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Abstract: Recent observations of Type la supernovae indicating an accelerat-
ing universe have once more drawn attention to the possible existence, at the
present epoch, of a small positive A-term (cosmological constant). In this paper
we review both observational and theoretical aspects of a small cosmological
A-term. We discuss the current observational situation focusing on cosmolog-
ical tests of A including the age of the universe, high redshift supernovae,
gravitational lensing, galaxy clustering and the cosmic microwave background.
We also review the theoretical debate surrounding A the generation of A in
models with spontaneous symmetry breaking and through uantum vacuum
polari ation e ects mechanisms which are known to give rise to a large value
of A hence leading to the cosmological constant problem . ore recent at-
tempts to generate a small cosmological constant at the present epoch using
either eld theoretic techni ues, or by modeling a dynamical A-term by scalar

elds are also extensively discussed. nthropic arguments favouring a small
A-term are brie y reviewed. comprehensive bibliography of recent work on
A is provided.



e ent years ha e itnessed a resur en e o interest in the ossibility that a

ositi e ter a os olo ial onstant aydo inate the total ener y den
sity in the uni erse nterest in the os olo i al onstant ste s ro se eral
dire tions

i bser ations o hi hredshit y e asu erno aea ear tosu est that
our uni erse ay be a eleratin ith a lar e ra tion o the os olo i al

density in the or o a os oloial ter hen o bined ith obser
ations o the os i iro a e bak round an a roxi ately at
ried ann obertson alker os oloial odel ith total ener y

density issu ested ina ree ent ith redi tions o the si

lest ersions o the in ationary s enario o the early uni erse se tions

ii  ost dyna i al esti ates o the a ount o lustered atter yield a on

ser ati eu erli it n addition theoreti al odellin o stru ture
or ation based on the old dark atter odel ith has ailed
to at hu ith obser ations at a uantitati ele el y ontrast a at lo
density uni erse ith and and ith an a
roxi ately at or arrison eldo i h like initial ourier s e tru

o s alar adiabati inho o eneous etri and density erturbations a rees
re arkably ell ith a ide ran e o obser ational data ran in ro lar e
and inter ediate an le anisotro ies to obser ations o alaxy lusterin
on lar e s ales Sin e an a roxi ately at initials e tru o adiabati er
turbations is also re isely hatsi lest ariants o the in ationary s enario

redi t the ositi e ter re o0 es a ne essity in any o li ations o the
in ationary s enario hi h i ht bere uired i the uni erse as ound to be
0 en

iii At a theoreti al le el a os olo i al onstant is re
di ted to arise out 0 ero oint uantu a uu u tuationso unda ental
s alar s inor e tor and tensor elds see se tion Althou h a theoreti
ally redi ted alue o usually a ears to be u h lar er than urrent
obser ational li its there is no eneri kno n e hanis hi h ill set the
alue o to re isely ero either on the basis o sy etry ar u ents or by
dyna ial eans So ere entatte tsto enerateas all atthe resent
e 0 h either throu h a uu olari ation and arti le reation e e ts or by
eans o dyna i ally e ol in s alar elds are dis ussed in se tion



Althou h none o the abo e ar u ents an by the sel es be re arded as on
lusi ee iden e ora os olo i al onstant the ro in body o ork on the
sube t o bined itha ossibledee relationshi bet eenas all os olo
i al onstant today and alar e os olo i alter dri in in ation at an early
e o h su ests that the ase or a ositi e os olo i al onstant be taken
seriously nthis a er eatte ttoreie so eas e tso the os olo i al
onstant issue e hasi in both theoreti al as ell as obser ational as e ts
or earlier re ie s on the sub e t the reader is re erred to eldo i h

einber and aroll ress and urner

ro the hysi al ointo ie a ter re resentsane ty eo dark non
baryoni  atter o letely unkno n ro laboratory ex eri ents ts di
eren e ro another ty e o dark non baryoni  atter that has been already
introdu ed in os olo y or al ostt o de ades ro obser ations o ra i
tational lusterin is essentially that atter des ribed by the ter is a
not ra itationally lustered at all s alesat hi h esee lusterin o baryons
and dustlike dark atter and b has a stron ly ne ati e e e ti e ressure
hus re arkably by in esti atin the beha iour o the
resent uni erse e are studyin no el unda ental hysi s xtra ala ti as
trono yand os olo yone orebe o eadriin ore orne insi htsin
hysi s

n only a e years a ter introdu in the eld e uations o the eneral
theory o relati ity instein ro osed addin a os olo i al onstant
to these e uations hi h ere odi ed to

he ain oti ation behind introdu in the os olo i al onstanta earsto
ha e been instein s belie that the e uations o  eneral elati ity should be
o atible ith ahs rini le instein as as inated by the ar u ents
o hiloso her s ientist rnst ah ah as on erned about the notion o
absolute otion hi h re ailedin e tonian e hanis e ostulated that
all the atter in the uni erse in ludin the distant stars ro ided a ba k
round a ainst hi h otion ould be easured and that unless there as a

aterial ba k round hi hser edasareeren e ra e it as eanin less to
talk o rest or otion in any absolute sense  a h instein ro osed
in or oratin a hs rin i leintothe eneral theory o relati ity by su est
in a solution o the e uations in hi h the uni erse asstati and losed
on itsel u h like the losed t o di ensional sur a e o a balloon A stati
solution o is ossible to onstru t sin e as sho nin se tion a ositi e



os olo i al onstant introdu es a re ulsi € or e hi h an ounterbalan e
the attra ti e or e o ra ity leadin to the stati instein uni erse  his
uni erse has a nites atial olu e ith no boundaries urther ore the total

ass in su h a uni erse is related dire tly to its nite olu e se tion
Alo ass uni erse has as all olu e and an e ty uni erse has no ol
u e at all he stati  instein uni erse thus in or orates a hs rin i le
sin e it de onstrates that ithout atter there an benos a ea ainst hih
ba k round inertial e e ts an be easured

t should be borne in ind that in the idea o the ilky ay bein
an island uni erse as idely belie ed in and the notion o the existen e
o other alaxies had not yet been r ly established All this as about to
han e ho e er hen in the early s Sli hers ork sho ed that li ht
ro se erals iral nebulae later re hristened alaxies asredshited a a t
that ould be ex lained by the o lere e ti these nebulae alaxies ere

oin a ay ro us n about e years a ter instein had ro osed
his stati solution Aleksander ried ann onstru ted a atter do inated
ex andin uni erse ithout a os olo i al onstant he ossibility that the
uni erse ay be ex andin led instein to abandon the idea o a stati uni

erse and alon ith it the os olo i al onstant n a letter to eyl
instein is uoted as sayin there is no uasi stati  orld then a ay
ith the os olo i al ter he on lusi e dis o ery by ubble 0

a linear ex ansion la relatin redshit to distan e ade ried ann odels
the standard eo etri al ra e ork ithin hi h ubbles dis o eries ere
subse uently inter reted

ntrodu ed then dis arded the os olo i al onstant sta ed se eral o e
ba ks the rst ha in to do ith the reali ation that the stati  instein
uni erse as unstable and i erturbed ould either ex and or ontrat n

e aitre onstru ted an ex andin odel hi h ori inated ro suh
an asy toti ally stati state in the distant ast he e aitre odel had
a lon a e and has re uently been rein oked hene er the a e onstraints

asso iated ith hi h alues o et too ti ht or standard odels
se tion he e aitre odel as also dis ussed in the early s hen
obser ations a eared tosho anex esso wuasistellarobets S s near
the redshi t t as elt that a uni erse hi h hesitated or loitered

near the wuasi stati state at or asu lenta ount o ti e ould



naturally ex lain an abundan e o ob e ts at that redshit resent ar u ents
or a ositi e os olo i al onstant are asso iated ith obser ations o hi h
redshi t su erno ae hi hindi ate and ro os oloial
si ulations o stru ture or ation hi halsoa earto a oura ositi e os

olo i al onstant n the next se tion e shall ualitati ely analy e
solutions o the instein e uations ith a non ero os olo i al onstant in
a ried ann obertson alker uni erse ollo in the ori inal ath
taken by ddin ton and e aitre

A ho o eneous and isotro i uni erse is hara teri ed by the ried ann
obertson alker line ele ent

_ sin

n this etri the instein e uations ith atterinthe or o a eret
uid a uire the ollo in si le or

uation an be re ast to look like the e uation o otion o a oint
arti le on the sur a e o a s here o radius and ass settin

e obtain

he total ra itatin ass — re e ts the a t that ressure
arries ei ht in instein s theory o ra ity ro e nd that a arti le

on the s here eels both attra ti eand re ulsi e or es he or e o re ulsion
— is aused by the os olo i al onstant and in reases ith distan e

i orne ati e thishe o esa or eo attra tion or ally rese
blin the or e o on ne ent bet een wuarks hih binds the ithin the
nu leus

he o osite si ns o the or es o attra tion and re ulsion in allo ora

lar enu ber o ne solutions to the instein e uations As ointed out in the
re ious se tion instein hi sel used there ulsi ee e t o the os olo i al
onstant to balan e the attra tiono atterresultin in astati losed uni erse
hi h instein elt asin a ree ent ith ahs rinile A uantitati e
analysis o solutions to an be ained by eli inatin in these



e uations and o binin the 1into a sin le e uation or the e olution o the
s ale a torin the resen eo a ter

hi hisalso alidi isa un tiono ti e i e ha e
assu ed that atter has an e uation o state A o rehensi e
uantitati e analysis o has been arried out in ora os oloial on
stant and in orati e aryin os olo i alter Or our ur ose

it 1ill be su ient to note that the wualitati e beha iour o the uni erse in
the resen eo a os olo i al ter hi h is either onstant or ti e aryin

an be understood ery si ly by re ritin in the su esti e or e
assu e orsi i ity

here
Sin e e nd substitutin or dust

here — eassu e orsi liity that atteris ressureless so
that ho e er the ualitati e analysis i en belo re ains alid or

atter ossessin  ore eneral e uations o state uation re inds one
o lassi al otion ith onser ed ener y in a one di ensional otential

hose eneri or issho nin i ure or ro the

or o se eral thin s an be said about the beha iour o the ex ansion
a tor e shall rst exa ine the ase sin e it ro ides

us ith the lar est ariety o ualitati ely di erent solutions to the instein
e uations

onsider a arti le o in  ith ne ati e total ener y under the in uen e o
the otential sho n in then the ollo in situations arise the
one di ensional arti le oordinate is e ui alent to the alue o the
ex ansion a tor

i he artile o es ro lettori ht startin ro
but ithinsu ient ener y tosur ountthe otential barrier onse uently



the ex ansion a tor rst in reases then de reases des ribin a uni erse
hi h ater ex andin  ontra ts into a sin ularity Su h odels are alled

ii he artile oes ro riht tolet startin ro
a ain ith insu ient ener y to sur ount the otential in this ase
rst de reases then in reases and the uni erse rebounds a ter olla sin
ithout e er rea hin asin ularstate Su h odels are alled
or anexa leo su ha odelis ro ided
by the o lete de Sitter s a e ti e

osh sin sin
here
iii he arti leis la ed at the to o the
otential ith exa tly ero kineti ener y his situation des ribes
the stati  instein uni erse Settin in and assu in or
si  li ity that atter is ressureless e obtain

hi h relates the alue o the os olo i al onstant to the density o  atter
the ur atureo s ae he olu eand asso aS uni erse areres e
ti ely As a result — and one
nds li the asso thestati instein uni erse de reases as
its radius shrinks to ero onse uently a stati e ty uni ersesi ly annot
exist his eatureo S ound a our iththe ro onentso ahs rini le
as dis ussed in se tion

i he stati  instein uni erse is learly unstable s all
u tuations an ake it either ontra t or ex and these orres ond to tiny
erturbations o a arti lelo ated at thehu o in hi h ause
it to roll either to ards the le t or to ards the ri ht ased
on this obser ation an interestin ne odel o the uni erse as ro osed
by ddin ton and e aitre in hi h the alue o as ke t sli htly lar er
than n this ase the uni erse be ins ro the i an a roa hes
the stati  instein uni erse and re ains lose to it or a substantial eriod
o ti e beore re ex andin the uni erse ill ontra t
instead o ex andin he wuasi stati or hase durin  hi h the
uni erse re ains lose to has se eral a ealin eatures not resent
in odels hihex and onotoni ally i density erturbations ro
at the ex onential eans rate ex and not at the eaker rate
hara teristi o an instein de Sitter uni erse ii a rolon ed uasi
stati  hase results in an older uni erse a elioratin the a e roble hi h




an arise in atter do inated at os olo ies i the alue o the ubble
ara eter turns out to be lar e see se tion

nterest in loiterin  odels rose dra ati ally in the late s hen obser a
tions su ested the existen e o an ex ess o uasars near redshi t 0
ex lain these obser ations the e aitre odel ith a wuasi stati loiterin

hase at as in oked oiterin at arisesi the os o
lo i al onstant exa tly balan es  leadin to the relation

here A de ayin os olo i al onstant ill lead to loiterin
at hi her alues o hi h has ertain ad anta es ro the stand oint o

urrent obser ations

he arti le a roa hes the otential ro the let
ith su ient ener y to sur ount it and tra el on to ards n
su h a situation the s ale a tor ill ha e an in e tion oint at
y ad ustin initial onditions so that the arti le re ains lose to the hu
o the otential or a su iently lon duration one re o ers the loiterin
odels dis ussed in i

i Another os olo i al odel deser in

ention onsistso a or o atter hi h beha esasa ter hen the uni

erse is s all as the uni erse ex ands the ter de ays into either radiation
or atter heener y densityinsu ha odel an be heno enolo i ally de
s ribed by so that li li

or atter and radiation res e ti ely he otential

— asso iated ith this odel has a broad ini u hi h leads to a
non sin ular os illatory otion o the ex ansion a tor his toy odel
is interestin sin e it exhibits an in nite nu ber o ex ansion and ontra tion

y les ithout e er be o in sin ular

ii ~ ther ossibilitiesnotsho nin i ure in lude asy toti odels in

hi h the uni erse asy toti ally a roa hesor o esa ay ro the stati

instein uni erse  he reader is re erred to or a ore uantitati e
dis ussion o these issues

Althou h the abo e dis ussion re erred to os olo i al odels lled ith at
ter ha in non ne ati e ressure and a os olo i al onstant it is easy to
sho that the wualitati e beha iour o the uni erse des ribed in i ii re

ains alid i e enerali e the de nition o the ter to in lude any or
o atter hih iolates the so that



at)

ig.

(0.0)

V(@




he re edin dis ussion re erred to losed uni erse odels or hih

and or at and o en odels the total ener y is non
ne ati e and otion in the otential be o es unbounded sin e
a arti le al ays has su ient ener y to sur ount the otential barrier in
ure As a result the ex ansion a tor sho s onotoni beha iour
startin ro the sin ular oint at and in reasin  ithout bound
as or the uni erse asses throu h anin e tion ointat hih
the ex ansion o the uni erse han es ro de eleration toa eleration
ro it an be sho n that this usually o urs at a redshi t

hen is still not do inatin the ex ansion dyna i s o the uni erse see
se tion

nthei ortant ase hen the uni erseiss atially at and ontains ressure
less atter dust and a ositi e os olo i al onstant the ex ansion a tor
has the exa t analyti al or

sinh - —

hi h inter olates s oothly bet een the atter do inated e o hin the ast

and an in ationary e o h in the uture uation
ill be used later hen e exa ineso e obser ational as e ts o a uni erse
ith a os olo i al onstant in Se tion

inally os illatin boun in and loiterin  odels as ell as the stati in
stein uni erse are learly absent in at and o en odels

Ar u ents a ourin at the resent e o h essentially ste ro our
sets o obser ations

i A hi h alue o the ubble onstant k se

redi ts a short a e o the uni erse hi h isin o atible 1ith the a es o
the oldest stars yr unless the uni erse is o en or at
and do inated he a eal o this ar u ent has so e hat
de reased ollo in re ent i ar os arallax easure entsindi atin alo er
alue k se and alsoalo era e or lobular lusters

yr Still re ent obser ations o old alaxies at hi h redshi ts are extre ely
di wult toa o odate ithin the ra e ork o a at atter do inated



os olo y unless the ubble ara eteris erys all k se
se tion

ii he standard nor ali ed old dark atter
odel o stru ture or ation ith a ears to be in serious on it
ith obser ations he situation ay be re edied i the uni erse is at ith
ost o  atter s oothly distributed in the or o a os olo i al onstant
and only as all ra tion in lustered atter ere isthe ubble
onstant in units o k s Studies o the abundan e and e olution
o lusters o alaxies and o lensin by lusters also a ear to a our a lo
density uni erse se tion

iii n a s atially at uni erse ith the
ass ra tion in baryons in the o a lusterisex e ted to reatly ex eed nu
leosynthesis bounds leadin to hat has been alled the baryon atastro he
he ass ra tion in baryons an be ke t in a ree ent ith nu leosynthesis
onstraints only i in ludes ontribution ro baryons

and lustered dark atter A ree ent ith the n ationary s enario hi h

stron ly a oursas atially at uni erse thensu eststhatthere ainin  ass
i ht bein the or o a os olo i al onstant

i reli
inary results ro this ra idly ad an in eld o o0s olo y su est that the
uni erse ay be a eleratin uni erse ith a do inant ontribution to its en

er y density o in inthe or o os oloial ter hese results hen
o bined ith anisotro y obser ations on inter ediate an ular s ales
stron ly su ort a at uni erse ith se tions

n the rst hal o this a er e shall brie y re ie the resent obser ational
status o the os olo i al onstant re errin the reader to the ori inal a ers
and earlier re ie s or ore details

he wuest or understandin the eo etry o our uni erse has been one o
the entral ai so os olo ysin e the s and Alan Sanda e in e en
des ribed the hole o obser ational os olo y as bein a sear h ort o
nu bers he rst o these nu bers the ubble ara eter

ro ides us ith easure o the obser able si e o the uni erse and its a e

he se ond is alled the de eleration ara eter and robes
the e uation o state o  atter and the os olo i al density ara eter n the



resen e o a os oloial onstant

n a riti al density uni erse ith the de eleration ara eter

onse uently a riti al density uni erse illa eleratei he obser
ational uest or sho ed that e olutionary e e ts lay a do inant role in
thisi ortant uantity and or a hileit as elt thatit ay be irtually i
ossible to disentan le the true os olo i al si nal or ro e olutionary
noise e ent years ho e er ha e itnessed ani ortant turnaround ith
the de elo ent o ne and ore o erul te hni ues hi h are either less
sensiti e to e olutionary e e ts or or hi h e olutionary e e ts are better
understood

n the next se tion e shall onsider se eral ro isin os olo i al tests
hi h ould shed li ht on the o osition o the uni erse and its eo etri al
ro erties hese testsin lude ra itationallensin the useo hi hredshi tsu

erno ae as alibrated standard andles and the an ularsi e redshi t relation
eore e dothat ho e er e shall turn our attention to another unda en

tal uantity hi h has traditionally layed ani ortant role in onstrainin

os olo i al odels the a e redshit relation

he resen eo a ter leads to an in rease in the a e o the uni erse ith
ar rea hin obser ational onse uen es oa re iate thislet us rst onsider

the riti al density instein de Sitter uni erse ith so that
he alue o there ore ser es to deter ine the a e uni uely in a s atially
at atter do inated uni erse  oderately hi h alues k s

result in an a e or the uni erse hi h iss aller than the a es o the
oldest lobular lusters akin an instein de Sitter uni erse ithahi h alue

0 di ult to re on ile ith obser ations he situation an be re edied
i elieinan o en uni erse Assu in or si li ity that the uni erse is
e ty a ooda roxi ationi e et so that
0o binin and e et - or atter do inated os
olo i al odels ith Alon era e an be a hie ed in the

resen e 0 a os oloial onstant An o en uni erse thou h older ne er
theless has t o di ulties asso iated ith it the rst is related to the ro th



o density erturbations hi h slo do n onsiderably in an 0 en uni erse

leadin tolar e ri ordial u tuationsinthe os i 1ro ae ak round
hi h ay bedi wulttore on ile ith obser ations assu in standard adi

abati u tuations ith s ale in ariant initial s e tra he se ond is related

to the e a roble alo e a uni erse re uires extre e ne tunin o

initial onditions hi hso e nd to be an unattra ti e eatureo o en losed
odels

et usno onsider a ore eneral situation in hi h the uni erse has a
ter in addition to nor al atter A losed or ex ression or the a e o
the uni erse in s atially at odelsis i en by

lo

here
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n 1 ure e sho the resent a e o a uni erse onsistin o atter and a
os olo i al onstant and ara etri edin ter s o the ariables and



e nd that the a e 0 a at uni erse ith is al ays reater

than that o an o en uni erse or identi al alues o Additionally
an ex eed i
oexa t or s or are a ailable or a ti e de endent ter o study
this and other ases it is use ul to ex ress the ubble ara eter asa un tion
o the os olo i al redshit his an easily be done or a eneral ulti o
onent uni erse onsistin o se eral non intera tin  atter s e ies hara
teri ed by e uations o state or hi h the wubble ara eter an

be ritten as

here and is the os olo i al
redshi t ara eter

et us assu e that the uni erse in addition to atter and radiation onsists
o ade ayin ter odelled by a uid ith e uation o state
so that he di ensionless wubble ara eter
then be o es

here orres onds to a os olo i al and e ne le t the
resen e o radiation n a s atially at uni erse the
resent alue o  is there ore i en by A use ul relation
shi bet een the os olo i alti e ara eter and the os olo i al redshit
an be obtained by di erentiatin ithres et toti e so
that his leads to the ollo in o letely eneral

ex ression or the a e o the uni erse at a redshi t

ith su lied by either or

A runnin debate o er the re ious de ade or so has entered around hether
or not the uni erse has an a e roble on hether atter do inated
os olo i al odels are substantially youn er than their oldest onstituents
hi h ha entobe etal oorold lobular luster stars A key role in this
ontro ersy is layed by the ubble ara eter hose resent alueiskno n
to ithin an un ertainty o aboutt o i her alueso learly i e rise to
a youn er uni erse hereas lo er alues lead to an older one

At the ti eo ritin lo er alues k s are stron ly su



orted by obser ations es e ially in the li ht o ne  arallax easure ents
ade by the satellite or e heid stars hi h has led to a reanalysis
o distan esto lobular lustersand onse uently o theira eesti ates hih
ha edro ed to yr o alueso are also su ested
ro an analysis o the Sunyae eldoihe et ro ray e ittin lusters
ro y € a su erno ae and ro e heids obser ed by the
S o er alues o re on ile atter do inated at odels ith the
re ised a es o lobular lusters and ithli its ro nu leo hronolo y
hi h indi ate yr o alueso o bined ith an absen e
o stellar syste s ith a es reatly ex eedin yr also ar ue a ainst lar e
alueso sine ro i e see that su estsana e yr
i k se inally the re ent su erno ae based easure ents
o erl utteretal b su estabest ta eo theuni erse —
yr or a s atially at uni erse ith and

he abo e ar u ents ere lar ely li ited to the a e o the uni erse
A es o hi hredshit obe ts at ro ide ru ial in or ation about the
a e o the uni erse at that redshi t he existen e o at least t o hi h
redshi t alaxiesha in ane ol ed stellar o ulation and hen e an old a e sets
ery se ere onstraints on a at atter do inated uni erse

or instan e the radio alaxy at dis o ered by unlo et

al is re orted to be at least yrs old he a e o a s atially at

atter do inated uni erse at a redshit is easily obtained ro to be
onse uently the dis o ery o anbea o odated ithinan
odel only i the ubble ara eter is un o ortably s all

k s o e er botho enand at do inated odels al

le iate the a e roble or

At e en hi her redshi ts re ent ork ai edata edatin ahi hredshit
S at usin delayed iron enri h ent by y e a su erno ae as
a os i lok sets alo er bound o yr on the a e o the uni erse
at that redshit his dis o ery an bea o  odated ithin a s atially at
os olo y only i lo density o en odels ith
are also er itted o e er the a e datin o stellar o ulations re uires
o lex odellin and althou h both o en and at do inated odels are
learly a oured by wurrent obser ations ore ork needs to be done be ore
atter do inated at odels are ex luded on the basis 0 a e ar u ents
alone



eore ro eedin to dis uss ossible onstraints on rO ra itational
lensin in this se tion and hi h redshi t su erno ae in the next let us intro
du e a uantity hi h lays a ru ial role in these dis ussions na ely the
u to a i en redshit onsider an ob e t 0o ab
solute lu inosity lo ated at a oordinate distan e ro an obser er at
i ht e itted by theobe t at ati e isre ei ed by the obser er at

and bein related by the os olo i al redshit

he lu inosity ux rea hin the obser er is

here  is the lu inosity distan e to the ob e t

he lu inosity distan e de ends sensiti ely u on both the s atial ur
ature and the ex ansion dyna i s o the uni erse o de onstrate this e
deter ine usin the ex ression or the oordinate distan e obtained by
settin in resultin in

hih ies

sin

sinh

here

urther ore sin e e et




Luminosity distance d

redshift z
ig.
here is de ned in and in a uni erse ith se eral
0 onents
Substitutin and in e et the ollo in ex ression or the

lu inosity distan e in a ulti o onent uni erse ith a os olo i al ter

here
and is de ned as ollo s sin i
sinh i i

eore eturntoa li ations letus onsiderasi leexa le hi h ro ides
us ith aninsi ht into the role layed by the lu inosity distan e in os ol
oy nas atially at uni erse the ex ression or si i es onsiderably



so that e et or the atter do inated odel

on the other hand in de Sitter s a e ex

o arin and e nd hi h  eans that an
ob et lo ated at a xed redshit ill a ear bri hter in an instein de Sit
ter uni erse than it ill in de Sitter s a e e ui alently in the steady state

odel his is also true or at o o onent uni erse onsistin o at
ter and a os olo i al onstant as de onstrated in i n a s atially at
uni erse the resen e o a ter in reases the lu inosity distan etoa i en
redshi t leadin to interestin astro hysi al onse uen es Sin e the hysi al

olu easso iated ith a unit redshi t inter alin reasesin odels ith

the likelihood that 1i ht ro a wuasar ill en ounter a lensin alaxy is lar er
insu h odels onse uently the robability that a uasar is lensed by inter
enin  alaxies in reases a re iably in a do inated uni erse and an be
used as a test to onstrain the alue o ollo in e

i e belo the robability o a uasar at redshit  bein lensed relati e to
the du ial instein de Sitter odel

lens — S

here is a enerali ation o the an ular distan e
dis ussed in Se tion

here
and is de ned as ollo s sin i
sinh i i
n i e sho thelensin robability lens or thes atially at uni erse
A lar e in rease in the lensin  robability o er the du ial
alue is learly seen in odels ith lo hi h or a broader

analysis o ara eters a e see



urnin no to the obser ational situation at the ti e o ritin the best
obser ational esti ates i ea u erbound obtained ro ulti

lei a eso lensed uasars Sin e radio sour es are not la ued
by so e o the syste ati errors arisin in an o ti al sear h notably extin
tion in the lens alaxy and the wuasar dis o ery ro ess a sear h in ol in
radio sele ted lenses an yield useul o le entary in or ation to o ti al

sear hes e ent ork by al oetal ies hi h is only
ar inally onsistent ith o ti al esti ates a o bined analysis o o ti al
and radio data yields a sli htly ore onser ati e u er bound at
the le el or atuni erses onstraints on ro both lensin and

y e aSu erno ae are dis ussed in also see next se tion An interestin
ne ethod o onstrainin ro eak lensin in lusters is dis ussed in
also see and se tion ro ed understandin o statisti al and

syste ati un ertainties o bined ith ne sur eys and better uality data
ro ise to ake ra itational lensin a o er ul te hni ue or onstrainin
os olo1al ara etersand os oloial orld odels

Relative Lensing Probability P(lens)

ig.




he lu inosity distan e also lays a ru ial role in deter inin os olo i al

ara eters on e the absolute bri htnesso a lasso ob e tsiskno n on
siderable 1  ortan e in this ontext is the a nitude redshi t relation hi h
relates the a arent a nitude o an ob e t to its absolute a nitude

lo —

here iskno n as the distan e odulus Sin e de endsu onthe eo e
tryo s a eandits aterial ontent the a nitude redshi t relation an
in rin i le be used to deter ine and i both and are kno n

ithin reasonable 1i its

he re ent dis o ery that ty e asu erno ae ay be used as alibrated stan
dard andles or obtainin esti ates o the lu inosity distan e throu h
has aroused reat interest y e asu erno ae are ex losions hi h arise
asa hited ar star rosses the handrasekhar stability li it hilea retin

atter ro a o anion star he hi h absolute lu inosityo S e
a a su ests that they an be seen out to lar e distan es
akin the ideal andidates or easurin and onstrainin os olo i al a
ra eters ru iali orttousin ty e asu erno ae oresti atin
the lu inosity distan e has been the obser ation that 1 the dis ersion
in their lu inosity at axi u li ht is extre ely s all a ii

the idth o the su erno ali ht ur eis stron ly orrelated ith its intrinsi
lu inosity a bri hter su erno a ill ha e a broader li ht ur e indi ati e o
a ore radual de line in its bri htness oth i and 1ii redu e the
s atter in the absolute lu inosity o ty e a su erno ae to akin
the ex ellent standard andles

earby ty e a su erno ae ha e been used to deter ine the alue o
hereas those urther a ay are used to obtain reasonable esti ateso os o
loial ara etersby ini iin the  statisti

here are odel de endent redi ted alues o the distan e odulus ob
tained ro and and are the obser ed alues At least t o



rou s theSu ernoa os oloy roet and the i h Su erno a
Sear h ea ha e been en a ed in both ndin and alibratin su er
no ae at lo and hi h redshits At the ti e o ritin both rou s ha e
analy ed data or se eral do en ty e asu erno ae and a onsensus see s to

be e er in that a ositi e alue o is stron ly reerred or instan e
treatin ty e a su erno ae as standard andles and then usin distan e es
ti ates to oderately hi h redshi t su erno ae ith erl utter
et al b nd that the oint robability distribution o the ara eters

is ell a roxi ated by the relationshi  alid or

he best t on den e re ion in the lane sho n in a ears to
a our a losed uni erse o e er as e shall see in the next se tion hen
o bined ith the results o os i iro a e ex eri ents the o bined
likelihood o eaks near

hese results ro ide an interestin insi ht into the ex ansion dyna is o
the uni erse durin its re ent ast orinstan e a os oloial odel hih
assed throu hane o ho atterdo inationbe orethe resent do inated
e o h also assed throu h an in exion oint at hi h the ex ansion o the

uni erse han ed ro de eleration to a eleration o
it an be sho n that this o urred at a redshit hen as still not
do inatin the ex ansion dyna i s o the uni erse or instan e ro e

nd that de eleration is su eeded by a eleration at the e o h

n the other hand the e o h o e uality bet een and o urred at the
redshi t

here Substitutin the best t alues obtained by erl ut
ter et al b ora at uni erse e et
and so that ro ealso et or the de eler

ation ara eter indi atin an a eleratin uni erse the o bined Sn
data i e asli htly lar er alue

Su erno ae data an also be used to onstrainti e de endent odels o the
kind dis ussed in se tion n the ase o s alar eld odels ith otentials

and the s alar eld density in a s atially at
uni erse is onstrained to lie in the ran e and the
e e ti e e uation o state is at the on den e le el

A o bined analysis o ra itational lensin and y e a su erno ae i es
the best t alue or a s atially at uni erse Atte ts to



ig.

onstrain the de ay rateo ati e de endent os olo i alter
result in and at the on den ele el hih
in turn la es onstrains on the os i e uation o state

he o bined su erno ae  lensin data there ore on in in ly rule
out a net ork o tan led os i strin s and stron ly a our a
os olo i al

he results obtained by both the Su erno a os oloy roe tandthe ih
Su erno a Sear h ea tea  resent the stron est dire t e iden e or a
non ero os oloial onstant o e er uh ork needs to be done both
in understandin syste ati un ertainties as ell as Sn a ro erties be ore



the ase ora ositi e is r ly established As e shall sho in the next
se tion u h stron er onstraints on and e erel e o bine the
su erno ae results ith obser ations o the os 1 iro a e ba k round

n lar e an ular s ales hotons o the os i iro a e bak round
tra elin tous ro thelasts atterin sur a e robes ales that ere ausally
un onne ted at the ti e o re o bination  As a result obser ations o the

anisotro y on lar e s ales ro ide us ith a ery lean robe o the
ri ordial atter u tuation s e tru be ore its distortion by astro hysi al

ro esses nsu hlar es ales the ain ontribution to the anisotro y

o es ro theSahs olee et

hi h relates te erature u tuations to the inte ral o the ariation o the

etri e aluated alon the line o si ht he e aluation o in a
at atter do inated uni erse is si li ed by the a t that lineari ed the
ra itational otential does not e ol e ith ti e ith the result that the
abo e ex ression redu es to

hi h relates u tuations in the to those in the ra itational otential
at the sur a e o last s atterin uation an there ore be su ess ully
used to deter ine the a litude o ri ordial etri u tuations ith the
hel o data he resen eo a os olo i al onstant ho e er auses
the lineari ed ra itational otentialtoe ol e ithti e the ullSa hs ole
inte ral ust there ore be used both to deter ine and nor ali e the
ri ordial u tuation s e tru

he te  erature distribution an be ritten as

here  is the bla kbody te erature an



be

n or ation
oe lents

ertainin to a arti ular theoreti al

ritten in ter s o a

distributed in the

arian e

anner o a

aussian rando

eld

ulti ole ex ansion on the elestial s here

odel is ontained in the
hi h are usually assu ed to be statisti ally inde endent and

ith ero

ean and

here the an le bra kets indi ate an ense ble a era e o er ossible uni erses

2(e+1)C,/2m /10710

ig.
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he wuantity that is dire tly easured by obser ations is the an ular orre
lation o the te erature anisotro y

here os are e endre olyno ialsand  isthe Iter un tion
o the ex eri ent used to easure the denote an ense ble a era e
in the ase o theoreti al redi tions and an ular a era e in the ontext o
obser ations  herelationshi bet een and the an ular o ers e tru
is analo ous to that bet een the t o oint orrelation un tion and the
atter o ers e tru

At lo ulti oles the ontribution to is ainly ro the Sa hs

ol ee e tduetos alar density erturbationsand inso e odels tensorial
ra ity a es  he alue o the tenth ulti ole ro ides a on enient hoi e
or nor ali ation o the erturbations e tru At lar e ho e er
the ain ontribution to  is due to os illations in the hoton baryon las a
be ore de ou lin hi h lea e their i rint in the at the ti e o last
s atterin hese os illations i erise to o ler eaksin  the lo ation o
the eak bein deter ined by the an le subtended by the sound hori on at

the ti e o re o bination see ure he sound hori on de ends u on
hereas the an ular dia eter distan e to the last s atterin
sur a ede ends u on and the s atial ur ature o the uni erse oth

and the s atial ur ature are extre ely s all at the ti e o last s atter
and there ore do not ontribute to the sound hori on n the other hand the
lo ationo thedo ler eakisnot ery sensiti e to ro ided

Sin e the an ular s ale orres ondin to the rst o ler eak is sensiti e
to both the ur ature o the uni erse and its atter ontent its lo ation an
be used to la e stron onstraints on os olo i al odels here are so e
indi ations that the rst o ler eak has been easured near

he hei ht o the eak is related to the baryon ra tion in the uni erse and
also to the s alar tensor ratio S the lar er the baryon density the hi her
the eak as all alueo S redu es the eak hei ht he eak hei ht also

de ends on the rate o ex ansion o the uni erse and hen e on or lo
alues the eak hei ht de reases i in reases hereas the
re erse is true or a lar er baryon ra tion n ure e sho the an ular
o ers etru o the os i 1ro aebak round orthe at odel
ith dotted line or o arison e alsosho s atially at solid
line and o en dashed line  atter do inated odels ith and

res e ti ely

t should ho e er be ointed out that the alone annot uni uely di
erentiate bet een t o odels ha in identi al atter ontent erturbation
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s e tra and ith the sa e an ular dia eter distan e to the last s atterin
sura e Su h odels ill be de enerate in the sense that they ill rodu e
ery si ilar anisotro ies A de enera y in ara eters a e ha
enstobea o on eatureo ost os olo i altests ortunately di erent
tests oten ha e o le entary de enera ies A de enera y arises hen a
result re ains una e ted by a s e i o bination o ara eter han es
or instan e the de enera y in the lane ro hi h redshit su er
no ae tests is al ost ortho onal to that in a analysis hus o binin
y € a su erno ae easure ents ith the results ro ex eri ents

an ser e to substantially de rease the errors on ex e ted alueso and

as illustrated in  ure and ure Sin e the lo ation o the
o ler eak near su orts a s atially at uni erse a o bined

likelihood analysis o anisotro yand y e a Su erno ae data i esthe

best t alues

hi h stron ly a our a at uni erse ith also see



ig.

Another otentially sensiti e test o  odels is related to the a t that the

an ular si e o an extended ob e t lo ated at a redshit  de ends
rather sensiti ely on the ro erties o the os oloial odel in hih it
is bein  easured no in the absolute sie o an obet e alaxy or

radio sour e and the an le subtended by a distribution o su h ob e ts in
the uni erse it ay be ossible a ter orre tin or ro e tion and e olution
e e ts tosay so ethin about the eo etryo s a e and the atter ontent
o the uni erse

t is easy to deri e a relationshi bet een  and onsider an ob e t o
ro er len th  at a oordinate distan e and assu e or si i ity that
the ob e t is ali ned alon the axisso that oordinates arkin its to and

botto  are res e ti ely and he obser er is at
he ro erlen th o theob e t an be obtained by settin onstant
in the line ele ent iin

As a result e et the ollo in ex ression or the an le subtended by the
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ob e t at the lo ation o the obser er

here is the an ular si e distan e Sin e one
ets here is the lu inosity distan e
dis ussed in the re ious se tion A ordin ly ay be re ritten as

n i e ha e lotted the an ularsi e redshit relation or at os olo

ial odels itha os oloial onstant e ha e used ex ressions or

the lu inosity distan e  and or the di ensionless ubble ara eter
assu in a at uni erse

e nd that astheob e tis o ed tohi her redshi tsits an ularsi e rstde
reases asnai ely ex e ted but soon be instoin rease a ter assin throu h
a ini u alue hea earaneo a ini u an ularsi eata 1 en red



shi t isa eneri eature o os oloial odels ith 1 eren

tiatin ith res e t to the redshi t a ter substitutin or ro

and then settin 1es or the at atter do inated
instein de Sitter uni erse o ure e nd that the lo ation o the
ini u an ularsie o esto hi her redshi ts as is in reased until in

the i itin ase thereisno ini u atall or ally in

de Sitter s a e indi atin that the an ular si e o an ob e t de reases ono

toni ally ith redshit ithout e errea hin a ini u alue

he su estion that an ular si es o alaxies ould be used to dis ri inate

bet een os oloial odels as rst ade in uriously the an ular
sieo aty ial alaxy at a redshit is rou hly one ar se ond hih
is lose to the li itin alue o the an ular resolution seein allo ed by
the arths at os here eyond the an ular si e o an ob e t in

reases and i oneis on dent that alaxieso a 1 en lass at hi her redshi ts
are si ilar in or to their lo er redshit ounter arts then this test an in
rinile roidea o erul eans o disri inatin bet een orld odels
es e ially ith the use o satellite data hi h an et around the seein 1i it
ther lar er obe ts hi h an be used to robe the an ular si e redshi t re
lation in lude lusters o alaxies and both extended and o a t radio
alaxies xtended radio sour es hi h in lude the t in radio lobes
surroundin a radio alaxy an ha esiesranin ro a e k to
k onse uently the ty i al an ularsi eo su h ob e tsis ar se onds
hi h an easily be easured usin round based te hni ues

o eer a ordo aution ustno beadded both lusters and radio alax
ies are rone to stron e olutionary e e ts hi h ould lead to a han e in
sieoer os oloiale oh husa o rehensi e understandin o hysi
al e e ts asso iated ith both lusters sub lusterin  iriali ation et and
radio alaxies e olution o radio lobes and the entral en ine et is ne es
sary be ore the an ular si e redshi t relation an be used to una bi uously
deter ine os olo i al ara etersin ludin

e ently eller an and ur itset al ha e studied the an ular
sieso o atradiosour es S sand A s ar uin that the entral
en ine o erin these ob e tsislikely to be ontrolled by ali itednu bero

hysi al ara eters ass o entral bla k hole a retion rate et and ay
there ore be sub e t to less e olutionary e e ts than extended radio sour es

n the basis o an analysis o a lar e nu ber o sour es s annin a ide

redshi t ran e these authors lai that an in rease in the
an ular si e has been dete ted hi h is onsistent ith 0 eer
orkin  ith thesa e datasetas eller an ayser has sho n

that a si ni ant annot be ruled out

An interestin eature o losed uni erses not resent in the at odels on



sidered in  ure orino en odels isthe resen eo anti odal oints he
resen e o anti odes an ontribute to han in the an ularsi eas ell asto

the lensin o a sour e alaxy or uasar and there ore ro ide us ith a
ood eans to onstrain losed os olo i al odels A etri des ribin the
losed uni erse is

sin sin
here e assu e that the obser er is lo ated
at then the asso iated anti odal oint is at Substitutin
e obtain here isthe onor alti e oordinate
n a atter do inated uni erse the or or the ex ansion a tor is

0S sin  and the wubble ara eteris i en by
sin 0s here hus a li ht ray ro the anti odal oint
rea hes attheti eo axi u ex ansion orres ondin
to onse uently in a atter do inated losed uni erse li ht ro an
anti odal oint an rea h an obser er durin the ex andin hase hen

his situation han es hen one onsiders a losed uni erse ith a
os olo i al ter n this ase the uni erse is not obli ed to re olla se and
one an obser e an anti odal oint durin the ex ansione o h  he lo ation
o anti odal oints an bederi ed ro the ollo in onsiderations ro
e nd ora losed uni erse

here
sin e it ollo s that or
and ro the an ular si e 0 an ob e t lo ated lose to
one o the anti odal oints anbe o e erylar e onse uently su h an

obet illa eartoustobeextre elybri hte eni lo ated at a hi h redshi t
he resen e o nor al alaxies and wuasars as ell as ra itationally
lensed ob e ts out to redshi ts set alo erli iton the anti odal redshi t
hi h an be used to onstrain the os olo i al ara eter
air in a losed uni erse ulti lei a es o asour e
ob e t lo ated urther a ay than the anti odal redshit are ery di ult
to or Sin e the su erno ae analysis ri a aiea earsto a our a
losed uni erse anti odal onstraints ay be used to urther narro do n
the allo ed ran ein ara eters a e



bser ationso lar es ale stru ture indi ate that the odel hih o es los
est to ex lainin  ost obser ational eatures o alaxy lusterin is a
odel ontainin a os olo i al onstant in addition to baryons and old dark
atter ara eterso this odel hi ha ree ell ith obser ations
are h here h is the ubble
ara eter in units o k se Settin ies

here are se eral reasonsasto hythe resen eo i ro esthe eror an e
o the standard old dark atter odel he rstisrelated tothe a t that in
a s atially at uni erse lineari ed density erturbations ro at aslo er rate
in the resen e o than in its absen e he ro th rate is ho e er aster
than that in an o en uni erse or identi al alues o his han es
the initial nor ali ation o the density eld sin e the lineari ed ra itational

otentialno be o esti ede endent hi ha e tstheSa hs oleinte ral
dis ussed in se tion he slo do n in the rate o ro th also a e ts
the abundan e o ery assi e obe ts lusters and su er lusters so e o

hi h ay ha e or ed only relati ely re ently and ould there ore eel the

resen e 0 lon  a elen th odes still in the linear re i e A s all alue

0 alternati ely a lar e alue o also a e ts the atter

o ers e tru in odels hi hisstron ly in uen ed by thee o ho
atter radiation e uality hise e tisin or orated in the

as all alueo leads to a lar er alue o the hori on at atter

radiation e uality and hen e to ore lon a elen th

o er in the u tuation s e tru oth o en odels and

odels sho better a ree ent ith alaxy lusterin data on lar e
s ales the best t alueo  bein

An inde endent esti ate o is ro ided by the e uliar elo itieso alax

ies in our nei hborhood on s ales h he results o a

oint esti ate ro elo ity o s andsu erno ae i esthe ost likely alues
and thereby a ourin ana roxi ately at uni erse

Alo alueo is also indi ated by studies o lusters o alaxies lusters
o alaxies ha e traditionally been o erul robeso os olo i al stru ture
or ations enarios he asseso ri h lusters an be esti ated usin three
inde endent ethods the elo ity dis ersion o e ber alaxies the luster

ray te  erature due to hot intra luster as and stron ra itational lensin
o ba k round alaxies by the luster All three ethods ro ide an esti ate
o the luster ass hi hran es ro to h or the asslo ated



ithin the entral h re ion o a luster he resultin edian

ass to li ht ratio or ri h lusters is h hi h

hen inte rated o er the ull ran e o lu inous atter in the uni erse i es
an esti ate or the density ara eter

Alo alue o is also indi ated by a study o baryoni  atter ithin
lusters n a detailed study o the o osition o the o a luster hih
in luded esti ates o the baryoni ass ra tion ro ided by ray e ittin

as and irial easure ents o itstotal ass  hite et al sho ed that
the ratio o baryoni  atter to total ass As a
result the baryoni  ass ra tion reatly ex eeds nu leosynthesis onstraints
i leadin to a baryon atastro he o e er

no atastro he o wursi sin e the alue o is no
s allenou h tobea e table by nu leosynthesis onstraints his result

there ore is stron ly su orti e o either an o en uni erse or one that is
do inated and at so that

bser ations o luster abundan es an be used to ro ide ood esti ates o
the a era eroot eans uare ass u tuationinas hereo radius h

he best t alue o onsistent ith resent day luster abundan es

is his alue 1 es a easure o the lusterin a litude on

s all s ales and there ore an be used to nor ali ethe o ers etru o

density erturbations A o le entary ethod o nor ali ationis ro ided
by lar e an le anisotro ies easured by aken to ether the

nor ali ation on s all s ales and the nor ali ation on lar e s ales

ro ide ery use ul onstraints on the os olo i al ara eters

on the biasin ara eter and on the ri ordial

tilt in the o ers e tru hi h an be sho n to lie in the ran e

A otentially o erul ethod ordis ri inatin bet een di erent os olo
i al odelsis ro ided by the abundan e o ri h lusters o alaxies easured
at hi hredshits he resen eo lar ea ountso raye ittin asin any
ri h lusters ro ides us ith a use ul obser ational tool ith hi h to robe
luster ass bser ations o alaxy lusters are then at hed a ainst theo
reti al odels hi h odel luster or ation and e olution usin either ress
S he hter te hni uesor body ydrosi ulations
As dis ussed earlier the ro th o lon a elen th erturbations hi h are
still in the linear re i e is si ni antly slo er in lo density odels both
ith and ithout a os olo i al onstant than in a riti al density
uni erse his leads to dra ati di eren es in the redshi t de enden e o the
ri h luster abundan e in os olo i al odels ri h lusters are u h rarer
at hi h redshi ts in an uni erse than they are in a lo density uni
erse see  ure or instan e hereas al ost all assi e lusters ith
are ex e ted to ha e or ed by in a lo density uni
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erse only as all ra tion o the resent day lusters ould
ha e been in la e by in an uni erse he existen e
o three assi e lustersin the redshit ran e has there ore been
ie ed as adi wulty or the standard old dark atter odel ith
or hih ri h lusters are ex e ted at t  ust be noted

ho e er that lar e un ertainties in both the obser ational data only a e
ery assi e lusters ha e been reliably obser ed at hi h  and in our the
oreti al understandin o ri h lusters akes it di wult at resent to la e
una bi uous onstraints on the alues o and t is ho ed that
better uality data ro satellite laun hes lanned or thei  ediate uture
and orea urate odellin o lar es ale stru ture illi ro e the
situation si ni antly in the near uture

onstraints on the abundan e o ri h lusters also o e ro aused
by the stron ra itational lensin o extended ba k round sour es alaxies
radio sour es by ore round lusters Sin e lusters a t as ra itational lenses
or ba k round sour es the lar er nu ber o lusters at early e o hs in i
o en lo odels and ii at hi h odels relati eto iii at

odels leads to a reater abundan e o ar sin both i and ii relati e to iii
An esti ate by artel ann et al based on nu eri al si ulations o



lar e s ale stru ture has sho n that an order o a nitude ore ar s are

redi ted in at odels ith than in
the at odel noen odelsthise etise en ore
dra ati or O eer i ressi e as these

results are the absen eo a o rehensi e data base or ar s and un ertainties
in the odellin o alaxy lusters akes it di wult to atte t to onstrain
theoreti al odels on the basis 0 obser ations at resent  artel ann et al
ho e er ake a ase or alo density uni erse by ar uin that the
obser ed nu ber o ar s in the SS ar sur ey extra olated to the ull sky
is hi h is lose to hat one obser es or lo density odels in
their nu eri al si ulations  oth obser ational data sets and the theoreti al
odellin o lusters are likely to i ro e si ni antly in the near uture

i in this ethod otentially reati ortan e in the on oin  uest or

inally the y an orest hi h o ulatesthes e trao uasars ro idesa
otentially o erul eanso dis ri inatin bet eenri al odelso stru ture
or ation and in robin the resen eo a os olo i al ter atinter edi
ate redshi ts

ain su arised the obser ational e iden e ora os oloial ter let
us no turn our attention to so e theoreti ali 1li ationsio

A turnin  oint in our understandin o the os olo i al onstant o urred

hen eldo i h intri ued by based os olo i al odels resented to
ex lain an ex ess 0 uasars near redshi t sho ed that ero oint a uu
u tuations wust ha e a orent in ariant or e ui alently

the a uu ithin the uantu ra e ork had ro erties
identi al to those 0 a os olo i al onstant

et us re ie this situation be innin  ith an os illator onsistin o a sin le

arti le o ass o in wunder the in uen e 0 a otential -

At the lassi al le el one ex e ts the lo est ener y state to be asso iated
ith the arti le at rest at so that the total ener y anishes

hus ithin the lassi al ra e ork the a uu anbe ie edas
a state ha in  ero ener y and o entu o eer hen ie edinter so
uantu e hani s the situation han es the un ertainty relation re entin

the artile a e un tion ro si ultaneously ha in a xed lo ation
and a xed elo ity As a result the round state ener y o the
os illator is nite and is i en by - here urnin no to

uantu theory itis ell kno n that a ter se ondary uanti ation a lassi al



eld an be looked u on as an ense ble o os illators ea h ith re uen y
he net ero oint ener y o this eld is - hus the
un ertainty relation endo s the a uu ith both ener y and ressure

he existen eo ero oint a uu  u tuations has beens e ta ularlyde on
strated by the asi ire e t he a uu ener y asso iated ith ero oint
u tuations is or ally in nite and results in a os olo i al onstant rob
le  or the uni erse e ause 0 thei ortan e o this result e shall
eror asi le al ulation ai ed at e aluatin the ero oint ener y asso
iated ith a uanti ed s alar eldin ats a eti e  he reader is re erred
to irrell a ies or a dis ussion o uanti ation o hi hers in elds

onsider the a tion de ned in at our di ensionals a eti e

here is the a ran ian density or a assi es alar eld

ro a atin in ats aeti e ith etri

he ariational rin i le i es the lein ordon e uation

here

o uanti e the syste e treat the eld as an o erator

here are annihilation and reation o erators de nin
the a uu state An orthonor al set o solutions de ned usin
eriodi boundary onditions on a three di ensional torus o side is i en



ex

here and the eld odes ha e been nor ali ed usin

here

onsider next the ener y o entu tensor

here de nes the ener y density
and the o entu density
Substitutin ro into one obtains or the a iltonian

hi h an be urthersi 1i ed usin the o utation relation
to

A si ilar o eration on the o entu density yields

ns e tin ex ressions and or the a iltonian and the o en
tu o erator e nd or the ex e tation alue o these uantities in the
a uu state



rans or in the su to an inte ral e et

ro e nd that the ener y density o ero oint auu u
tuations is do inated by ultra iolet di er en es hi h di er e as hen
he a uu state there ore has ero o entu andin nite ener y
nter so eyn an dia ra s the ener y density o ero oint u tuations
is asso iated ith aoneloo a uu ra h see ure

ithin the ra e ork o e tonian ra ity and either lassi al or uantu
e hani s an in nite or ery lar e a uu ener y does not ause serious
roble s sin e intera tion bet een arti les is o erned not by the absolute
alue o the otential ener y but by its radient As a result one
an al ays rede ne so that the ini u o has ero net
ener y he situation han es dra ati ally hen e ie the a uu ithin
the ra e ork o eneral relati ity A entral tenet o the eneral theory o
relati ity is that the ra itational or e ou les to or so ener y throu h
the instein e uations — here orei the a uu has ener y then
it also ra itates n order to robe thise e t urther one needs to kno the
e uation o state ossessed by the a uu ener y e ui alently the or o
its ener y o entu tensor his wuestion as ans ered by eldo ih
ho sho ed that the a uu state had to ha e a orent in ariant
or one that as let un han ed by a elo ity trans or ation and hen e
a eared the sa e to all obser ers his re uire ent is exa tly satis ed by
the e uation o state ossessed by the os olo i al onstant sin e
the relation is aniestly orent in ariant

All elds o wurrin in nature ontribute an ener y density to the a uu and
ex ressions analo ous to or bosons an alsobederi ed or er ions Sin e



er ioni reation annihilation o erators anti o ute this leads to
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