the ewlution
of the Weyl tensor depends on the uid velocity gradient. This quartit y
could be computed by ewlving the equations of motion for the matter
(e.g., egs. and 4.25) to get the velocity eld u (x) and then taking
its derivatives. Howewer, there is a more natural way in the context of
the Lagrangian approac: integrate ewlution equations for the velocity
gradient itself. In fact, such equations follow simply from projecting the
Ricci identit y (f.74) for the uid velocity u with u P P and separating
the result asin eqs. (4.81). It is straightforward to derive the following
equations (Ellis 1971,1973):

5 " a+% 2+ 202= 4 G( +3p); (4.90)
D! 1 2
— — 1 | = .
P g + > ur a + 3 ! ! 0; (4.92)
1 2
3P +12 r a = E ; (4.92)
where! 2 | 1 . Equation () is known asthe Raychaudhuri equation.

It shows that the expansionis deceleratedby the shear and by the local
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density and pressure(if + 3p > 0), but is acceleratedby the vorticit y.
Vorticit y, onthe other hand, is una ected by gravity; eq. ( implies that
vorticit y canbe descrited by eld linesthat (if a vanishesor if the uid has
vanishing shearstress) are frozeninto the uid (Ellis 1973). Finally, shear,
being the tracelesssymmetric part of the velocity gradient tensor, hasasits
sourcethe electric part of the Weyl tensor. Theseequations are essetially
identical to their Newtonian counterparts (Ellis 1971;Bertschinger & Jain
1994). Note that the magnetic part of the Weyl tensor does not directly
in uence the matter ewolution.

Closing the Lagrangian eld equationsalsorequiresspecifying the ewolu-
tion of density and pressure(and shearstress,if preser). Thesefollow from
energyconsenation, r T = 0, combined with an equation of state. For
a perfect uid, usingeq. () with = 0 and projecting the divergence
of the stress-energytensor with u gives

I3—+(+p) =0: (4.93)

Equations (4.86){( now provide a set of Lagrangian equations of mo-
tion for the matter and spacetime curvature variables following a mass
elemen. TheselLagrangian equations of motion o er a powerful approact
to generalrelativit y | and to relativistic cosmologyand perturbation the-
ory | that is quite di erent from the usual methods basedon integration
of the Einstein equationsin a particular gauge (or with gauge-irvariant
variables).

To relate the relativistic Lagrangian approac to dynamics to the stan-
dard Newtonian one, we now evaluate the electric and magnetic parts of
the Weyl tensor in the weak- eld, slowv-motion limit. They involve second
derivativ esof the metric and not simply the rst derivativespresen in eqs.
(). In the Poissongauge,to lowest order in the metric perturbations
and the velocity, from egs. () one obtains (Bertschinger & Hamilton
1994)

1 1 1
Bi =50y + )+ 5rawy SRy +r hy 2K hi) ;
Hi = St gHp+ ar “hy' s 4.94
ij = 2 [((RRLID)] kI(|r h]‘) ) ( . )

where H; is the gravitomagnetic eld de ned in eq. (. The time-
time and space-timecomponerts of E  andH vanishin the uid frame
becausethesetensorsare o w-orthogonal.

Do theseresults imply that in the Newtonian limit H; = Oand Ej; =
Dj is simply the gravitational tidal eld? If we say that the Newtonian
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limit implies = and w; = h; = 0 (no relativistic shear stress, no
gravitomagnetism, and no gravitational radiation), then the answer would
appear to be yes. This possibility, consideredby Matarrese, Pantano, &
Saez(1993) and Bertschinger & Jain (1994), hasan important implication:
for cold dust, the Lagrangian ewlution of the tidal tensor obtained from
eq. (4.89) would then be purely local (Barnes & Rowlingson 1989). That
is, the ewlution of the tide (the electric part of the Weyl tensor) along
the thread u ( ;q) would depend only on the density, velocity gradiert,
and tide de ned at ead point along the trajectory with no further spatial
gradients (since they arise only from the magnetic terms in eq. 4.89). The
ewlution of the density and of the velocity gradient tensor are clearly local
(egs. .90(4.93, with a = 0) asidefrom the tidal tensor, but we have just
seenthat its ewlution depends only on other local quartities. In other
words, if Hj = 0, the matter and spacetime curvature variables would
ewlve independertly along dierent uid worldlines. Bruni, Matarrese,
and Pantano (1994) call this a \silent universe."

Local ewlution doesoccur if the metric perturbations are one-dimensional
(e.g., the Bondi-Tolman solution in spherical symmetry, or the Zel'dovich
solution in plane symmetry; seeMatarrese et al. 1993 and Croudaceet al.
1994), but it would be surprising were this to happen for arbitrary matter
distributions in the Newtonian limit.

Bertschinger & Hamilton (1994) and Kofman & Pogosyan (1995) have
shown that, in fact, the general ewolution of the tidal tensor in the New-
tonian limit is nonlocal. The reasonis that, while one may neglect the
metric perturbation w; in the Newtonian limit, its gradient should not be
neglected. Doing soviolates the transversemomertum constraint equation
(4.51), unlessthe transverse momentum density (the sourceterm for w
in the Poissongauge) vanishes. This condition does not hold for general
motion in the Newtonian limit.

A corvincing proof of nonlocality is given by the derivation of eq. (4.89)
in locally at coordinates in the uid frame by Bertschinger & Hamilton
(1994) using only the Newtonian cortin uity and Poissonequationsplus the
secondpair of egs. (4.62) and a modi ed form of eq. (4.94):

1
Hy = 51 Hj)  2u Ejy + O(v=9? : (4.95)
This is taken as the de nition of Hj in the Newtonian limit (where we
alsohave Ej; = Dj ). Note that in the Newtonian limit we neglectgrav-

itational radiation, but we must include terms that are rst-order in the
velocity. Even though we de ne the magnetic part of the Weyl tensor us-
ing the uid 4-velocity, we are evaluating its componerts in a particular
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gauge| Poissongauge| in which the 3-velocity does not necessarily
vanish. The extra term in eq. (f.99) arisesfrom ewaluating egs. (.79 to
rst order in v=c (Bertschinger & Hamilton 1994) and it is analogousto
the Lorentz transformation of electric elds into magnetic elds in a mov-
ing frame. Both terms in eq. () are of order G v. They can not be
neglectedin the Newtonian limit.

The implication of this result is that Lagrangian ewlution of matter
and gravity is not purely local except under sewere restrictions suc as
sphericalor plane symmetry. There exist, of course,local approximations to
ewlution suc asthe Zel'dovich (1970) approximation. Finding improved
local approximations is one of the active areas of researt in large-scale
structure theory. Formulating the problem in terms of the Lagrangian uid
and eld equationsnot only may suggestnew approacdes, it is alsolikely
to clarify the relation betweengeneralrelativit y and Newtonian dynamics.
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