
ar
X

iv
:a

st
ro

-p
h/

96
12

24
0 

v2
   

31
 D

ec
 1

99
6

M aximum -L ikel ihood Com par isons of Tul ly -F isher
and R edshif t D at a: Const r aint s on 
 and B iasing

Je� rey A. Willicka, Michael A. St raussb;e, Avishai Dekelc;f , and Tsafrir Kolat td

a Dept . of Physics, St anford Universit y, St anford, CA 94305-4060 ( j ef f w@per seus. st anf or d. edu)
b Dept . A st rophysical Sciences, Pr incet on Universit y, Pr incet on, NJ 08544 ( st r auss@ast r o. pr i ncet on. edu)

c Racah In st it ut e of Physics, T he Hebrew Universit y of Jerusalem, Jerusalem 91904, Israel ( dekel @ast r o. huj i . ac. i l )
d Harvard-Smit hsonian Cent er for A st rophysics, 60 Garden St reet , Cambr idge, M A 02138, and
UCO/ L ick Observat ory, Universit y of California, Sant a Cruz, CA 95064 ( t saf r i r @ucol i ck. or g)

e A lfred P. Sloan Foundat ion Fellow f Cent er for Par t icle A st rophysics, Universit y of California, Berkeley, CA 94720

Received ; accepted



A B ST RA CT

We compare Tully-Fisher (TF) data for 838 galaxies within cz = 3000 km s� 1 from the Mark
II I catalog to the peculiar velocity and density � elds predicted from the 1.2 Jy IRAS redshift
survey. Our goal is to test the relat ion between the galaxy density and velocity � elds predicted by
gravitat ional instability theory and linear biasing, and thereby to est imate � I � 
 0:6=bI ; where bI is
the linear bias parameter for IRAS galaxies on a 300 km s� 1 scale. Adopt ing the IRAS velocity and
density � elds as a prior model, we maximize the likelihood of the raw TF observables, taking into
account the full range of select ion e� ects and properly t reat ing t riple-valued zones in the redshift -
distance relat ion. Extensive tests with realist ic simulated galaxy catalogs demonst rate that the
method produces unbiased est imates of � I and its error. When we apply the method to the real
data, wemodel thepresence of a small but signi� cant velocity quadrupole residual (� 3.3% of Hubble

 ow), which we argue is due to density 
 uctuat ions incompletely sampled by IRAS. The method
then yields a maximum likelihood est imate � I = 0:49 � 0:07 (1 � error). We discuss the const raints
on 
 and biasing that follow from this est imate of � I if we assume a COBE-normalized CDM power
spect rum. Our model also yields the one dimensional noise in the velocity � eld, including IRAS
predict ion errors, which we � nd to be 125 � 20 km s� 1:

We de� ne a � 2-like stat ist ic, � 2
� ; that measures the coherence of residuals between the TF data

and the IRAS model. In cont rast with maximum likelihood, this stat ist ic can ident ify poor � ts,
but is relat ively insensit ive to the best � I : As measured by � 2

� ; the IRAS model does not � t the
data well without account ing for the residual quadrupole; when the quadrupole is added the � t is
acceptable for 0:3 � � I � 0:9. We discuss this in view of the Davis, Nusser, & Willick analysis that
quest ions the consistency of the TF and IRAS data.

1. I nt r oduc t ion

One of the most important tasks facing observat ional cosmology is determinat ion of the density parameter

 : Along with the Hubble constant H0 and the cosmological constant � ; the density parameter � xes the global
st ructure of spacet ime. One approach to the problem uses the classical cosmological tests of the geomet ry
of the universe, such as the apparent magnitudes as a funct ion of redshift of standard candles (e.g., Type Ia
Supernovae, Perlmut ter et al. 1996). While promising, this approach is sensit ive to the possible evolut ion of
the standard candles with redshift . Moreover, it is di� cult to disentangle the e� ects of � and 
 in such tests
(Dekel, Burstein, & White 1997). Alternat ively, one may carry out dynamical measurements of 
 in the local
(z <� 0:05) universe, in which both evolut ion and the geomet rical e� ects of the cosmological constant may be
safely neglected.

Low-redshift tests of 
 are based on dynamical measurements of the mass of gravitat ing mat ter on some
characterist ic size scale. For example, measurements of rotat ion curves (Rubin 1983) or the mot ions of satellite
galaxies (Zaritsky et al. 1993) yield the masses of ordinary spirals within � 10{ 200 kpc of their centers. The
velocity dispersions (Carlberg et al. 1996), X-ray temperatures (White et al. 1993), and gravitat ional lensing
e� ects (Tyson & Fischer 1995; Squires et al. 1996) of rich clustersof galaxiesprovidemass est imateson � 1 Mpc
scales. In general, these and other dynamical analyses of mat ter in the highly clustered regime have pointed to
a mass density corresponding to 
 ' 0:2 � 0:1 (e.g., Bahcall, Lubin, & Dorman 1995). This value exceeds that
implied by known sources of luminosity (
 lum

<� 0:01; Peebles 1993) or inferred from primordial nucleosynthesis
(
 baryon

<� 0:05; Turner et al. 1996), and thus points to the existence of nonbaryonic dark mat ter. However,
it is well below the Einstein-de Sit ter value of 
 = 1 that is favored by simplicity and coincidence arguments
(e.g., Dicke 1970). The natural expectat ion from the in
 at ion scenario is that the universe is 
 at , 
 + 
 � = 1,
where 
 � � � =3H 2

0 is the e� ect ive energy density cont ributed by a cosmological constant (Guth 1981; Linde
1982; Albrecht & Steinhardt 1982). However, if 
 ' 0:2; this in
 at ionary predict ion requires 
 � ' 0:8; which
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con
 icts with upper limits obtained from studies of gravitat ional lensing (Carroll, Press, & Turner 1992; Maoz
& Rix 1993; Kochanek 1996).

It is possible, however, that 
 could be close to or exact ly equal to unity despite evidence to the cont rary
from dynamical tests on � 1 Mpc scales. This could occur if the dark mat ter is poorly t raced by dense
concent rat ions of luminous mat ter such as galaxies and galaxy clusters. If so, dynamical tests on scales >� 10
Mpc are necessary to obtain an unbiased est imate of 
 : Such tests involve measurements of the coherent , large-
scale peculiar velocit ies of galaxies. According to gravitat ional instability theory (cf. Eq. 1), these mot ions are
related in an 
 -dependent way to the large-scale dist ribut ion of mass. If the lat ter, in turn, can be inferred
from the observed dist ribut ion of galaxies on large scales, one might hope to derive an est imate of 
 that is
free from the pit falls of small-scale dynamical analyses.

This program requires a comparat ive analysis of two types of data sets. The � rst consists of radial velocit ies
and redshift -independent distance est imates for large samples of galaxies. The largest such compilat ion to date
is the Mark II I catalog (Willick et al. 1997), which contains distance est imates for � 3000 spiral galaxies from
the Tully-Fisher (1977; TF) relat ion, and for 544 ellipt ical galaxies from the Dn-� relat ion (Djorgovski & Davis
1987; Dressler et al. 1987). The second type of data set is a full-sky redshift survey with well-understood
select ion criteria. Several large redshift surveys exist (cf. St rauss & Willick 1995, hereafter SW, and St rauss
1996a, for reviews); the one which most nearly meets the requirements of full-sky coverage and well-understood
select ion is the IRAS 1.2 Jy survey (Fisher et al. 1995). The basic idea behind the comparison is as follows.
In the linear regime (mass density 
 uctuat ions � � � � =� 0 � 1), the global relat ionship between the peculiar
velocity � eld v (r ) and the mass-density 
 uctuat ion � eld � (r ) is given by gravitat ional instability theory:

v (r ) =
f (
 )
4 �

Z
d3r 0 � (r 0)(r 0� r )

jr 0 � r j3
; (1)

where f (
 ) � 
 0:6 (Peebles1980).1 If massdensity 
 uctuat ionsareequal to galaxy number density 
 uctuat ions,
at least on the scales ( >� few Mpc) over which it is possible to de� ne cont inuous density � elds, then the redshift
survey data yield a map of � (r ) (after correct ion for peculiar velocit ies; Appendix A). By Eq. (1), one then
derives a predicted peculiar velocity � eld v (r ) as a funct ion of 
 : The TF or Dn-� data provide the observed
peculiar velocit ies. The best est imate of 
 is the one for which the predicted and observed peculiar velocit ies
best agree.

Two obstacles make this comparison a di� cult one. The � rst , already alluded to, is fundamental: one
observes galaxy number density (� g) rather than mass density (� ) 
 uctuat ions. A model is required for relat ing
the � rst to the second. The simplest approximat ion is linear biasing,

� g(r ) = b� (r ); (2)

in which the bias parameter b is assumed to be spat ially constant . Subst itut ing Eq. (2) in Eq. (1) yields

v (r ) =
�

4 �

Z
d3r 0 � g(r 0)(r 0� r )

jr 0� r j3
; (3)

where � � f (
 )=b: Thus, under the dual assumpt ions of linear dynamics and linear biasing, comparisons of
peculiar velocity and redshift survey data, by themselves, can yield the parameter � but not 
 : One might
hope to break the 
 -b degeneracy by generalizing Eq. (1) to the nonlinear dynamical regime (cf. Dekel 1994,
x 2, or Sahni & Coles 1996, for a review). However, such generalizat ions are di� cult to implement in pract ice;
furthermore, nonlinear extensions to Eq. (2) will enter to the same order as nonlinear dynamics (we discuss

1 W e m easure d i sta nces r i n vel oci t y un i ts (k m s� 1 ). I n such a sy ste m of un i ts , th e H ubb le C onsta nt i s equal to un i t y by de� n i ti on , and does not a� ect th e
am pl i tu de of p re d i cte d p ecu l i ar vel oci ti es.
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this issue further in x 6.3.1). Thus, without a more realist ic a priori model of the relat ive dist ribut ion of
galaxies versus mass, it is prudent to limit the goals of the peculiar velocity-redshift survey comparison to
test ing gravitat ional instability theory and determining � : One may then adduce external informat ion on the
value of b to place const raints on 
 itself.

The second obstacle is the sheer technical di� culty of the problem. The redshift -independent distances
obtained from methods such asTF are large(� 20%; Willick et al. 1996), and aresubject to potent ial systemat ic
errors due to stat ist ical bias e� ects (Dekel 1994; SW, x 6). Furthermore, we measure the galaxy density � eld � g

in redshift space, whereas it is the real-space density that yields peculiar velocit iesvia Eq. (3). The relat ionship
between the two depends on the peculiar velocity � eld itself. Self-consistent methods, in which vp is both the
desired end product and a necessary intermediate ingredient in the calculat ion, must therefore be developed
for predict ing peculiar velocit ies from redshift surveys (Appendix A). For these reasons, reliable comparisons
of peculiar velocity and redshift survey data require ext remely careful stat ist ical analyses.

This problem has inspired a number of independent approaches in recent years. The POT ENT method (Dekel,
Bertschinger, & Faber 1990; Dekel 1994; Dekel et al. 1997) was the � rst e� ort at a rigorous t reatment of
peculiar velocity data. Dekel et al. (1993) compared the POT ENT reconst ruct ion of the Mark II peculiar velocity
data (Burstein 1989) to the IRAS 1.936 Jy redshift survey (St rauss et al. 1992b), � nding � I = 1:28+ 0:75

� 0:59 at
95% con� dence.2 An improved t reatment using the Mark II I peculiar velocit ies (Willick et al. 1997) and the
IRAS 1.2 Jy survey (Fisher et al. 1995) yields � I = 0:86 � 0:15 (Sigad et al. 1997, hereafter POT IR A S). Hudson
et al. (1995) compared the opt ical redshift survey data of Hudson (1993) to the POT ENT reconst ruct ion based
on a preliminary version of the Mark II I catalog, � nding � opt = 0:74 � 0:13 (1 � errors). These results from
POT ENT were obtained using 1200 km s� 1 Gaussian smoothing. A dist inct approach, which di� ers from POT IR A S

in the stat ist ical biases to which it is vulnerable (SW), and which typically uses much smaller smoothing, is
to predict galaxy peculiar velocit ies and thus distances from the density � eld, and then use these predict ions
to minimize the scat ter in the TF or Dn-� relat ions (St rauss 1989; Hudson 1994; Roth 1994; Schlegel 1995;
Shaya, Peebles, & Tully 1995; Davis, Nusser, & Willick 1996, hereafter DNW). This second kind of analysis
has produced est imates of � I in the range � 0.4{ 0.7, lower than the values obtained from POT IR A S. We further
clarify the dist inct ion between the two methods in x 2.1, and discuss possible reasons for the discrepancies in
x 6.1.

In this paper, we present a new maximum-likelihood method for comparing TF data to the predicted peculiar
velocity and density � elds in order to est imate � : Its chief st rength is an improved t reatment of nearby galaxies
(cz � 3000 km s� 1), and we limit the analysis to this range. The TF data we use comprise a subset of the Mark
II I catalog of Willick et al. (1997). The predicted peculiar velocit ies are obtained using new reconst ruct ion
methods (Appendix A) from the IRAS 1.2 Jy redshift survey.3 The out line of this paper is as follows. In
x 2, we � rst review the st rengths and weaknesses of exist ing approaches, and then describe our new method in
detail. In x 3, we present tests of the method using mock catalogs. In x 4, we apply the method to the Mark
II I catalog and obtain an est imate of � I : In x 5, we analyze residuals from our maximum likelihood solut ion
in order to assess whether IRAS predict ions give a stat ist ically acceptable � t to the Mark II I data. In x 6,
we further discuss and summarize our principal results. This paper is the product of nearly three years work
and contains considerable detail. We recommend that readers interested primarily in results and interpretat ion
skim x 2, and then read x 3.1, 4.4, 4.5, 5.1, 5.2, and 6.4.

2 B ecause th e b ias para m ete r can d i � er for d i � ere nt gal ax y sam p les, th e value of � can d i � er as wel l . W e w i l l use � I for th e IRAS re dsh i f t su rv ey and � op t for an
op ti cal su rv ey. B ecause op ti cal gal ax i es are ab ou t 30% m ore cl uste re d th an IRAS galax i es (S W ), th e convers i on i s � I ' 1:3� op t : W hen sp eak ing generi cal l y ab ou t
th e vel oci t y -densi t y re l ati on , we w i l l p l ace no subscri p t on � :

3 T he ori gi nal IRAS 1.936 J y surv ey was pre sente d in a seri es of si x pap ers (S tra uss et al. 1990; Yah i l et al. 1991; D av i s, Stra uss & Yah i l 1991; Stra uss et al. 1992ab c),
numb ere d 1, 2, 3, 4, 5, and 7, re sp ecti vel y. T he m issi ng pap er 6 was to b e th e com pari son of th e observ ed and pre d i cte d veloci ti es, to b e based on C hapte r 3 of
Stra uss (1 989). H owever, i t has ta ken us unti l now to com e up w i th sta ti sti cal l y ri goro us way s of doi ng th i s com pari son . T he long-l ost IRAS Pap er 6 has th us b een
i ncorp ora te d i nto D ekel et al. (1 993), D N W , Sigad et al. (1 997), and esp ecial l y th i s pap er.
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2. D escr ipt ion of t he M aximum Likel ihood M et hod

2.1. A l t er nat ive A ppr oaches t o t he Pecul iar Veloci t y -D ensi t y Compar ison

Before present ing our method in detail, we brie
 y review the principal alternat ives. Two approaches are
fairly paradigmat ic, and serve to illust rate the main issues and mot ivate our approach. These are the POT ENT

method of Dekel and coworkers (e.g., Dekel 1994; Dekel et al. 1997) ment ioned in x 1, and the IT F method of
Nusser & Davis (Nusser & Davis 1995; DNW).

The POT ENT algorithm is designed to reconst ruct , from sparse and noisy radial peculiar velocity est imates,
a smooth three-dimensional peculiar velocity � eld and the associated mass density � eld. The method is based
on the property that the smoothed velocity � eld of gravitat ing systems is the gradient of a potent ial. The
divergence of Eq. (3) is

r � v = � � � g : (4)

Thus, � is the slope of the correlat ion between r � v ; obtained from POT ENT , and � g obtained from redshift
survey data. This is the basis of the POT IR A S approach4 to determining � I ; discussed above (x 1).

POT ENT has several advantages as a reconst ruct ion method. It yields model-independent , three-dimensional
velocity and density � elds well-suited for comparison with theory and for visualizat ion. It works in the space
of TF-inferred distances, i.e., it is a Method I approach to velocity analysis (cf. SW, x 6.4.1). Unlike Method I I
approaches (see below), it does not assume that there is a unique distance corresponding to a given redshift . In
regions where galaxies at di� erent distances are superposed in redshift space, POT ENT is capable of recovering
the t rue velocity � eld. The POT IR A S comparison between the mass and galaxy density � elds is ent irely local
(Eq. 4), whereas predicted peculiar velocit ies are highly nonlocal (Eq. 3). Locality ensures that biases due to
unsampled regions are minimized.

The liabilit ies of POT ENT are closely related to its st rengths. In order to const ruct a model-independent
velocity � eld it must have redshift -independent distances as input . Such distances require properly calibrated
TF relat ions. In part icular, the TF distances for samples that probe di� erent regions of the sky must be
brought to a uniform system, which is a di� cult procedure (cf. Willick et al. 1995, 1996, 1997). Errors made in
calibrat ing and homogenizing the TF relat ions will propagate into the POT ENT velocity � eld. Because POT ENT

works in inferred distance space, it is subject to inhomogeneous Malmquist bias (Dekel, Bertschinger, & Faber
1990). Minimizing this bias requires signi� cant smoothing of the input data. POT ENT current ly employs a
Gaussian smoothing scale of 1000{ 1200 km s� 1 (Dekel 1994; Dekel et al. 1997), making it relat ively insensit ive
to dynamical e� ects on small scales. As a result , the current POT ENT applicat ions are not part icularly e� ect ive
at ext ract ing detailed informat ion from the velocity � eld in the local (cz <� 3000 km s� 1) universe.

DNW take a di� erent approach. They work with the \ inverse" form of the TF relat ion (Dekel 1994, x 4.4;
SW, x 6.4.4), and thus refer to their method as IT F. They express peculiar velocity as a funct ion of redshift -
space, rather than real-space, posit ion; in the terminology of SW, IT F is thus a Method I I analysis, largely
impervious to inhomogeneous Malmquist bias. DNW expand the redshift -space peculiar velocity � eld in a set
of independent basis funct ions, or modes, whosecoe� cients aresolved for simultaneously with the parametersof
a global inverse TF relat ion via � 2 minimizat ion of TF residuals. The TF data are never converted into inferred
distances and thus do not require pre-calibrated TF relat ions. The IRAS-predicted velocity � eld is expanded
in the same set of basis funct ions, allowing a mode-by-mode comparison of predicted and observed peculiar
velocit ies. This ensures that one is comparing quant it ies that have undergone the same spat ial smoothing, a
desirable characterist ic of the � t .

As with POT ENT , the st rengths of IT F are connected with certain disadvantages. Because it is a Method II
approach, mult ivalued or 
 at zones in the redshift -distance relat ion (see below) necessarily bias the IT F analysis.

4 D ekel et al. (1 993) and Sigad et al. (1 997) actu al l y use a non-l i near ex te nsi on to Eq. (4 ).
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It neglects the role of small-scale velocity noise, which is non-negligible for galaxies within 1000 km s� 1. These
features make IT F, like POT ENT , a relat ively ine� ect ive tool for probing the very local region. Last and most
important ly, the IT F method as implemented by DNW requires that the raw magnitude and velocity width data
from several dist inct data sets be carefully matched before being input to the algorithm. Any systemat ic errors
incurred in matching the raw data from di� erent parts of the sky will induce large-scale, systemat ic errors in
the derived velocity � eld. Thus, although IT F does not need input TF distances, it is vulnerable to a priori
calibrat ion errors just as POT ENT is.

2.2. V ELM OD

The approach we take in this paper, \ V EL M OD ," is a maximum likelihood method designed to surmount
several of the di� cult ies that face POT IR A S and IT F. V EL M OD generalizes and improves upon the Method II
approach to velocity analysis. Method II takes as its basic input the TF observables (apparent magnitude and
velocity width) and redshift of a galaxy, and asks, what is the probability of observing the former, given the
value of the lat ter? It then maximizes this probability over the ent ire data set with respect to parameters
describing the TF relat ion and the velocity � eld. The underlying assumpt ion of Method II is that a galaxy's
redshift , in combinat ion with the correct model of the velocity � eld, yields its t rue distance, which then allows
the probability of the TF observables to be computed. This analyt ic approach was originally developed by
Schechter (1980), and was later used by Aaronson et al. (1982b), Faber & Burstein (1988), St rauss (1989), Han
& Mould (1990), Hudson (1994), Roth (1994), and Schlegel (1995), among others.

The main problem with Method II is its assumpt ion that a unique redshift -distance mapping is possible.
This assumpt ion breaks down for two reasons. First , redshift is a \ noisy" realizat ion of distance plus predicted
peculiar velocity| both because of t rue velocity noise generated on very small ( <� 1 Mpc) scales, and because
of the inaccuracy of the velocity model (even for the correct � ) due to nonlinear e� ects and shot noise in the
density � eld. Second, even in theabsenceof noise, the redshift -distancerelat ion can, in principle, bemult ivalued:
more than one distance along the line of sight can correspond to a given redshift . V EL M OD accounts for all of
these e� ects stat ist ically by replacing the unique distance of Method II with the joint probability dist ribut ion
of redshift and distance. This dist ribut ion is const ructed to allow for both noise and mult ivaluedness. The
distance dependence is then integrated out (x 2.2.1), yielding the correct probability dist ribut ion of the TF
observables given redshift .

There are two addit ional advantages to the V EL M OD approach. First , it requires neither a priori calibrat ion
of the TF relat ions (as does POT ENT ) nor matching of the input data from disparate samples (as does IT F).
An individual TF calibrat ion for each independent sample occurs naturally as part of the analysis. Second, it
does not require smoothing of the input TF data, and thus allows as high-resolut ion an analysis as the data
int rinsically permit . This second feature, along with its allowance for velocity noise and t riple-valued zones,
makes V EL M OD well-suited for probing the local (cz <� 3000 km s� 1) velocity � eld. An analysis of local data is
desirable because random and systemat ic errors in both the IRAS and TF data are less important nearby than
far away.

2.2.1. Mathematical Details

We now describe the method in detail. We assume that the relevant distance indicator is the TF relat ion;
with minor changes the formalism could be adapted to comparable distance indicators such as Dn -� . We use
the terminology of Willick (1994) and Willick et al. (1995): brie
 y, we denote by m and � � logvrot � 2:5 a
galaxy's corrected apparent magnitude and velocity width parameter, respect ively; by cz its Local Group frame
radial velocity (\ redshift " ) in km s� 1; and by r its t rue distance in km s� 1. We de� ne the distance modulus as
� � 5 logr ; and absolute magnitudes as M = m � � : We write the forward and inverse TF relat ions as linear
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expressions, M (� ) = A � b� and � 0(M ) = � e(M � D); and denote their rms scat ters � T F and � � ; respect ively.
We seek an exact expression for the probability that a galaxy at redshift cz possesses TF observables (m; � )

given a model of the peculiar velocity and density � elds.5 We � rst consider the joint probability dist ribut ion of
the TF observables, redshift , and an unobservable quant ity, the t rue distance r : Later, we will integrate over r
to obtain the probability dist ribut ion of the observables. We may write

P(m; � ; cz; r ) = P(m; � jr ) � P(czjr ) � P(r ) : (5)

The split t ing into condit ional probabilit ies re
 ects the fact that the TF observables and the redshift couple
with one another only via their individual dependences on the t rue distance r :

The � rst of the three terms on the right hand side of Eq. (5) depends on the luminosity funct ion, the sample
select ion funct ion, and the TF relat ion. We can express it in one of two ways, depending on whether we are
using the forward or inverse form of the TF relat ion:

1. Forward relat ion:

P(m; � jr ) / � (� )S(m; � ; r )
1

� T F
exp

 

�
[m � (M (� ) + � (r ))]2

2� 2
T F

!

(6)

2. Inverse relat ion:

P(m; � jr ) / � (m � � (r ))S(m; � ; r )
1
� �

exp

 

�
�
� � � 0(m � � (r ))

� 2

2� 2
�

!

; (7)

where � (� ) and � (M ) are the (closely related) velocity width dist ribut ion funct ion and luminosity funct ion,
S(m; � ; r ) is the sample select ion funct ion, and we have assumed Gaussian scat ter of the TF relat ion (an
assumpt ion validated by Willick et al. 1997). Detailed derivat ions of these expressions are given by Willick
(1994).6 In Eqs. (6) and (7) we have writ ten only proport ionalit ies, as the normalizat ion is st raight forward and
will occur at a later point in any case.

The third term on the right hand side of Eq. (5) is simply the a priori probability of observing an object at
distance r ;

P(r ) / r 2n(r ) ; (8)

where n(r ) / 1 + � g(r ) is the number density of the species of galaxies that makes up the sample. The second
term on the right hand side of Eq. (5), P(czjr ); is the one which couples the TF observables to the velocity
� eld model. We assume that , for the correct IRAS velocity � eld reconst ruct ion (i.e., for the correct value of � I

and other velocity � eld parameters to be described below), the redshift is normally dist ributed about the value
predicted from the velocity model:

P(czjr ) =
1

p
2� � v

exp

 

�
[cz � (r + u(r ))]2

2� 2
v

!

; (9)

where u(r ) � r̂ � [v (r ) � v (0)] is the radial component of the predicted peculiar velocity � eld in the Local Group
frame (cf. Eq. A1). We t reat the velocity noise � v as a free parameter in our analysis; we discuss its origin

5 T he dep endence of al l quanti ti es on th e l i ne of si ght d i re cti on w i l l re m ain im p l i ci t.

6 W i l l i ck (1 994) assum ed th at th e selecti on functi on dep ended on l y on th e T F observ ab les. H ere , we ack now ledge th e p ossi b i l i t y of an ex p l i ci t d i sta nce dep endence;
th e ori gi n of such a dep endence was d i scussed by SW , x 6.5.3.
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in detail in x 3.2. Although � v must be posit ion or density dependent at some level, we t reat it as spat ially
constant in this paper, except in the Virgo cluster (x 4.3).

Subst itut ing Eqs. (6) or (7), (8), and (9) into Eq. (5) yields the joint probability dist ribut ion P(m; � ; cz; r ):
To obtain the joint probability dist ribut ion of the observable quant it ies, one integrates over the (unobserved)
line-of-sight distance, i.e.,

P(m; � ; cz) =
Z 1

0
P(m; � ; cz; r ) dr : (10)

In pract ice, it is not opt imal to base a likelihood analysis on the joint dist ribut ion P(m; � ; cz) because of its
sensit ivity to terms, such as the luminosity funct ion, the sample select ion funct ion, and the density � eld, that
are not crit ical for our purposes. Instead, the desired probability dist ribut ions are the conditional ones:

1. Forward TF relat ion:

P(mj� ; cz) =
P(m; � ; cz)

R1
� 1 P(m; � ; cz) dm

=

R1
0 dr r 2n(r ) P(czjr ) S(m; � ; r ) exp

�

� [m� (M (� )+ � (r ))]2

2� 2
T F

�

R1
0 dr r 2n(r ) P(czjr )

R1
� 1 dm S(m; � ; r ) exp

�
� [m� (M (� )+ � (r ))]2

2� 2
T F

� ; (11)

2. Inverse TF relat ion:

P(� jm; cz) =
P(m; � ; cz)

R1
� 1 P(m; � ; cz) d�

=

R1
0 dr r 2n(r ) � (m � � (r )) P(czjr ) S(m; � ; r ) exp

�

� [� � � 0(m� � (r ))]2

2� 2
�

�

R1
0 dr r 2n(r ) � (m � � (r )) P(czjr )

R1
� 1 d� S(m; � ; r ) exp

�

� [� � � 0 (m� � (r ))]2

2� 2
�

� ; (12)

where P(czjr ) is given by Eq. (9). Although neither of these expressions is independent of the density � eld
n(r ) or the select ion funct ion S, their appearance in both the numerator and denominator much reduces their
sensit ivity to them. A similar statement holds for the luminosity funct ion � in Eq. (12). The velocity width
dist ribut ion funct ion � has, however, dropped out ent irely from the forward relat ion probability. We discuss
these points further in x 2.2.2.

Equat ions (11) and (12) are the condit ional probabilit ies whose products over all galaxies in the sample we
wish to maximize. In pract ice, we do so by minimizing the quant it ies

L forw = � 2
X

i

ln P(mi j� i ; czi ) (13)

or

L inv = � 2
X

i

ln P(� i jmi ; czi ) ; (14)

where the index i runs over all objects in the TF sample. We have assumed that the probabilit ies for each
galaxy are independent ; we validate this assumpt ion a posteriori (cf. x 5.2).
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2.2.2. Further discussion of the V EL M OD likelihood

The physical meaning of the V EL M OD likelihood expressions is clari� ed by considering them in a suitable
limit . If we take � v to be \ small," in a sense to be made precise below, the integrals in Eqs. (11) and (12) may
be approximated using standard techniques. If in addit ion we neglect sample select ion (S = 1) and density
variat ions (n(r ) = constant ), and assume that the redshift -distance relat ion is single-valued, we � nd for the
forward relat ion:

P(mj� ; cz) '
1

p
2� � e

exp

(

�
1

2� 2
e

�
m �

�
M (� ) + 5 logw +

10
ln 10

� 2
v

� � 2
)

; (15)

where w is the solut ion to the equat ion cz = w + u(w); i.e., it is the distance inferred from the redshift and
peculiar velocity model; � v � � v=[w(1 + u0)]; where u0 = (@u=@r )r = w ; is the e� ect ive logarithmic velocity
dispersion; and

� e �

"

� 2
T F +

�
5

ln 10

� 2

� 2
v

#1=2

(16)

is the e� ect ive TF scat ter, including the cont ribut ion due to � v : An analogous result holds for the inverse
relat ion. The criterion � 2

v � 1; which quant i� es the statement that � v is \ small," must be sat is� ed to derive
Eq. (15).

Eq. (15) shows that the probability dist ribut ion P(mj� ; cz) preserves the Gaussian character of the real-
space TF probability dist ribut ion P(mj� ; r ) in this limit . However, the expected value of m is shifted from the
\ na•�ve" value M (� ) + 5 logw by an amount � 4:3� 2

v: This shift is in fact nothing more than the homogeneous
Malmquist bias due to small-scale velocity noise; it di� ers in detail from the usual Malmquist expression (i.e.,
that which a� ects a Method I analysis) because it arises from the Gaussian (rather than log-normal) probability
dist ribut ion, Eq. (9). Furthermore, the e� ect ive scat ter � e is larger than � T F , because the velocity dispersion
int roduces addit ional distance error and thus magnitude scat ter. The e� ects associated with velocity noise
diminish with distance (� v / r � 1), however; the velocity Malmquist e� ect vanishes in the limit of large
distances, in cont rast with the distance-independent Malmquist e� ect for Method I, and the e� ect ive scat ter
approaches the TF scat ter. At large enough distance the V EL M OD likelihood approaches a simple Gaussian TF
dist ribut ion with expected apparent magnitude M (� ) + 5 logw; and V EL M OD reduces to standard Method II.

Indeed, Eq. (15) enables us to de� ne the regime in which V EL M OD represents a signi� cant modi� cat ion of
Method II. The distance r I I at which the velocity noise e� ects become unimportant is determined by r I I �
� v=� T F (1 + u0); where � T F = ln 10 � T F=5 is the fract ional distance error due to the TF scat ter (� T F ' 0:2
for the samples used here). For � v = 125 km s� 1; the value we � nd for the real data (x 4.5), this shows that in
the unperturbed Hubble 
 ow, where u0 = 0; velocity noise e� ects become unimportant beyond � 1500 km s� 1.
However, at about thisdistance, in many direct ions, theLocal Supercluster signi� cant ly retards theHubble 
 ow,
u0 ' � 0:5; so that the e� ect ive � v is about twice its nominal value. Thus, V EL M OD in fact di� ers substant ially
from Method II to roughly twice the Virgo distance. This fact guided our decision to apply V EL M OD only out
to 3000 km s� 1 (cf. x 4).

Eq. (15) also demonst rates that maximizing likelihood (minimizing L forw) is not equivalent to � 2 minimiza-
t ion, even under the adopted assumpt ions of constant density and negligible select ion e� ects, because of the
factor � � 1

e in front of the exponent ial factor. This factor couples the velocity model (i.e., the values of w and
u0(w)) to the velocity noise. In part icular, maximizing the V EL M OD likelihood is not equivalent to minimizing
TF scatter (cf. x 4.5), except in the limit that � v is set to zero.

The assumpt ions required for deriving Eq. (15) remind us that there are two other factors which dist inguish
V EL M OD from standard Method II. First , for realist ic samples one cannot assume that S = 1: The presence of the
select ion funct ion in Eqs. (6) and (7) is essent ial for evaluat ing t rue likelihoods, and we have fully incorporated
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these e� ects into our analysis.7 Second, the galaxy density n(r ) is not e� ect ively constant along most lines of
sight . Thus, V EL M OD , like Method I but unlike Method II, requires that n(r ) be modeled. We do so here by
using the IRAS density � eld itself, which is a good approximat ion to the number density of the spiral galaxies
in the TF samples. The density � eld has a non-negligible e� ect on the V EL M OD likelihood whenever it changes
rapidly on the scale of the e� ect ive velocity dispersion � v=(1 + u0):

The most signi� cant di� erences between V EL M OD and Method II thusoccur in regionswhere u0 � ! � 1 (
 at or
t riple-valued zones), or when the density varies part icularly sharply. In pract ice, both these e� ects occur in the
vicinity of large density enhancements such as the Virgo cluster. We illust rate this in Figure 1, which shows the
redshift -distance relat ion, and the corresponding value of P(r jcz) / P(czjr )P(r ) in the vicinity of t riple-valued
zones. When looking at these panels, keep in mind that the V EL M OD likelihood is given by mult iplying P(r jcz)
and the TF probability factor P(mj� ; r ) and integrat ing over the ent ire line of sight . Panels (a) and (b) depict
the situat ion near the core of a st rong cluster, and panels (c) and (d) farther from the center. In each case, the
cloud of points represents the velocity noise, here taken to be � v = 150 km s� 1: In panel (a), the redshift of
1200 km s� 1 crosses the redshift -distance diagram at three dist inct distances. The quant ity P(r jcz) shows three
dist inct peaks. The highest redshift one is the st rongest because of the r 2 weight ing in Eq. (8). In panel (b), the
redshift of 1700 km s� 1 is such that the object just misses being t riple-valued; however, the � nite scat ter in the
redshift -distance diagram means that there is st ill appreciable probability that the galaxy be associated with
the near-crossing at cz � 900 km s� 1. In panel (c), the redshift -distance diagram goes nearly 
 at for almost
600 km s� 1; a redshift that comes close to that 
 at zone has a probability dist ribut ion that is quite extended.
Finally, panel (d) shows a galaxy whose redshift crosses the redshift -distance diagram in a region in which it is
quite linear, and the probability dist ribut ion has a single narrow peak without extensive tails.

Two � nal details deserve brief ment ion. First , the integrals over m and � that appear in the denominators
of Eqs. (11) and (12) may be done analyt ically for the case of \ one-catalog select ion" studied by Willick (1994,
x 4.1), which indeed applies for the samples used in this paper (Willick et al. 1996). The numerical integrat ions
required to evaluate Eqs. (11) and (12) are thus one-dimensional only. Second, as noted above, the velocity
width dist ribut ion funct ion � (� ) drops out of Eq. (11), but the luminosity funct ion � (M ) does not drop out
of Eq. (12). Thus, inverse V EL M OD requires that we model the luminosity funct ion of TF galaxies. This is
an annoyance at best , and could int roduce biases, if we model it incorrect ly, at worst . We have thus chosen
to implement only forward V EL M OD in this paper. On the other hand, inverse V EL M OD enjoys the virtue that
inverse Method II approaches do generally: to the degree that the select ion funct ion S is independent of � and
r ; it drops out of Eq. (12). In a future paper, we will apply the small-� v approximat ion to V EL M OD for more
extensive samples to larger distances. For that analysis the inverse approach will be used as well.

2.2.3. Implementation of V EL M OD

The probability dist ribut ion P(mj� ; cz) (Eq. 11) is dependent on a number of free parameters, most im-
portant ly � I . However, because � I enters at an earlier stage| in the reconst ruct ion of the underlying den-
sity and velocity � elds from IRAS (Appendix A)| it is on a di� erent foot ing from other parameters. Thus,
rather than t reat ing � I as a cont inuous free parameter, V EL M OD is run sequent ially for the ten discrete values
� I = 0:1; : : : ; 1:0 for the real data, and for the nine discrete values � I = 0:6; : : : ; 1:4 for the mock catalog
data (x 3).8 For each � I ; probability is maximized (L forw is minimized) with respect to the remaining free
parameters. These parameters are:

1. The TF parameters A, b; and � T F for each sample in the analysis. Here we limit the analysis to the

7 Selecti on e� ects are not sp eci � c to V EL M OD p er se, however. T hey can and shou ld b e m odeled i n any M eth od I I -l i ke anal y si s. I n parti cu l ar, th ey do not
van i sh i n th e � v � ! 0 l im i t.

8 T he choi ce of th ese values of � I was based on th e need to bra cket th e \ tru e" val ue: 1.0 i n th e m ock cata l ogs, and , as i t tu rn s ou t, � 0.5 for th e re al data .
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Fig. 1.| T he e� ect s of t r iple-valued or 
 at zones. T he S-shaped curves show t he relat ion between redshift and dist ance along two lines of sight t o a

clust er . (a) A galaxy wit h a redshift of 1200 km s� 1 can lie at t hree dist inct dist ances. W hen t he small-scale noise inherent in any velocit y � eld model,

as indicat ed by t he scat t ered point s, is t aken int o account , t he quant it y P (r j cz) ; shown as t he t hree-peaked curve at t he bot t om, get s smoot hed out .

(b) A galaxy at 1700 km s� 1 along t he same line of sight int ersect s t he redshift -dist ance curve at only one point , but comes close enough t o it elsewhere

t o give a second peak t o t he P (r j cz) curve. (c) Fur t her from t he clust er , t he redshift -dist ance curve becomes 
 at , giving a broad peak t o P (r j cz) . (d)

A t a redshift su� cient ly far from a t r iple-valued zone, P (r j cz) has only one narrow peak.

Mathewson et al. (1992; MAT) and Aaronson et al. (1982a; A82) samples, as we discuss in x 4.1. Thus,
there are a total of 6 TF parameters that are varied. Note that the TF scat ters are not simply calculated
a posteriori. The stat ist ic L forw depends on their values and they are varied to minimize it .

2. The small-scale velocity dispersion � v: The quant it ies � v and � T F can t rade o� to a certain extent (cf.
Eq. 15). However, their relat ive importance depends on distance. Su� cient ly nearby ( <� 1000 km s� 1),
� v is as large or a larger source of error than the TF scat ter itself. Thus it is determined in this local
region. Beyond � 2000 km s� 1, theTF scat ter dominates the error, and it isdetermined at these distances.
Because the samples populate a range of distances, the two can be determined separately, with relat ively
lit t le covariance.

3. We also allow for a Local Group random velocity vector wLG : The IRAS peculiar velocity predict ions are
given in the Local Group frame (Eq. A1). That is, the computed Local Group peculiar velocity vector
has been subt racted from all other peculiar velocit ies. However, just as we expect all external galaxies to
have a noisy as well as a systemat ic component to their peculiar velocity, so we must expect the Local
Group to have one as well, especially considering the uncertaint ies in the conversion from heliocent ric to
Local Group frame. We allow for this by writ ing u(r ) = uIRAS(r ) � wLG � r̂ ; where uIRAS(r ) is given as
described in Appendix A, and the three Cartesian components of wLG are varied in each V EL M OD run at a
given � I : We note brie
 y that this procedure is self-consistent only as long as jwLG j is at most comparable
to � v: In pract ice, we will � nd that for � I near its best value, the amplitude of wLG is t rivially small.
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4. Finally, we allow for the existence of a quadrupole velocity component that is not included in the IRAS
velocity � eld. The just i� cat ion for such a velocity component will be discussed in x 4.4 and Appendix B.
The quadrupole is speci� ed by � ve independent parameters, although we will not take them as free in the
� nal analysis (we discuss this further in x 4.4).

Thus there are 3 � 2 + 1 + 3 = 10 free parameters that are varied for any given value of � I ; when the
quadrupole is held � xed. Thus, for any value of � I ; we give the data the fairest chance it possibly has to � t the
IRAS model. In part icular, the TF relat ions for the two separate samples used are not \ precalibrated" in any
way. This ensures that TF calibrat ion in no way prejudices the value of � I we derive.

3. Test s Wi t h Simul at ed Galaxy Cat alogs

In this sect ion, we test the V EL M OD method on simulated data sets. Kolat t et al. (1996) have produced
simulated catalogs that mimic the propert ies of both the IRAS redshift survey and the Mark II I samples. We
brie
 y review the salient points here.

The mass density dist ribut ion of the simulated universe is based on the dist ribut ion of IRAS galaxies in the
real universe. This was achieved by, � rst , taking the present redshift dist ribut ion of IRAS galaxies and solving
for a 500 km s� 1 smoothed real-space dist ribut ion via an iterat ive procedure that applies nonlinear correct ions
and a power-preserving � lter (Sigad et al. 1997). The smoothed, � ltered IRAS density � eld was then \ taken
back in t ime" using the Zel'dovich-Bernoulli algorithm of Nusser & Dekel (1992) to obtain the linear init ial
density � eld. The method of const rained realizat ion (Ho� man & Ribak 1991; Ganon & Ho� man 1993) was
used to restore small-scale power down to galact ic scales. The result ing init ial condit ions were then evolved
forward as an 
 = 1 N -body simulat ion using the PM code of Gelb & Bertschinger (1994). The present -day
density � eld result ing from this procedure is displayed in Figure 6 of Kolat t et al. (1996).

We generated a suite of 20 mock Mark II I and mock IRAS catalogs from this simulated universe.9 Each
mock Mark II I TF sample was const ructed to mimic the dist ribut ion on the sky and in redshift space of the
corresponding real sample, and the TF relat ions and scat ters of the mock samples were chosen to be similar
to the observed ones. The mock TF samples were subject to select ion criteria similar to those imposed on
the real samples. The mock IRAS redshift catalogs were generated so as to resemble the actual IRAS 1.2 Jy
redshift survey. They have the t rue IRAS select ion and luminosity funct ions applied, and lack data in the IRAS
excluded zones (cf. St rauss et al. 1990). These data were then put through exact ly the same code to derive
peculiar velocity and density � elds as is used for the real data (Appendix A). To simplify interpretat ion of the
mock catalog tests, the mock IRAS galaxies were generated with probability proport ional to the mass density
itself. Thus, the mock IRAS galaxies are unbiased relat ive to the mass; i.e., for the mock catalogs bI = 1; and
therefore the true value of � I for the simulated data is unity.

3.1. A ccur acy of t he � D et er m inat ion

The IRAS velocity � eld reconst ruct ions may be produced using a variety of smoothing scales, and we have
used 300 and 500 km s� 1 Gaussian smoothing. We found, however, that at 500 km s� 1 smoothing V EL M OD

returned a mean � I biased high by � 20%; the predicted peculiar velocit ies were too small, and a too-large � I

was needed to compensate. Our discussion from this point on will refer to 300 km s� 1 smoothing, which, as we
now describe, we found to yield correct peculiar velocit ies and an unbiased est imate of � I :

9 T he 20 cata l ogs (o f b oth t y p es) are d i � ere nt sta ti sti cal re al i zati ons of th e sam e simu lati on . A s a re su l t, ou r simu lati ons fu l l y p ro b e th e e� ects of sta ti sti cal
vari ance (d ue to d i sta nce ind i cato r scatte r, spati al i nhom ogenei ti es, etc .) bu t do not i ncl ude th ose of cosm ic vari ance. H owever, as we shal l arg ue in x 6, we ex p ect
th at cosm ic vari ance w i l l have m in im al e� ect on our � -dete rm inati on .
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Fig. 2.| Plot s of t he likel ihood st at ist ic, L f o r w ; versus � I for V EL M OD runs using four of t he mock cat alogs. (T he t rue value of � I for t he mock

cat alogs is unit y, as discussed in t he t ext .) A lso indicat ed on t he plot s are � m i n ; t he maximum likel ihood values for � I ; and t he average of it s two

one-sided errors � � � : T he solid l ines drawn t hrough t he point s are t he cubic � t s used t o det ermine � m i n and � � � :

V EL M OD was run on the 20 mock catalogs, and likelihood (L forw) versus � I curves were generated for each.
As with the real data (x 4), we used only the A82 and MAT TF samples; we limited the analysis to cz �
3500 km s� 1.10 The curves were � t ted with a cubic equat ion of the form

L = L 0 + q(� I � � min)2 + p(� I � � min)3 (17)

to determine � min; the value of � I for which L forw is minimized. This is the maximum likelihood value of � I :
Four representat ive L forw versus � I plots are shown in Figure 2, along with the cubic � ts. We est imate the 1 �
errors � � � in our maximum likelihood est imate by not ing the values � � � � � at which L = L 0 + 1: Given the
presence of the cubic term in Eq. (17), this is not necessarily rigorous, but we can test our errors by de� ning
the � 2-like stat ist ic

� 2 =
X

(� min � 1)2=� � 2
� ; (18)

where � � + was used if � min � 1; and � � � was used if � min > 1: For the 20 mock catalogs, it was found that
� 2 = 21:2: Thus, our tests were consistent with the statement that the error est imatesobtained from the change
in the likelihood stat ist ic near its minimum are t rue 1� error est imates. Although we formally derive two-sided
error bars, the upper and lower errors di� er lit t le, and when we discuss the real data (x 4) we will give only
the average of the two. The weighted mean value of � min over the mock catalogs was 0:984, with an error in
the mean of � 0:08=

p
20 = 0:017: Thus, the mean � min is within � 1 � from the t rue answer. We conclude

10 T he re al data anal y si s ex te nded on l y to 3000 k m s� 1 , bu t b ecause th ere are fewer nearb y T F galax i es i n th e m ock cata l ogs, we ex te nded th e m ock anal y si s to a
sl i ghtl y l arg er d i sta nce.
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that there is no stat ist ically signi� cant bias in the V EL M OD est imate of � I : The results of this and other tests
we carried out using the mock catalogs are summarized in Table 1.

3.2. A ccur acy of t he D et er m inat ion of � v and wLG

The mock catalogsalso enable us to determine the reliability of the small-scale velocity dispersion � v derived
from V EL M OD . This quant ity may be viewed as the quadrature sum of t rue velocity noise (� n

v ) and IRAS velocity
predict ion errors(� I

v ) result ing from shot -noiseand imperfect ly modeled nonlinearit ies. (For the real data, there
is an addit ional cont ribut ion from redshift measurement errors, which are zero in the mock catalog.) We can
measure both � n

v and � I
v direct ly from the mock catalogs. To measure velocity noise, we determined � u; the

rms value of pair velocity di� erences cz(r i ) � cz(r j ) of mock catalog TF galaxies within 3500 km s� 1 outside of
the mock Virgo core, for jr i � r j j � r max: We found � u to be insensit ive to the precise value of r max provided
it was <� 150 km s� 1; implying that we are not including the gradient of the t rue velocity � eld on these scales.
Taking r max = 150 km s� 1; we found � u = 71 km s� 1; corresponding to � n

v = � u=
p

2 = 50 km s� 1: This value is
so small because the PM code does not properly model part icle-part icle interact ions on small scales.

We measured the IRAS predict ion errors � I
v as follows. For each mock TF part icle (again, within 3500 km s� 1

and outside the mock Virgo core), we computed an IRAS predicted redshift czI
i = r i + u(r i ) + f r i � wLG � n̂ i ;

where r i was the t rue distance of the object , u(r i ) was the IRAS-predicted radial peculiar velocity in the Local
Group frame (for � I = 1), f was a zero-point error in the IRAS model (cf. x 3.3), and wLG was the mock
Local Group peculiar velocity, which (just as in the real data) is not known precisely and was also t reated as
a free parameter. We then minimized the mean squared di� erence between czI

i and the actual redshifts czi

over the ent ire TF sample with respect to f and wLG: The rms value of (czi � czI
i ) at the minimum was then

our est imate of the quadrature sum of IRAS predict ion error and t rue velocity noise, which we found to be
98 � 2 km s� 1 after averaging over the 20 mock catalogs. Subt ract ing o� the small value of � n

v found above, we
obtain � I

v ' 84 km s� 1: This surprisingly small value is indicat ive of the high accuracy of the IRAS predict ions
for nearby galaxies not in high density environments.

The value � v = 98 km s� 1 is somewhat smaller than the real universe value of � v = 125 km s� 1 (x 4.5).
Because we wanted the mock catalogs to re
 ect the errors in the real data, we added art i� cial velocity noise
of 110 km s� 1 to the redshift of each mock TF galaxy before applying the V EL M OD algorithm, increasing � v to
147 km s� 1:11 Themean valueof � v from the V EL M OD runson the20 mock catalogswash� v i = 148:7 � 4:6 km s� 1;
in excellent agreement with the expected value. We conclude that V EL M OD produces an unbiased est imate of
the � v ; just as it does of � I : The rms error in the determinat ion of � v from a single realizat ion is � 20 km s� 1.

Thecalculat ion in which weminimized (czi � czI
i )2 also yielded est imatesof theCartesian componentsof Local

Group random velocity vector wLG : Their mean values over 20 mock catalogs is given in Table 1, together with
the corresponding mean values returned from V EL M OD over the 20 mock catalog runs. The two are in impressive
agreement . These values re
 ect an o� set between the CMB to LG transformat ion assigned to the simulat ion
and the average value of wLG assigned by the mock IRAS reconst ruct ion for � I = 1. We conclude that V EL M OD

properly measures the Cartesian components of wLG to within � 50 km s� 1 accuracy per mock catalog.

3.3. T he T F Par amet er s Obt ained fr om V EL M OD

The mock catalogs also enable us to test the accuracy of the TF parameters determined from the likelihood
maximizat ion procedure. The comparison of input and output values is given in Table 1. The results for the TF
slope and scat ter are consistent with the statement that V EL M OD returns unbiased values of these TF parameters

11 I n re tro sp ect, we added m ore noi se th an was necessary , bu t at th e ti m e we had a h igher esti m ate of th e re al un i verse � v :
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Fig. 3.| Some of t he paramet ers obt ained from running V EL M OD on a single mock cat alog. T he left hand panel shows t he likel ihood st at ist ic

along wit h t he cubic � t used t o det ermine it s minimum. T he r ight hand panels show t he amplit ude of t he L ocal Group random velocit y vect or , t he

velocit y noise � v ; and t he T F scat t ers for t he mock A 82 and mock M AT samples. Not e t hat t he L ocal Group velocit y vect or has it s minimum amplit ude

for � I ' 1: Not e also t hat t he T F scat t ers do not t rack t he likel ihood curve, pr imar i ly because t he velocit y noise � v also measures t he inaccuracy of

t he � t . T his demonst rat es t hat minimizing T F scat t er is not equivalent t o maximizing likel ihood, as it is for st andard M et hod I I.

for each of the two samples. The fact that the TF scat ters and � v are unbiased means that V EL M OD correct ly
measures the overall variance in peculiar velocity predict ions.

The TF zero points returned by V EL M OD are systemat ically in error by 2{ 3 standard deviat ions. This can be
t raced to a bias in the IRAS-predicted peculiar velocit ies; the mean value of the quant ity f in x 3.2 over 20
realizat ions was 0:018 � 0:007. This bias makes the IRAS-predicted distances dIRAS ' cz � uIRAS too large by
a factor of 1:018; or � 0.04 mag. To bring the TF and IRAS distances into agreement , the TF zero points must
decrease by this amount , which in fact they do (cf. Table 1). Thus, V EL M OD determines the TF zero points in
such a way as to compensate for a small systemat ic error in the IRAS predict ions. We expect such an error to
be present in the real data as well, but it will be completely absorbed into the TF zero points, and our derived
value of � I will be una� ected.

3.4. Pr oper t ies of t he V EL M OD L ikel ihood

Themock catalogsmay also be used to illust ratesome important featuresof the V EL M OD analysis. An example
of these is shown in Figure 3. The left hand panel shows L forw versus � I for one of the 20 catalogs. The right
hand panels show how three other quant it ies vary with � I in the same V EL M OD run: the amplitude of the LG
random velocity wLG (top panel), the velocity noise � v; and the TF scat ter � T F for each of the two mock TF
samples (A82 and MAT) considered (bot tom panel). Note � rst that the amplitude of the LG velocity vector
is minimized near the t rue value of � I : This was generally seen in the mock catalogs; it re
 ects the fact that
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the � ts at the wrong values of � I t ry to compensate for wrong peculiar velocity predict ions with Local Group
mot ion. If wLG were held � xed at its maximum likelihood value, or set equal to zero, the L forw versus � I curves
would have sharper minima and the � -uncertainty would be reduced (cf. x 4.5). Unfortunately, we cannot
do this for the real universe because we do not know wLG a priori. Nevertheless, there we will � nd similar
behavior; wLG has a minimum near the best -� t value of � I for the real universe.

The � gure also shows that � v is a weak funct ion of � I , but goes to a minimum at � I � 1. Its value at the
minimum for this realizat ion is 127 km s� 1, within 1 � of the correct value (Table 1). The � T F are also weak
funct ions of � I , but are in good agreement with the input values near the maximum likelihood valuesof � I : Most
important ly, the � gure demonst rates that maximizing likelihood does not necessari ly correspond to minimizing
TF scatter, as we argued in x 2.2.2. The TF scat ters in fact decrease monotonically with increasing � I : As they
do, � v increases to compensate. However, one cannot simply minimize � T F ; or even a simple combinat ion of
� T F and � v; to obtain an unbiased � I : One must instead maximize likelihood as de� ned in x 2.2.1.

4. A ppl icat ion t o t he M ar k I I I Cat alog D at a

4.1. Sampl e Select ion

To apply V EL M OD to the real TF data, we needed � rst to ident ify a suitablesubsample of the Mark II I catalog.
As discussed in x 2.2.2, we elected to rest rict the TF sample to czLG � 3000 km s� 1, where here and throughout ,
we correct heliocent ric redshifts to the Local Group frame following Yahil, Tammann, & Sandage (1977). We
thus use the Aaronson et al. (1982a; A82) and Mathewson et al. (1992; MAT) TF samples, which are rich in
local galaxies, rest ricted to this redshift interval. The two cluster samples in the Mark II I catalog, HMCL and
W91CL, contain only clusters at greater redshifts and thus are not used here. Finally, only a small fract ion
of the W91PP and CF samples is found at czLG � 3000 km s� 1 (� 2% of W91PP, � 15% of CF). This small
number of addit ional galaxies was not worth the addit ional 6 free parameters that would be required for the
likelihood maximizat ion procedure (x 2).

We made several further cuts on the data, as follows:

1. An RC3 B-magnitude limit of mB = 14:0 mag was adopted for A82. As discussed by Willick et al.
(1996), A82 galaxies within 3000 km s� 1, and subject to this magnitude limit , are well described by the
\ one-catalog" select ion funct ion of Willick (1994) that enters into the likelihood equat ions (x 2).

2. An ESO B-band diameter limit of dESO = 1:6 arcminute was adopted for MAT. As discussed by Willick
et al. (1996), this allows the MAT subsample to be described by the one-catalog select ion funct ion of
Willick (1994).

3. Only galaxies with axial rat ios log(a=b) � 0:1 were included. This cut , corresponding to an inclinat ion
limit of i � 38� (Willick et al. 1997), reduces TF scat ter due to velocity width errors.

4. Galaxies with � < � 0:45 (rotat ion velocit ies less than about 55 km s� 1) were excluded. In pract ice, this
criterion applied only to the MAT sample, which contains numerous very low-linewidth galaxies. The
need for excluding such objects was discussed by Willick et al. (1996).

5. Two objects within the Local Group, de� ned as having raw forward TF distances < 100 km s� 1; were
excluded. No lower bound was placed on the redshifts of sample objects, however.

This left a sample of 856 A82 and MAT galaxies. As discussed by Willick et al. (1996, 1997), real samples
exhibit a mainly Gaussian dist ribut ion of TF residuals, but with an admixture of a few percent of non-Gaussian
out liers. We excluded eighteen addit ional galaxies (4 in A82, 14 in MAT), or � 2% of our sample, because of
their ext remely large residuals from the TF relat ion. Finally, then, 838 galaxies, 300 in A82 and 538 in MAT,
were used in the V EL M OD analysis. Of these, 53 are objects found in both samples (though with di� erent raw
data), and thus are used twice in the analysis.
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4.2. Veloci t y -Wi dt h D ependence of t he T F Scat t er

It has been noted by a number of authors (Federspiel, Sandage, & Tammann 1994; Willick et al. 1997;
Giovanelli et al. 1997) that � T F exhibits a velocity-width (or, equivalent ly, a luminosity) dependence: luminous,
rapidly rotat ing galaxies have smaller TF scat ter than faint , slowly rotat ing ones. Willick et al. (1997) showed
that this e� ect could be parameterized by � T F (� ) = � 0 � g� ; with di� erent values of � 0 (the scat ter for a typical,
� = 0, galaxy) and g for each sample. For the MAT sample, they found g = 0:33; while for A82 they found
g = 0:14: In the V EL M OD analysis, we t reated � 0 asa free parameter for both samples, but � xed the values of g to
the Willick et al. (1997) values. For the remainder of this paper, when we refer to � T F we are actually referring
to the � 0 for the respect ive samples. We note that a signi� cant likelihood increase was achieved by adopt ing
this variable TF scat ter, but that the derived value of � I was essent ially unchanged. The mock catalogs were
generated and analyzed with g = 0.

4.3. Tr eat ment of V i r go

To simplify the analysis, we have taken the small-scale velocity noise, � v; to be independent of posit ion.
Clearly, this assumpt ion must fail in the immediate vicinity of a rich cluster. The Virgo cluster is the only
rich cluster within 3000 km s� 1. Thus, we must art i� cially \ cool down" the galaxies near Virgo. We do so as
follows: if a galaxy lies within 10� of the Virgo core (taken to be l = 283:78� ; b = 74:49� ) on the sky, within
1500 km s� 1 of its mean Local Group redshift (taken to be 1035:1 km s� 1; following Huchra 1985), and has a
raw TF distance from Willick et al. (1997) between 800 and 2100 km s� 1, it s Local Group redshift is set to
the mean Virgo value. Twenty objects used in the V EL M OD analysis meet these criteria. We similarly collapsed
mock Mark II I objects associated with the Virgo cluster in the mock catalogs.

4.4. I mpl ement at ion of a Quadr up ole F low

In the discussion of V EL M OD in x 2, it was assumed that the IRAS-predicted velocity � eld, for the correct
value of � I ; is as good a model as can be obtained. However, there can be addit ional cont ribut ions to the local

 ow � eld from st ructures beyond the volume surveyed (R � 12; 800 km s� 1), as well as from shot noise- and
Wiener-� lter-induced di� erences between the t rue and derived density � elds beyond 3000 km s� 1 but within
the IRAS volume (cf. Appendix B).

Fortunately, the nature of this cont ribut ion is such that we can st raight forwardly model its general form,
and thus t reat it as a quasi-free parameter (see below) in the V EL M OD � t . Let us write the error in the IRAS-
predicted velocity � eld due to incompletely sampled 
 uctuat ions as verr(r ): Because the total peculiar velocity
� eld, v + verr must sat isfy Eq. (4), and because v does so by const ruct ion (Eq. 3), it follows that verr must
have zero divergence. Moreover, if we suppose that verr corresponds to the growing mode of the linear peculiar
velocity � eld, it must have zero curl as well. These propert ies will be sat is� ed if verr is given by the gradient of
a velocity potent ial � that sat is� es Laplace's equat ion. Such a potent ial may be expanded in a mult ipole series,
each term of which vanishes at the origin (where, by const ruct ion, verr must itself vanish).

The leading term in the result ing expansion of verr is a monopole, v (0)
err (r ) = Ar ; or Hubble 
 ow-like term.

However, such a term is degenerate with the zero point of the TF relat ion (x 3.3), and is thus undetectable. The
next term in the expansion is a dipole, v (1)

err = B ; or bulk 
 ow independent of posit ion. Like the monopole term,
however, the dipole term is undetectable, because we work in the frame of the Local Group. Whatever bulk

 ow is generated by distant density 
 uctuat ions is shared by the Local Group as well. The leading term in the
expansion of verr(r ) to which our method is sensit ive is therefore a quadrupole term. Such a term represents the
t idal � eld of mass density 
 uctuat ions not t raced by the IRAS galaxies. We may write the quadrupole velocity
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Fig. 4.| T he ext ernal quadrupolar velocit y � eld used in t he V EL M OD analysis, plot t ed in Galact ic coordinat es. Open symbols indicat e negat ive

radial velocit ies, st ars posit ive radial velocit ies. T he amplit ude of t he quadrupole is shown for a dist ance r = 2000 km s� 1 : A s indicat ed by Eq. (19) ,

t he quadrupole 
 ow increases linear ly wit h dist ance at a given posit ion on t he sky. T he maximum amplit ude of t he quadrupole at t his dist ance is 147

km s� 1 , which occurs at l ' 165� ; b ' 55� ; as well as on t he opposit e side of t he sky.

component as

vQ(r ) = VQ r ; (19)

where VQ is a 3� 3 mat rix. In order for both the divergence and curl of vQ(r ) to vanish, VQ must be a t raceless,
symmetric mat rix. Consequent ly, it has only � ve independent elements, two diagonal and three o� -diagonal.

We could allow for the presence of such a quadrupole in V EL M OD by t reat ing these � ve elements as free
parameters. However, this is a dangerous procedure, because the modeled quadrupole would then have the
freedom to � t the quadrupole already present in the IRAS velocity � eld, which is generated by observed density

 uctuat ions. We wish to allow for the external quadrupole, but we do not want it to � t the � -dependent
quadrupolar component of the IRAS-predicted velocity � eld. In other words, we want the external quadrupole
to be that required for the t rue value of � I ; which we do not know a priori, rather than the \ best � t " value at
any given � I : This problem would indeed be very serious if inclusion of the quadrupole made a largedi� erence in
the derived value of � I : Fortunately, however, it does not . As we show below, we obtain a maximum likelihood
value � I = 0:56 when the quadrupole is not modeled. When we t reat all � ve components of the quadrupole as
free parameters for each � I ; we obtain � I = 0:47:12 Because the best -� t quadrupole is relat ively insensit ive to
� I ; we can est imate the external quadrupole by averaging the � t ted values of the � ve independent components
obtained for � I = 0:1; 0:2; : : : ; 1:0: In this way, we \ project out " the � I -independent part of the quadrupole. In
our � nal V EL M OD run, we use this average external quadrupole at each value of � I : Throughout , we ignore the
very small e� ect that this quadrupole might have on the derived IRAS density � eld.

In Figure 4, this quadrupole � eld is plot ted on the sky in Galact ic coordinates for a distance of 2000 km s� 1.
The in
 ow due to the quadrupole, which occurs near the Galact ic poles, is of greater amplitude than the
out 
 ow, which occurs at low Galact ic lat itude. The quadrupole reaches its maximum amplitude at l ' 165� ;
b ' 55� ; in the direct ion of the Ursa Major cluster, as well as on the opposite side of the sky. In x 5, when
we plot V EL M OD residuals on the sky with and without the quadrupole, the need for the quadrupole � eld shown

12 T h i s val ue d i � ers f ro m th e value of 0.49 quote d in th e A bstra ct b ecause we w i l l not al l ow th e quadru p ole to b e f re e para m ete rs at each value of � I .
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Fig. 5.| T he V EL M OD likel ihood st at ist ic, L f o r w (Eq. 13) , plot t ed as a funct ion of � I for t he real dat a. In t he left hand plot , an ext ernal quadrupole

is modeled, as descr ibed in t he t ext . In t he r ight hand plot , no ext ernal quadrupole is included in t he velocit y � eld. Cubic � t s t o t he likel ihood point s

are shown as dot t ed lines. T he minima of t he � t t ed curves, � m i n ; are t he maximum likel ihood est imat es of � I in each case. Not e t he very di� erent

values of t he ver t ical axes of t he two plot s; t his indicat es t he large increase in formal l ikel ihood when t he quadrupole is included.

in Figure 4 will become clear. Indeed, we will show in x 5 that the V EL M OD � t is stat ist ically acceptable only
when the quadrupole is included. Table 2 tabulates the numerical values of the independent elements of VQ

that generate this 
 ow. The rms value of this quadrupole over the sky is 3.3%, pleasingly close to the value we
expect from theoret ical considerat ions (Appendix B).

When both the quadrupole and the Local Group random velocity vector are modeled, the radial peculiar
velocity u(r ) that enters into the likelihood analysis (see Eq. 9) is given by

u(r ) = (v IRAS(r ) + VQr � wLG) � r̂ : (20)

We emphasize again that while the three components of the Local Group random velocity wLG are t reated as
free parameters in V EL M OD , the � ve independent parameters of VQ are not , with the except ion of a single run
we used to obtain and then average their � t ted values at each � I : In the � nal run, from which we derive the
est imate of � I quoted in the Abst ract , the quadrupole velocity � eld shown in Figure 4 was used at each value
of � I :

4.5. Resul t s

The outcome of applying V EL M OD to the A82+ MAT subsample described above is presented in Figure 5.
The V EL M OD likelihood curves are shown both with and without the external quadrupole included. The formal
likelihood is vast ly improved when the quadrupole is included in the � t : since the likelihood stat ist ic L forw is
de� ned as � 2 ln [P(dataj� )] ; the � 20 point reduct ion in the minimum of L forw, minus the � ve ext ra degrees
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Fig. 6.| Breakdown of t he V EL M OD likel ihood st at ist ic among subsamples. T he left hand panel plot s l ikel ihood per point versus � I for t he A 82

and M AT samples individually. T he r ight hand panel plot s l ikel ihood per point versus � I for t hree di� erent redshift int ervals cont aining roughly t he

same number of ob ject s. In each case, t he minimum occurs wit hin � 0.1 in � I of t he global minimum in L f o r w at � I = 0:492:

of freedom when the quadrupole is modeled corresponds to a probability increase of a factor � e7:5 ' 2000:
The improvement in formal likelihood through the addit ion of the quadrupole is so pronounced that we take
the maximum likelihood value of � I from that � t , 0:492 � 0:068; as our best est imate. However, the maximum
likelihood est imate of � I when the quadrupole is neglected, 0:563� 0:074; di� ers from our best value at only the
1-� level. While the quadrupole is important , it does not qualitat ively a� ect our conclusions about the likely
value of � I :

We can make several addit ional tests of the robustness of our results. Figure 6 shows how the likelihoods per
object break down for � ts to di� erent cuts on the sample; see also Table 2. The left hand panel plots L forw=N
versus � I for the A82 and MAT samples separately, where N = 300 for A82 and N = 538 for MAT. Cubic � ts
to the individual sample likelihoods yield � I = 0:489 � 0:084 and 0:498 � 0:107 for A82 and MAT respect ively.
This agreement is remarkable, given that there are only 53 galaxies in common between the two samples. Note
that the � -uncertainty is larger for the MAT sample, even though it contains nearly twice as many objects
as the A82 sample. This is because the MAT objects typically lie at larger distances than do A82 objects, a
property of the likelihood � t we now illust rate.

The right hand panel of Figure6 plotsL forw=N versus � I for three subsamples in di� erent redshift ranges. As
Table 2 shows, the agreement in the derived values of � I is quite good. Changing the speci� c redshift intervals
used for this test does not signi� cant ly change the results. Note that the � -resolut ion decreases as one goes
to higher redshift , despite the fact that there are nearly equal numbers of objects in each of the three redshift
bins. This is because the likelihood is sensit ive mainly to the fract ional distance error in the IRAS predict ion.
Hence, nearby galaxies are more diagnost ic of incorrect peculiar velocity predict ions, and thus of � I :

The fact that L forw=N decreases with redshift should not be interpreted as meaning that more distant
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Fig. 7.| L eft hand panels: t he T F slopes ( t op) and scat t ers (bot t om), for t he A 82 and M AT samples, der ived from V EL M OD as a funct ion of � I :

Right hand panels: t he amplit ude of t he L ocal Group random velocit y vect or ( t op) and t he velocit y noise � v (bot t om) der ived from V EL M OD as a

funct ion of � I : A l l plot s cor respond t o t he run in which t he quadrupole was modeled.

objects are bet ter � t by the velocity model. This decrease instead re
 ects a property of the V EL M OD

likelihood implicit in Eq. (15), which shows that the expectat ion value of L forw=N is � 1 + ln(2� ) +
ln

h
� 2

T F + (2:17� v=[w(1+ u0(w))])2
i

; which increases with decreasing cz in general. This e� ect will be par-
t icularly pronounced in 
 at zones (u0 � � 1) in the redshift -distance relat ion, which are found in the Local
Supercluster, which is why there is a marked di� erence between L forw=N for the A82 and MAT samples (the
former preferent ially populates the Local Supercluster region).

In Figure 7 we plot for the real data the same quant it ies plot ted for a mock catalog in Figure 3, as well as
the TF slopes. The slopes are ext remely insensit ive to � I : This indicates that the IRAS assigns low and high
linewidth galaxiesnearly same relat ivedistances at all � I : Signi� cant ly, the amplitude of the � t ted Local Group
velocity vector is minimized near the maximum likelihood value of � I , just as we saw with the mock catalog.
This indicates once again that the � t at tempts to compensate for a poor velocity � eld at very low and high
� I by moving the Local Group. The mock catalogs showed us that the errors on the Cartesian components of
wLG are of order 50 km s� 1(Table 1). Thus, the small value of jwLG j obtained from V EL M OD indicates that the
Yahil et al. (1977) t ransformat ion to the Local Group barycenter is correct to within � 50 km s� 1, and that the
Local Group has random velocity <� 50 km s� 1 relat ive to the mean peculiar velocity � eld in its neighborhood.

The lower right panel of Figure 7 shows that � v increases monotonically with � I : It s maximum likelihood
value is 125 km s� 1. This is a remarkably small number, when one considers that it includes the e� ect not
only of random velocity noise but also of IRAS predict ion error. In part icular, if our est imate of the IRAS-
predict ion errors derived from our mock catalog experiments (x 3.2), � 84 km s� 1, are roughly correct , our
value for � v implies that the t rue 1-dimensional velocity noise is <� 100 km s� 1: This result is consistent with
past observat ions that the velocity � eld is \ cold" (cf., Sandage 1986; Brown & Peebles 1987; Burstein 1990;
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Fig. 8.| Top panel: T he V EL M OD likel ihood st at ist ic L f o r w as a funct ion of � I for a two runs in which t he L ocal Group velocit y vect or was forced

t o vanish, and t he velocit y noise paramet er � v was held � xed at 150 and 250 km s� 1 . A lt hough t he formal l ikel ihoods of t he � t are worse t han t hat of

t he ful l � t (compare wit h Figure 5) , par t icular ly for � v = 250 km s� 1 ; t he maximum likel ihood est imat es of � I are near ly unchanged. Bot t om panel:

var iat ion in t he T F scat t ers � T F ; for t he A 82 and M AT samples, as a funct ion of � I for t hese V EL M OD runs. T he larger values correspond t o t he

� v = 150 km s� 1 run. Not e t hat t he minimum der ived T F scat t ers do not necessar i ly cor respond t o maximum likel ihood; see t ext for fur t her det ai ls.

Groth, Juszkiewicz, & Ost riker 1989; St rauss, Cen, & Ost riker 1993; St rauss, Ost riker, & Cen 1997). Finally,
the lower left panel demonst rates again what was seen earlier with the mock catalogs (Figure 3), namely, that
maximizing probability does not correspond to minimizing TF scat ter. In large measure, this is because there
is a t radeo� between the variance due to the velocity noise � v and that due to the TF scat ter. As � I approaches
1, � v gets steadily larger; � T F gets correspondingly smaller, despite the fact that the high � I models are worse
� ts to the TF data. The TF scat ters level out or rise only at � I ' 1:

A � nal test of robustness involves eliminat ing the freedom in the V EL M OD � t provided by the parameters wLG

and � v: One could argue that these parameters are like the quadrupole: they \ are what they are," and we
should not allow them to absorb the � t inaccuracies at the wrong value of � I : To assess this, we carried out
two V EL M OD runs in which wLG was assumed to vanish ident ically. In the � rst run, we � xed the value of � v

at 150 km s� 1, and in the second at 250 km s� 1. The quadrupole was held � xed at its best � t value; the free
parameters in this � t were limited to � I and the three TF parameters for each of the two samples. The results
of this exercise are shown in Figure 8 and in Table 2. The derived values of � I di� er inconsequent ially from our
best est imate obtained from the full � t . This shows that allowing ourselves the freedom to � t both wLG and � v

does not materially a� ect the derived value of � I : The formal uncertaint ies in � I are much reduced relat ive to
the full � t because formerly free parameters have been held � xed. For � v = 150 km s� 1 the formal likelihood is
worse than for the full � t , but only at the � 2 � level. This re
 ects the fact that � v = 150 km s� 1 and wLG = 0
themselves di� er by only � 1 � from their maximum likelihood values, according to our error est imates from
x 3.2. However, the formal likelihood for the � v = 250 km s� 1 run is considerably worse (by a factor of � 10� 7)
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than for the full � t . This shows that we rule out such a large � v at high signi� cance.
The bot tom panel of Figure 8 shows the � t ted values of � T F as a funct ion of � I for each of the two values

of � v and for each of the two TF samples. The TF scat ters now t rack the likelihood much bet ter than they
did in the full � t (bot tom panel of Figure 7); with � v � xed, maximizing likelihood is more nearly equivalent to
minimizing TF scat ter. However, they are st ill not the same thing: likelihood maximizat ion occurs for � I ' 0:5;
whereas TF scat ter is minimized at � I ' 0:6: This is due to the nonlocal nature of the probability dist ribut ion
described by Eq. (11) (cf. Figure 1). The likelihood of a given data point depends on the peculiar velocity and
density � elds all along the line of sight interval allowed by the TF and velocity dispersion probability factors,
not merely on how close the TF-inferred and IRAS-predicted distances are to one another.

The bot tom panel of Figure 8 also shows that the TF scat ter one derives from V EL M OD depends on the value
of � v : The full � t told us that IRAS errors plus t rue velocity noise amount to � 125 km s� 1. The values of � T F

obtained in the full � t (Table 2) absorbed the remaining variance. Changing � v to 150 km s� 1 reduces the TF
scat ters by about 0.01 mag. With � v � xed at 250 km s� 1, however, we � nd 0.39 and 0.40 mag for the A82 and
MAT TF scat ters. While these lat ter values are certainly underest imates, the large changes demonst rate that it
is very di� cult to est imate � T F to high accuracy because of its covariance, however slight , velocity noise. This
is one reason that it is inadvisable to use the value of � T F obtained from � t t ing TF data to peculiar velocity
models as a measure of the goodness of � t . We return to this issue in x 5 below.

4.6. V EL M OD Resul t s using 500 km s� 1 Smoot hi ng

In our mock catalog tests, we found that using 500 km s� 1 smoothing in the IRAS reconst ruct ion resulted
in � 20% overest imates of � I (x 3.1). However, because the mock catalog may not faithfully reproduce the
dynamics of the real universe, it is useful to see how much � I changes for the real data when the 500 km s� 1-
smoothed IRAS reconst ruct ions are used. We carried out two such V EL M OD runs, one with and one without the
quadrupole. (We determined the quadrupole the same way as for the 300 km s� 1 smoothed reconst ruct ion, and
found that the two di� er lit t le.) The result ing maximum likelihood est imates of � I are listed in Table 2. The
larger smoothing results in an increase in � I ; as expected. However, the 500 km s� 1 result , � I = 0:544 � 0:071;
is within 1 � of our favored result obtained at 300 km s� 1 smoothing. If we reduce this value by 20% in accord
with the bias seen in the mock catalogs, we obtain � I = 0:45 � 0:07; also within 1 � of our preferred result .
Our choice of a 300 km s� 1 smoothing scale is thus unlikely to have led us seriously ast ray, even if the mock
catalogs are imperfect guides.

4.7. Consist ency of t he M ar k I I I and V EL M OD T F Relat ions

In const ruct ing the Mark II I catalog, Willick et al. (1996, 1997) required that the TF distances for objects
common to two or more samples agree in the mean. As noted above, V EL M OD yields an independent TF
calibrat ion for each sample included in the analysis. As a further consistency check, we can ask whether the
V EL M OD TF calibrat ions for the A82 and MAT samples are also mutually consistent .

We compared A82 and MAT TF distances using the V EL M OD TF relat ions for 75 objects common to the two
samples. We limited the comparison to objects whose A82 versus MAT TF distance moduli di� er by 0.8 mag
or less. (Not all of these objects were part of the V EL M OD analysis, as some did not meet the criteria out lined
in x 4.1). We found that the V EL M OD calibrat ions yield an average distance modulus di� erence (in the sense
MAT� A82) h� � i = � 0:056 � 0:046 mag; the Mark II I TF calibrat ions yield h� � i = 0:018 � 0:046 mag. The
corresponding median distance modulus di� erences are � 0:015 mag (V EL M OD) and 0:035 mag (Mark II I). Thus,
as measured by the criterion of generat ing mutually consistent TF distances among samples, V EL M OD gives the
correct result . In Table 2 we list the V EL M OD TF parameters and their Mark II I counterparts. We see that
the A82 zero points, slopes, and scat ters derived from the two methods are in almost perfect agreement . The
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Fig. 9.| Same as Figure 5, except t hat t he A 82 and M AT T F paramet ers have been � xed at t heir M ark I I I cat alog values. T he ext remely small

formal er ror bars result from � xing t he T F paramet ers and are unrealist ic. T he maximum likel ihood values of � I di� er negligibly from t hose obt ained

when t he T F paramet ers are free.

MAT zero points and scat ters also agree to well within the errors. The MAT slopes show a somewhat larger
discrepancy. However, the two slopes are nearly within their mutual error bars; moreover, the MAT sample
use here is only about half as large as that used by Willick et al. (1996) in deriving the MAT TF slope. In any
case, this slope di� erence, even if real, is of no consequence for determinat ion of � I ; as we now show.

As a � nal test of V EL M OD-Mark II I consistency, we ran V EL M OD without allowing the TF parameters to vary,
instead holding them � xed at their Mark II I values. We did so both with and without the quadrupole, while
holding � v � xed at 150 km s� 1 and set t ing wLG � 0 (note from Figure 8 that these lat ter velocity parameters
yield the same � I as when they are allowed to vary freely). The results of this exercise are shown in Figure 9
and tabulated in Table 2. As can be seen, while there is a large formal likelihood decrease relat ive to the best
solut ion, using the Mark I I I TF relations has a negligible e� ect on the value of � I obtained from V EL M OD . In
part icular, use of the Mark II I TF relat ions does not bring our V EL M OD result appreciably closer to the POT IR A S

result , � I = 0:86; of Sigad et al. (1997). We discuss this issue further in x 6.1.1. Note that , in cont rast with
full V EL M OD , neglect of the quadrupole now has no e� ect on the derived � I ; although its inclusion st ill results
in a signi� cant likelihood increase. The indicated formal error bars on � I should not be taken literally here,
because � xing the TF zero points prevents them from compensat ing for IRAS zero point errors (cf. x 3.3).

5. A nalysis of t he Residua ls: D o t he Pr edi ct ions M at ch t he Obser vat ions?

The V EL M OD analysis can tell us which velocity � eld models| which values of � I ; � v; wLG; and quadrupole
parameters| are \ bet ter" than others. However, as with maximum likelihood approaches generally, it cannot
by itself tell us which, if any, of these models is an acceptable � t to the data. This is because we do not have
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precise, a priori knowledge of the two sources of variance, the velocity noise � v and the TF scat ter � T F : We
have instead t reated these quant it ies as free parameters and determined their values by maximizing likelihood.
As a result , a standard � 2 stat ist ic will be � 1 per degree of freedom even if the � t is poor.

We can, of course, ask whether the values of � T F and � v obtained from V EL M OD agree with independent
est imates. It is reassuring that they do. We � nd � T F ' 0:46 mag for both the A82 and MAT samples,
within the range est imated by Willick et al. (1996) by methods independent of peculiar velocity models. This
agreement is of limited signi� cance, however. TF scat ter is very sensit ive to non-Gaussian out liers (x 4.1), and
thus to precisely which objects have been excluded. Furthermore, the MAT subsample used here is only about
half as large as the MAT subsample used by Willick et al. (1996) to est imate its scat ter. The V EL M OD result
for the velocity noise, � v ' 125 km s� 1; is remarkably small, and appears consistent with recent studies based
on independent methods (e.g., Miller, Davis, & White 1996; St rauss, Ost riker, & Cen 1997). Indeed, because
� 90 km s� 1 may be at t ributed to IRAS velocity predict ion errors (x 3.2), our value of � v suggests a t rue 1-D
velocity noise of <� 90 km s� 1: St ill, the small � v is not necessarily diagnost ic; for demonst rably poor models
(e.g., � I � 0:2) we � nd an even smaller value of � v : An alternat ive approach is thus required for ident ifying a
poor � t .

Consider � t t ing a st raight line y = ax + b by least squares to data (x i ; yi ) whose errors are unknown. One
obtains a; b; and also the rms scat ter about the � t . Because the scat ter is derived from the � t , the � 2 stat ist ic
is � 1 per degree of freedom by const ruct ion. However, if the st raight line is a bad � t | if, say, the relat ion
between y and x is actually quadrat ic| then the residuals from the � t will exhibit coherence. Coherent residuals
in excess of what is expected from the observed scat ter would signify that a model is a poor � t . In this sect ion,
we will make such an assessment for the V EL M OD residuals. We will � rst de� ne a suitable residual and plot it
on the sky. We will demonst rate coherence and incoherence of the residuals, for \ poor" and \ good" models
respect ively, by plot t ing residual autocorrelat ion funct ions. Mot ivated by these considerat ions, we will de� ne
and compute a stat ist ic that measures goodness of � t .

5.1. Sky M aps of V EL M OD Residua ls

V EL M OD does not assign galaxies a unique distance (x 2.2.1). Thus, there is no unique measure of the amount
by which their observed and predicted peculiar velocit ies di� er. However, there is a well-de� ned expected
apparent magnitude for each object ,

E (mj� ; cz) =
Z 1

� 1
m P(mj� ; cz) dm ; (21)

where P(mj� ; cz) is given by Eq. (11). Similarly, the rms dispersion about this expected value is

� m =
q

E (m2j� ; cz) � [E (mj� ; cz)]2 : (22)

Note that � m is not equal to the TF scat ter; it also includes the combined e� ects of velocity noise, peculiar
velocity gradients, and density changes along the line of sight . At large distances, � m tends toward � T F

(although dispersion bias can make it smaller; cf. Willick 1994). With the above de� nit ions, one can de� ne a
normalized magnitude residual for each galaxy

� m =
m � E (mj� ; cz)

� m
: (23)

The normalized residual has the virtue of having unit variance for all objects. In cont rast , the variance of the
unnormalized magnitude residual m � E (mj� ; cz) depends on distance (velocity noise is more important for
nearby objects), while the variance of a peculiar velocity residual formed from the magnitude residual (Eq. 24
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Fig. 10.| V EL M OD velocit y residuals plot t ed on t he sky in Galact ic coordinat es, for ob ject s wit h 0 < czL G � 1000 km s� 1 : T he t op panel is for

t he � I = 0:6 run wit hout t he quadrupole. T he bot t om panel is for t he � I = 0:5 run wit h t he quadrupole modeled. Open circles indicat e ob ject s t hat

are in
 owing relat ive t o t he IRAS predict ion; st ars indicat e out 
 owing ob ject s.

below) grows with distance. The normalized magnitude residual � m is a measure of the correctness of the
IRAS velocity model. If, in a given region, � m > 0 in the mean, galaxies in that part of space must be more
distant than IRAS predicts them to be| i.e., they have negat ive radial peculiar velocity relat ive to the IRAS
predict ion. Regions in which � m < 0 in the mean have posit ive radial peculiar velocit ies relat ive to IRAS.

We will use the normalized magnitude residual below in our quant itat ive analysis of residuals, but let us
� rst visualize this residual � eld on the sky, by convert ing � m into the corresponding radial peculiar velocity
residual � u: Were we to do this for each galaxy individually, the � 20% distance errors due to TF scat ter would
completely hide systemat ic departures from the IRAS model. Instead, we will compute smoothed velocity
residuals. This procedure is most well-behaved if we � rst smooth � m and then convert the result into � u: We
� rst place each galaxy at the distance d assigned it 13 by the IRAS velocity model; this is a redshift space
distance so our calculat ion is una� ected by Malmquist bias. Then for each galaxy i , we compute a smoothed
residual � s

m;i as the weighted sum of the residuals � m of itself and its neighbors j , where the weights are

wij = exp
�
� d2

ij =2S2
i

�
; and dij is the IRAS-predicted distance between galaxies i and j : We take the smoothing

length Si to be Si = di =5: The smoothed residual � s
m;i is converted into a smoothed velocity residual according

to

� us
i = di

h
1 � f i 100:2(� s

m ;i � � m i )
i

; (24)

13 W e ta ke d to b e th e \ cro ssi ng p oint d i sta nce" w de� ned in x 2.2.2. I n th e case of tri p l e-val ued zones, we ta ke th e centra l d i sta nce.
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Fig. 11.| Same as Figure 10, but for ob ject s wit h 1000 < czL G � 2000 km s� 1 :

where � mi is given by Eq. (22). The quant ity f i is given by exp
�
� � 2

i =2
�

; where � i = 0:46� mi =
q P

j wij ; it

guarantees that � us
i ; which is log-normally dist ributed, has expectat ion value zero if � mi (which is normally

dist ributed) does (cf. Willick 1991, x 6.3, for details).
In Figures 10, 11, and 12 we plot V EL M OD velocity residuals on the sky for the redshift ranges 0{ 1000 km s� 1,

1000{ 2000 km s� 1, and 2000{ 3000 km s� 1 respect ively. In each � gure, the top panel shows residuals from the
� I = 0:6 (no quadrupole) � t , and the bot tom panel shows residuals from the � I = 0:5 (quadrupole modeled) � t ,
the V EL M OD runs closest to the maximum likelihood value of � I for each case. The plots reveal why the addit ion
of the quadrupole results in a large increase of likelihood. In each redshift range, the no-quadrupole � ts show
coherent negat ive velocity residuals in both the Ursa Major region (l ' 150� ; b ' 65� ), and at b ' � 60� ;
l <� 30� and l >� 330� : In both of these regions, the addit ion of the quadrupole great ly reduces the amplitude
of the residuals. In other parts of the sky, smaller but st ill signi� cant coherent residuals are reduced with the
addit ion of the quadrupole. This shows that the pat tern of departure from the pure IRAS velocity � eld is
well-modeled by a quadrupolar 
 ow of modest amplitude, and therefore has the simple physical interpretat ion
we discussed in x 4.4.

In thebot tom panels, it isdi� cult to � nd any well-sampled region within 2000 km s� 1 where j� uj >� 100 km s� 1:
This is all the more remarkable because the TF errors themselves are of order 300 km s� 1 per galaxy at a
distance of 1500 km s� 1. Figure 12 does show several high-amplitude residuals. However, at 2500 km s� 1, the
TF residual for a single object is 500 km s� 1, so when the e� ect ive number of galaxies per smoothing length
is only a few, velocity residuals of several hundred km s� 1 are expected from TF scat ter only. In well-sampled
regions, one sees that in general j� uj <� 150 km s� 1; the only except ion being a patch of large ( >� 250 km s� 1)
posit ive residuals at l ' 330� ; b ' � 20� : In the b > 0� part of the Great At t ractor region at l ' 300� ; the
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Fig. 12.| Same as Figure 10, but for ob ject s wit h 2000 < czL G � 3000 km s� 1 :

residuals are < 100 km s� 1 even in this highest redshift shell. This is signi� cant , given the oft -heard claims
that the IRAS model cannot � t the observed 
 ow into the Great At t ractor.

In Figures 13, 14, and 15 we again plot V EL M OD residuals on the sky for the three redshift ranges, now for
the two values of � I most st rongly disfavored by the likelihood stat ist ic in the range studied, � I = 0:1 (top
panels) and � I = 1:0 (bot tom panels). In each plot , the quadrupole of Figure 4 has been included. These
plots, which should be compared with the bot tom panels of Figures 10, 11, and 12, demonst rate why very
low and high � I do not � t the TF data well. In each redshift range, these models exhibit large, coherent
residuals. For � I = 0:1; we see large negat ive peculiar velocit ies relat ive to IRAS in the Ursa Major region
at cz � 2000 km s� 1: Indeed, the residual plot for � I = 0:1 (with quadrupole included) shows many of the
same features as the no-quadrupole model with � I = 0:6, because the IRAS � eld itself cont ributes some of
the needed quadrupole. However, the IRAS cont ribut ion scales with � I ; and is thus inadequate at low � I : At
� I = 1:0 many of the systemat ic residuals associated with the quadrupole are gone, especially in Ursa Major.
However, other regions show highly signi� cant residuals: at l ' 150� ; b ' � 20� and cz � 1000 km s� 1; for
example, one sees negat ive peculiar velocity residuals of amplitude >� 200 km s� 1; which is signi� cant at such
small distances. In the same redshift range, at l = 270{ 360� ; b < 0� there are posit ive velocity residuals of
amplitude >� 150 km s� 1: These regions exhibit much smaller residuals in the � I = 0:5 model.

In the higher redshift shells, the poor � t of the � I = 1:0 model is evidenced chie
 y in the direct ion of the
Great At t ractor (l ' 300� ; b ' 20� ). For 1000 < cz � 2000 km s� 1; this model predicts much too large posit ive
peculiar velocit ies, so that the data exhibit in
 ow relat ive to the model. In the highest redshift bin, the � I = 1:0
model exhibits both posit ive and negat ive velocity residuals of high amplitude in the GA direct ion; residuals
of both signs are seen in this region for � I = 0:5 as well, but they are of much smaller amplitude (lower panel
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Fig. 13.| Same as Figure 10, except now result s for � I = 0:1 and � I = 1:0 are shown. In each case, t he quadrupole is t he same as it was for t he

best � t model ( � I = 0:5) .

of Figure 12). The � I = 0:1 model, on the other hand, predicts too-small posit ive peculiar velocit ies in the
GA direct ion at the highest redshifts. Indeed, note that in the 2000 < czLG � 3000 km s� 1 shell, nearly all
data points exhibit out 
 ow relat ive to the � I = 0:1 IRAS predict ions, whereas at lower velocit ies the residuals
typically indicate in
 ow. This global mismatch is more general than the insu� cient quadrupole ment ioned in
the previous paragraph, showing that low � I could not yield a good � t even if we were to give V EL M OD full
freedom in � t t ing the quadrupole at all � I :

Although sky plots of residuals argue in favor of the � I = 0:5 plus quadrupole model, the residuals from that
model are not manifest ly negligible. We will address this issue quant itat ively below. For now, however, we can
demonst rate qualitat ively that the residuals seen in the � I = 0:5 plus quadrupole model are not unexpected by
comparing with themock catalogs, for which the IRAS velocity predict ionsareknown to be a good � t . Figure16
plots V EL M OD velocity residuals with respect to � I = 1 (the correct value) for a single mock catalog. The same
three redshift ranges used for the real data are shown. The mock catalog residuals are comparable in amplitude
and apparent coherence to the real data. Generally speaking, velocity residuals in well-sampled regions are
<� 100 km s� 1 within 1000 km s� 1, and are <� 200 km s� 1 at larger distances. One also sees apparent coherence
in the mock catalog residual map, as was the case with the real data. The similar amount of apparent coherence
in the real and mock data indicates that the former is not a result of a poor � t . The apparent coherence in the
residual sky maps is an art ifact of the smoothing used to generate them, as we show in the next sect ion.
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Fig. 14.| Same as t he previous � gure, but for ob ject s wit h 1000 < czL G � 2000 km s� 1 :

5.2. Residua l A ut ocor r elat ion Func t ion

The sky plots shown above provide visual evidence that the � I = 0:5 plus quadrupole � t has generally small
residuals, although they are correlated to some degree. In this sect ion, we quant ify these correlat ions with the
residual autocorrelation function

 (� ) �
1

Np(� )

X

i< j
di j = � � � �

� m;i � m;j ; (25)

where � m was de� ned in Eq. (23), and the sum is over the Np(� ) dist inct pairs with IRAS predicted separat ion
dij within � � = 100 km s� 1 of a given value � . This de� nit ion makes  (� ) insensit ive to the values of � T F

and � v (because the � m;i are themselves normalized using their maximum likelihood values for each � I ), but
sensit ive to the residual correlat ions that signal a poor � t .

In Figure 17, we plot  (� ) versus � for the IRAS plus quadrupole models, with � I = 0:5; 0:1; and 1:0; as well
as the � I = 0:6; no quadrupole model. The error bars are described below. The model that � ts best according
to the likelihood stat ist ic, � I = 0:5 plus quadrupole, shows no signi� cant residual correlat ions on any scale.
The correlat ion funct ion is everywhere consistent with zero, as we would expect if the IRAS velocity � eld plus
the quadrupole is indeed a good � t to the data. Indeed, the absence of residual correlat ions is the basis for a
statement made in x 2.2.1, namely, that the individual galaxy probabilit ies P(mj� ; cz) are independent , and
thus validates the V EL M OD likelihood stat ist ic L forw :

The other models shown in Figure17 all exhibit signi� cant residual correlat ions. The � I = 0:6; no quadrupole
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Fig. 15.| Same as t he previous � gure, but for ob ject s wit h 2000 < czL G � 3000 km s� 1 :

model has not iceablecorrelat ionson small and largescales, asdoes the � I = 0:1 plusquadrupole model. Indeed,
several of the values of  (� ) for � I = 0:1 are so large that they are o� -scale on the plot . The � I = 1:0 plus
quadrupole model exhibits st rong correlat ions for � <� 2000 km s� 1, although it is well-behaved on large scales.

5.2.1. Using Residual Correlations to Identify Poor Fits Quantitatively

In order to compare the observed residual correlat ionswith the results from the mock catalogs, we would like
to de� ne a single stat ist ic that summarizes the deviat ion of  (� ) from unity. Let us de� ne � (� ) � Np(� ) (� )
(cf. Eq. 25). In Appendix C, we discuss the propert ies of this stat ist ic in greater detail. As we show there, � (� )
approximates a Gaussian random variable of mean zero and variance Np(� ); if indeed the V EL M OD residuals are
uncorrelated on scale � : (This property was used to compute the error bars on  (� ) above.) To the degree this
approximat ion is a good one, the quant ity

� 2
� �

MX

k= 1

� 2(� k)
Np(� k)

(26)

will be dist ributed approximately as a � 2 variable with M degrees of freedom, where M is the number of
separate bins in which � (� ) is calculated. In cont rast , if the residuals are st rongly correlated on any scale � ; � 2

�
will signi� cant ly exceed its expected value.

However, because a single galaxy will appear in many di� erent pairs in the correlat ion stat ist ic, both within
and between bins in � , the assumpt ions made above do not hold rigorously. In Appendix C we explore this issue
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Fig. 16.| V EL M OD velocit y residuals for a single mock cat alog run using � I = 1:0; t he t rue value for t he mock cat alog. (T he par t icular simulat ion

used had a maximum likel ihood value of � I = 0:963:) T he t hree panels show residuals for t he t hree redshift ranges used in analyzing t he real dat a.

further. For now, we appeal to the mock catalogs to assess how closely the quant ity � 2
� follows � 2 stat ist ics.

We computed it for each of the 20 mock catalog runs (x 3) with � I = 1: We carried out the calculat ion to a
maximum separat ion of 6400 km s� 1, in bins of width 200 km s� 1; so that M = 32; and found a mean value
h� 2

� i = 27:83 � 1:82; which may be compared with an expected value of 32 for a t rue � 2 stat ist ic. The rms
scat ter in � 2

� was 8:15; which is the same as that expected for a t rue � 2: The di� erence between the mean and
expected values is 2:3 � , indicat ing that � 2

� is not exact ly a � 2 stat ist ic, for reasons discussed in Appendix C.
However, because the departure from true � 2 statst ics is small, � 2

� is a useful stat ist ic for measuring goodness
of � t when calibrated against the mock catalogs.

Before present ing � 2
� for the real data, we consider its variat ion with � I for the mock catalogs. In Figure 18

we plot the average value of � 2
� over the 20 mock catalogs at each value of � I for which V EL M OD was run.
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Fig. 17.| V EL M OD residual aut ocorrelat ion funct ions,  ( � ) ; plot t ed for � I = 0:5 plus quadrupole (best � t model) , � I = 0:6; no quadrupole,

� I = 0:1 plus quadrupole, and � I = 1:0 plus quadrupole. In t he � I = 0:1 several point s at large � have residuals t hat are so large t hat t hey fal l beyond

t he plot boundar ies.

Although the minimum is at � I = 1, it is not nearly as sharp as is that of the likelihood as funct ion of � I (e.g.,
Fig. 2); this stat ist ic does not have the power that the likelihood does for measuring � I . Indeed, for a single
realizat ion (the open symbols), the stat ist ic has several local minima. However, it is apparent that a � 2

� value
much greater than its expected t rue value of � 28 will indicate a poor � t of the model to the data.

In Figure 19, we plot the stat ist ic � 2
� as a funct ion of � I for the real data, with and without the quadrupole

included. The horizontal lines indicate the expected value of � 2
� , and the 1 � and 3 � deviat ions from it . Note

� rst that the no-quadrupole model does not provide an acceptable � t for any value of � I : This is not a conclusion
we could have reached on the basis of the likelihood analysis alone. When the quadrupole is included, the only
values of � I that are unambiguously ruled out are � I = 0:1; 0:2; and 1:0: The best � t model according to
V EL M OD , � I = 0:5 plus quadrupole, also has the smallest value of � 2

� : Given the mult iple minima seen for one
mock realizat ion in Figure18, this isnot necessarily deeply signi� cant . The stat ist ic � 2

� is suitable for ident ifying
models that do not � t the data, but does not have the power of the likelihood stat ist ic for discriminat ing among
those models that do � t .

In summary: the V EL M OD likelihood maximizat ion procedure is the proper one for determining which value
of � I is bet ter than others, but it cannot ident ify poor � ts to our model. The residual correlat ion stat ist ic � 2

�
can ident ify unacceptable � ts, but does not have the power to determine which of the acceptable � ts is best .
We have found that the IRAS velocity � eld with � I = 0:5; plus the external quadrupole, is both the best � t of
those considered, and is also an acceptable � t . Values of � I > 0:9 and � I < 0:3 are st rongly ruled out .
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Fig. 18.| T he residual cor relat ion st at ist ic � 2
� ; de� ned by Eq. 26, plot t ed as a funct ion of � I for t he mock cat alogs. T he solid symbols show an

average over 20 mock cat alogs; t he open symbols show t he values obt ained for a single mock cat alog.

6. D iscussion

6.1. Wha t is t he value of � I ?

V EL M OD recovers thecorrect answer, � I = 1; to < 10% accuracy when applied to themock catalogs. At � I = 1;
the velocity � eld in the mock Virgo region is signi� cant ly t riple-valued. Thus V EL M OD , despite being close in
spirit to Method II, properly t reats t riple-valuedness. If the st rong t riple-valuedness one sees at � I = 1 were
present in the real universe, V EL M OD would not assign it unduly small likelihood. Nonetheless, when V EL M OD is
applied to the real universe, it returns a value of � I = 0:492 � 0:068 (quadrupole modeled). This value is quite
insensit iveto two other quant it ies t reated asfreeparameters in thevelocity � eld model, theLocal Group random
velocity wLG and the small-scale velocity dispersion � v (x 4.5). Tests with the mock catalogs demonst rated
that we obtain an unbiased � I using a 300 km s� 1-smoothed IRAS reconst ruct ion (x 3.1). However, we found
that changing to a 500 km s� 1-smoothed reconst ruct ion makes relat ively lit t le di� erence in � I (x 4.6). Finally,
neglect ing the quadrupole causes � I to change by only � 1 � . Our conclusion that � I ' 0:5� 0:07 is thus robust
against systemat ic e� ects internal to our method.

The V EL M OD result is consistent with the relat ively low est imates of � I obtained from the Method II analyses
of Hudson (1994), Roth (1994), Shaya et al. (1995)14, DNW, and Schlegel (1996), as well as those derived from
comparisons of the IRAS density � eld with the mot ion of the Local Group (St rauss et al. 1992b) and from
some analyses of the redshift -space anisot ropy of the IRAS density � eld (e.g., Hamilton 1993, 1996; Fisher et

14 T he H udson and Shaya et al. pap ers actu al l y deri ve � op t ; w h i ch must b e mu l ti p l i ed by � 1.3 to ob ta i n an equ i val ent � I ; cf . footn ote 2.
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Fig. 19.| T he residual aut ocorrelat ion st at ist ic � 2
� ; de� ned by Eq. 26, plot t ed as a funct ion of � I for t he real dat a, wit h and wit hout t he quadrupole

modeled. T he heavy solid l ine shows t he expect ed value of t he st at ist ic, which was det ermined by averaging t he der ived value for 20 mock cat alogs. T he

two dashed lines show 1- and 3-� deviat ions from t his value. Not e t hat when t he quadrupole is not modeled, highly signi� cant residual cor relat ions are

det ect ed for al l values of � I : (T he no-quadrupole point s for � I = 0:1 and 0:2 are not shown because t heir � 2
� values are t oo large.)

al. 1994; Cole, Fisher, & Weinberg 1995; Fisher & Nusser 1996). However, it is apparent ly inconsistent with
est imates of � I near unity, as have been found by the POT IR A S analysis (Sigad et al. 1997), measurements of
the POT ENT 
 uctuat ion amplitude (Kolat t & Dekel 1997, Zaroubi et al. 1997), and redshift -space distort ions
of spherical harmonic expansions of the density � eld (Fisher, Scharf, & Lahav 1994c; Fisher 1994; Heavens &
Taylor 1995).

6.1.1. Why do V EL M OD and POT IR A S yield di� erent values of � I ?

We do not yet have a sat isfactory explanat ion of why V EL M OD and standard Method II analyses characteris-
t ically yield smaller values of � I than the Method I POT IR A S approach. One possibility is that the di� erences
stem from the Method I/ Method II dist inct ion. However, V EL M OD corrects the principal drawback of Method
II, the inability to deal with mult ivalued or 
 at zones in the redshift -distance relat ion. Thus, if the Method
I/ Method II dist inct ion is at the root of the discrepancy, the reason must be more subt le than the drawbacks of
standard Method II. Sigad et al. (1997) test for biases in POT IR A S using the same mock catalogs as this paper;
they too � nd their determinat ion of � I to be essent ially unbiased. The problem could lie with the Malmquist
bias correct ions that are so crucial to Method I (cf. the discussion in Willick et al. 1997). If these correct ions
are underest imated for any reason| e.g., the TF scat ter is larger than est imated, or the density 
 uctuat ions are
larger than modeled| a Method I approach will produce too-st rong velocity gradients and thus overest imate

35



� I : However, the TF scat ters used by Sigad et al. (1997) are consistent with those obtained in this paper, and
the large POT ENT smoothing limits the e� ect of Malmquist bias in any case. It is thus unlikely that improper
Malmquist bias correct ions st rongly a� ect the value of � I obtained from POT IR A S.

An important di� erence between V EL M OD and POT ENT is the Gaussian smoothing scales employed, 300 and
1200 km s� 1 respect ively. These very di� erent smoothings could result in di� erent values of � I if the e� ect ive
bias parameters on these scales are di� erent . In order to reconcile V EL M OD and POT IR A S, we would need the
e� ect ive bias parameter to decrease by a factor of 1:7 between scales of 300 and 1200 km s� 1. Such a scale-
dependent biasing has been suggested by the galaxy format ion models of Kau� man et al. (1996), but Weinberg
(1995) and Jenkins et al. (1996) do not � nd these t rends. A recent analysis by Nusser & Dekel (1997) using a
spherical harmonic expansion of the velocity � eld � nds � I = 1:0 for 1200 km s� 1 smoothing, but only 0.6 for
600 km s� 1 smoothing, approaching the value we have found in this paper. Such a change of � I with smoothing
scale could signal scale-dependent biasing.

St ill another di� erence is the volume considered. We have rest ricted this analysis to cz � 3000 km s� 1 (x 4),
whereas the analysis of Sigad et al. (1997) extends to 6000 km s� 1; only � 1=3 of the points used fall within
3000 km s� 1. If, for whatever reason, bI di� ered locally from its global value, the V EL M OD result could be biased
low. In a future paper we will extend the V EL M OD analysis to larger distances; however, our preliminary results
do not show an increase in � I when we do so. In addit ion to probing a larger volume, the Sigad et al. analysis
uses the full Mark II I sample, ellipt icals included; the possibility of systemat ic di� erences between the TF
subset we have used in this paper, and the full sample, is di� cult to rule out . Finally, it is conceivable that
the requirement of pre-calibrat ing TF relat ions (POT ENT ), as opposed to calibrat ing them simultaneously with
� t t ing the velocity � eld (V EL M OD and Method II generally) accounts for part of the discrepancy. However, � xing
the V EL M OD TF parameters at their Mark II I values has essent ially no e� ect on the derived value of � I (x 4.7).
This st rongly argues against the not ion that a major di� erence between V EL M OD and POT IR A S is the TF relat ions
themselves.

6.1.2. The e� ect of cosmic scatter

The sphere out to 3000 km s� 1 is small; the rms value of density 
 uctuat ions within spheres of this radius
is 20% for COBE-normalized CDM. However, this does not propagate to a cosmic scat ter error on our derived
� I , for two reasons. First , the IRAS velocity � eld is determined within a sphere of radius 12,800 km s� 1, within
which the rms 
 uctuat ions are only a few percent . Thus the peculiar velocity � eld is subject to very lit t le
cosmic scat ter. Second, this scat ter primarily manifests itself as a monopole term (cf. the discussion in x 4.4),
and therefore is fully absorbed into the zero-points of the TF relat ions (x 3.3), having no e� ect on the derived
value of � I .

6.2. D o t he IRAS and T F Veloci t y F ields A gr ee?

An important conclusion of this paper is that the agreement between the predicted and observed peculiar
velocity � elds is sat isfactory (x 5), as it must be if the result ing est imate of � I is to be believed. This agree-
ment is consistent with the hypothesis that gravitat ional instability theory correct ly describes the relat ionship
between the peculiar velocity and mass density � elds. It also suggests that the linear biasing model, Eq. (2),
is a reasonable descript ion of the relat ive dist ribut ion of IRAS galaxies and all gravitat ing mat ter Gaussian
smoothed at 300 km s� 1:
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6.2.1. Comparison with Davis, Nusser, & Wil lick (1996)

DNW reached a di� erent conclusion. Comparing the IRAS and TF velocity � elds with a Method II approach,
( IT F; cf. x 2.1) DNW found that the � elds do not agree at a stat ist ically acceptable level. In part icular, a � 2

stat ist ic result ing from a mode-by-mode comparison of the IRAS and IT F velocity � elds was found to be 100 for
55 degrees of freedom.15 DNW argued that the excessive value of their � 2 stat ist ic resulted primarily from a
dipole in the TF velocity � eld that growswith scale, a feature not seen in the IRAS predict ions. They caut ioned
that , as a result , their maximum likelihood value of � I � 0:5 was not necessarily meaningful.

Why do we � nd agreement between the TF and IRAS data, while the IT F analysis of DNW did not? We
cannot answer this quest ion with assurance, but we can suggest two likely causes of the discrepancy. First , the
IT F analysis requires that the raw magnitude and velocity width data of the di� erent samples be placed on a
single, uniform system. This was achieved by applying linear t ransformat ions to the magnitudes and widths
of each sample (Willick et al. 1997). Such a procedure in e� ect links together the TF zero points of samples
that probe di� erent volumes. Any systemat ic error in matching the data sets will manifest itself in spurious
large-scale mot ions; in part icular, the scale-dependent , dipolar 
 ow found by DNW (see, for example, their
Figures 12 and 13) is fully degenerate with a zero-point error in the relat ive TF calibrat ions of Southern and
Northern sky samples. Second, DNW extended their IT F analysis to 6000 km s� 1, whereas we have rest ricted
our analysis to czLG � 3000 km s� 1: In so doing, they (like POT IR A S) incorporated several Mark II I TF samples
(W91CL, HMCL, W91PP, CF) not included in the V EL M OD analysis. It ispossible that IRAS and Mark II I agree
locally, but progressively disagree at larger distances. Alternat ively, the possible zero point errors ment ioned
above could a� ect mainly those Mark II I samples used by DNW but not included here, given the agreement
we found between the MAT and A82 distances with the V EL M OD calibrat ions (x 4.7).

Since we believe that the DNW discrepancy between the IRAS and TF velocity � elds may well be a result
of systemat ic errors incurred in matching data sets, an e� ect to which V EL M OD is insensit ive, we are inclined to
give more weight to our present conclusion that the IRAS{ TF agreement is sat isfactory. However, if in fact the
matching of data sets by DNW is validated by ongoing observat ions aimed at providing reliable North-South
homogenizat ion (cf. St rauss1996b), it will be di� cult to escape their conclusion that the predicted and observed
velocity � elds do not agree on large scales. In that case, it will be necessary to reexamine the conclusions of
this paper with regard to the value of � I :

6.2.2. The Role of the Quadrupole

Our conclusion that the predicted and observed velocity � elds agree also depends on the validity of our
adopted external quadrupole. Figure 19 shows that only with the quadrupole does our goodness of � t stat ist ic
� 2

� take on acceptable values. We argue in Appendix B that the 3.3% residual quadrupole we see is most ly
due to the systemat ic di� erence between the t rue and Wiener-� ltered IRAS density � eld on large scales. The
residual quadrupole in the mock catalogs is appreciably smaller, < 1%, but this can be understood in terms of
the di� erent amount of power on intermediate scales (2 � =k � 100 h� 1 Mpc) in the mock catalog and the real
universe. Thus, the presence of the quadrupole residual is not evidence for a breakdown of our assumpt ions of
gravitat ional instability theory and linear biasing.

6.3. Wha t is t he value of 
 ?

Measuring � = 
 0:6=b is an important object ive of velocity analysis. Of course, the more important object ive
is determinat ion of 
 it self. There are, broadly speaking, two ways to proceed.

15 N ote th at un l i ke th i s pap er, D N W assumed a T F scatte r a pr i or i , w h i ch al l ow s th em to de� ne a goodness of � t d i re ctl y f ro m th ei r � 2 ; cf . th e d i scussi on i n x 2.2.2.
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6.3.1. Nonlinear Analysis

One may at tempt to break the degeneracy between 
 and biasing by extending gravitat ional instability
theory to the nonlinear dynamical regime. In an earlier phase of the V EL M OD project , we at tempted to do this;
very preliminary results of this e� ort were described in SW, x 8.1.2. In brief, the IRAS reconst ruct ion was done
as described in Appendix A, but a nonlinear generalizat ion of Eq. (1),

v (r ) =
f (
 )
4 �

Z
d3r 0 (1 + a2� )� [� g(r 0); b] + a�

1 + a� [� g(r 0); b]
(r 0� r )

jr 0� r j3
; (27)

wasused to derive peculiar velocit ies from the redshift survey density � eld � g: In Eq. (27), a = 0:28 and � �


� 2�

is the mean square value of � (Ganon et al. 1995; cf., Nusser et al. 1991). Note that the mass 
 uctuat ion �
is writ ten as a generic funct ion of � g and b; rather than simply as � g=b: This is because once we generalize to
nonlinear dynamics, we must allow for the possibility of nonlinear biasing as well. There are many ways one
might imagine doing this (SW, x 2.5; Fry & Gazta~naga 1993). Generically, however, all these complicat ions can
be expanded to second order to yield a correct ion to Eq. (3):

v (r ) =
�

4 �

Z
d3r 0 [� g(r 0) + 
 (� 2

g(r ) � � )](r 0� r )

jr 0 � r j3
: (28)

where 
 parameterizes the combined e� ects of nonlinear dynamics and nonlinear biasing.
We carried out a suite of V EL M OD runs using predicted peculiar velocit ies based on Eq. (28) for a range of

values of 
 , both posit iveand negat ive. Our hope was that the V EL M OD likelihood stat ist ic would be signi� cant ly
lower for some value of 
 than for the pure linear case. However, to our surprise, we found that the linear
dynamics/ linear biasing reconst ruct ion (
 = 0) gives the best likelihood of all. We are not certain as to why
this is. Nonlinear dynamics must enter to some degree, because we know for a fact that � g is not everywhere
� 1; and indeed can be quite large with our small smoothing. (We of course do not know whether nonlinear
biasing is important .) Nevertheless, the small scat ter between the t rue and IRAS predicted peculiar velocity
� elds for the mock catalogs (x 3.2) con� rms that the linear IRAS velocity � eld, smoothed on a 300 km s� 1 scale,
is a good match to actual peculiar velocit ies that arise from gravitat ional instability, at least in an N -body
simulat ion.

A possible explanat ion of this seeming cont radict ion is as follows. Our method for predict ing peculiar veloc-
it ies (Appendix A) entails assigning a smooth, cont inuous density � eld from discrete redshift survey data| a
procedure which takes into account the probability dist ribut ion of distance given redshift (Eq. A2), smooths the
data with a 300 km s� 1 Gaussian, and applies a Wiener � lter| and thus reduces small-scale density enhance-
ments. In doing so, thisprocedure mimicsqualitat ively thee� ectsof nonlinear correct ionsto thevelocity-density
relat ion. The good match between the IRAS predict ions and the actual peculiar velocit ies suggests that this
mimicry is in fact fortuitously good, to the degree that formal nonlinear correct ions are unnecessary.

6.3.2. Constraining 
 from Independent Estimates of bI

The second way to est imate
 ; given our measurement of � I ; is to const rain bI using independent informat ion.
If biasing is independent of scale (cf. the discussion in x 6.1.1), then bI is the rat io of the rms 
 uctuat ions of
IRAS galaxies on an 8h� 1 Mpc scale, � 8(IRAS); to the corresponding mass density 
 uctuat ions, � 8: Fisher et
al. (1994a) found that � 8(IRAS) = 0:69 � 0:04 in real space. It follows that � I can be viewed as a predict ion
of � 8 for a given value of 
 :

� 8 =
(0:69 � 0:04) � I


 0:6 : (29)
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Fig. 20.| Predict ions of � 8 as a funct ion of 
 for open ( left panel) and 
 at ( r ight panel) universes. T he lines sloping up and t o t he r ight show t he

COBE-normalized CDM values of � 8 as a funct ion of 
 ; for four values of t he Hubble const ant , 55, 65, 75, and 85 km s� 1 M pc� 1 ; under t he assumpt ion

of a scale-invar iant pr imordial power spect rum. T he line sloping down and t o t he r ight shows t he result from t his paper , � 8 = 0:69� I =
 0: 6 : T he shaded

region represent s t he 1-� uncer t aint y in our value of � I :

An ent irely independent (though highly model-dependent) way to predict � 8 as a funct ion of 
 is to use COBE-
normalized power spect ra for a range of cosmological parameters. Liddle et al. (1995, 1996) have presented
� t t ing funct ions that provide the normalizat ion of CDM power spect ra, in open and 
 at cosmologies, as a
funct ion of 
 ; 
 � ; the Hubble parameter h � H0=(100 km s� 1 Mpc� 1); and the primordial power spect rum
index n; based on the four-year COBE observat ions (Bennet t et al. 1996; G�orski et al. 1996). Eke, Cole, &
Frenk (1996) used these � t t ing funct ions to obtain � 8 by direct integrat ion of the Liddle et al. power spect ra,
and have kindly provided us with their code for doing this calculat ion. We may thus const rain � 8 by comparing
the V EL M OD and COBE/ CDM predict ions of its value, and requiring that they agree to within the errors. This
will be the case only for a limited range of 
 (the \ concordance range" ). We emphasize, however, that the
discusion to follow depends on two uncertain assumpt ions: � rst , that the CMB 
 uctuat ionsmeasured by COBE
can be reliably ext rapolated down to 8h� 1 Mpc scales; and second, that the bias parameter is scale-independent
from 3h� 1 to 8h� 1 Mpc.

In Figure 20, we compare the two const raints on � 8 for a scale-invariant (n = 1) power spect rum. The
left hand panel shows results for an open (i.e., � = 0) universe, and the right hand panel for a spat ially 
 at
(
 + 
 � = 1) universe. The COBE/ CDM predict ions (solid lines labeled with the valuesof theHubble constant )
and the const raint from Eq. (29) (shaded region) scale very di� erent ly with 
 , so that the two together give
st rong const raints on � 8 and thus 
 : The shaded region represents the combined V EL M OD error on � I and the
error in � 8(IRAS) from Fisher et al. (1994a). We do not show corresponding error regions for the COBE/ CDM
predict ions which result from uncertainty in the COBE normalizat ion, because the error in the predicted � 8 is
in fact dominated by the allowed range of H0; which we take to be 55 � H0 � 85 km s� 1 Mpc� 1 based on a
number of recent measurements (Sandage et al. 1996; Freedman 1996; Riess, Press, & Kirshner 1996; Mould et
al. 1996; Tonry et al. 1997; Kundi�c et al. 1996).

Figure 20 gives the following const raints for n = 1. For an open model, the concordance range is 
 = 0:28{
0:46 with the low (high) value corresponding to the highest (lowest ) value of H0 considered. For the 
 at model,
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it is 
 = 0:16{ 0:34: Expressed in terms of the IRAS bias parameter, these ranges correspond to bI = 0:92{ 1:38
(open) and bI = 0:68{ 1:11 (
 at ). We also considered n 6= 1 
 at models. For example, with n = 0:9 the
concordance ranges are 
 = 0:19{ 0:40; and 0:21{ 0:45; depending respect ively on whether tensor 
 uctuat ions
are not , or are, included in the COBE normalizat ion (Liddle et al. 1996b). The corresponding bias parameters
are bI = 0:74{ 1:21 and bI = 0:80{ 1:29:

Two salient points follow from this comparison. First , if H0 � 60 km s� 1 Mpc� 1; the concordance range
for the 
 at , n = 1 models requires 
 <� 0:30; implying 
 �

>� 0:70: However, studies of gravitat ional lensing
have placed an upper limit of 
 � � 0:65 at 95% con� dence (Maoz & Rix 1993; Kochanek 1996), while a
recent analysis of intermediate-redshift Type Ia Supernovae (Perlmut ter et al. 1996) indicates 
 � � 0:50
at 95% con� dence (both of these const raints apply when a 
 at universe is assumed). This cont radict ion
consitutes evidence against a 
 at universe with a scale-invariant primordial power spect rum index and H0 �
60 km s� 1 Mpc� 1: If n < 1:0; one can more easily accommodate 
 at universes with 
 � < 0:65; provided
the Hubble constant is <� 70 km s� 1 Mpc� 1: The second point is that the combined V EL M OD and COBE/ CDM
predict ionsof � 8 areext remely di� cult to reconcilewith an Einstein-deSit ter universefor most reasonablevalues
of the remaining cosmological parameters. If one assumes n � 0:9; a Hubble constant <� 30 km s� 1 Mpc� 1; far
below current observat ional limits, would be required for the concordance range to include 
 = 1: Alternat ively,
if H0 = 50 km s� 1 Mpc� 1; one would require a primordial power spect rum index n = 0:7 and tensor 
 uctuat ion
cont ribut ions to the CMB anisot ropies. Such a power-spect rum index is at the lowest end of the range current ly
considered plausible in in
 at ionary universe scenarios (e.g., Steinhardt 1996).

6.4. Sum mar y

We have described a new maximum likelihood method, V EL M OD , for comparing Tully-Fisher data with pre-
dicted peculiar velocity � elds from redshift surveys. We implemented the method for a czLG � 3000 km s� 1 TF
subsample from the Mark II I catalog (Willick et al. 1997), and velocity � elds predicted from the 1.2 Jy IRAS
redshift survey (Fisher et al. 1995). The velocity � eld predict ion is dependent on the value of � I � 
 0:6=bI ;
where bI is the bias parameter for IRAS galaxies at 300 km s� 1 Gaussian smoothing. We maximized likelihood
with respect to � I ; the parameters of the TF relat ion, and several other velocity parameters.

We applied our method to 20 mock Mark II I and IRAS catalogs const ructed to mimic the propert ies of the
real data. The mock catalogs were drawn from an 
 = 1 N -body simulat ion and were const ructed to ensure
bI = 1: Thus, the mock catalogs sat isfy � I = 1: Our V EL M OD runs with the twenty mock catalogs returned a
mean value of � I = 0:984 � 0:018; consistent with the statement that V EL M OD yields an unbiased value of � I :
In addit ion, our mock catalog tests enabled us to assign reliable 1-� errors to our est imates of � I ; and showed
that our other derived parameters, including those of the TF relat ion and the small-scale velocity noise, are
also unbiased. Because the mock catalogs came from an 
 = 1 universe, t riple valued zones in the mock Virgo
region were st rong, but were properly handled by the V EL M OD analysis.

When V EL M OD was applied to the real Mark II I data, a considerably smaller value of � I was derived. If we
assume that the IRAS-predicted velocity � eld fully describes the actual one, we obtain � I = 0:563 � 0:074:
However, the residuals from this � t were largeand coherent ; � t t ing them by a quadrupolar 
 ow gavea maximum
likelihood value of � I = 0:492 � 0:068. The quadrupole points toward the Ursa Major cluster, and has an rms
amplitude of 3.3% of the Hubble 
 ow. In Appendix B, we show analyt ically that a quadrupole of this amplitude
is expected given the way that we smooth the density � eld; it s presence is not a sign that the IRAS galaxies
do not t race the mass responsible for the local 
 ow � eld. An analysis of the � t residuals demonst rated that the
IRAS-predicted peculiar velocity � eld, with the external quadrupole, provides a stat ist ically acceptable � t to
the TF data within 3000 km s� 1. The data are thus consistent with the hypothesis that the peculiar velocit ies
are due to the gravitat ional e� ects of a mass dist ribut ion that is proport ional to the IRAS galaxy dist ribut ion.
We also � nd that the data are consistent with a very quiet 
 ow � eld; the one-dimensional rms noise in the
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velocity � eld relat ive to the IRAS model is 125 � 20 km s� 1:
The value of � I obtained here may also be thought of as a measurement of the rms mass density 
 uctuat ions

� 8 as a funct ion of 
 : Similarly, COBE-normalized CDM power spect ra predict a value of � 8 as a funct ion of 

and other cosmological parameters. If we require that the V EL M OD and COBE-normalized calculat ionsagree, we
can const rain the value of 
 : For scale invariant , � = 0 universes, we derive the const raints 0:28 <� 
 <� 0:46 for
for 85 >� H0

>� 55 km s� 1 Mpc� 1: For scale-invariant , 
 at universes we � nd 0:16 <� 
 <� 0:34 for the same range of
H0: The const raintson 
 shift to higher values (x 6.3.2) if the primordial power spect ra are \ t ilted," n < 1; and
if tensor 
 uctuat ions are present . However, both ext reme t ilt (n � 0:7) and a Hubble constant at the lowest
end of the observat ionally allowed range (H0 � 50 km s� 1 Mpc� 1) would be required to reconcile these results
with an Einstein-de Sit ter universe.

The conclusions of the previous paragraph all rest , of course, on the validity of our measurement of � I :
Tests with mock catalogs show that , subject to our basic assumpt ions, this measurement is reliable to within
the quoted errors. We have ident i� ed two ways these assumpt ions can break down. First , the e� ect ive bias
factor bI could depend on scale. In that case, our measurement of � I ; which re
 ects a 300 km s� 1 Gaussian
smoothing scale, might not be the same as a measurement obtained at larger smoothing; it would not then be
valid to equate the est imate of � 8 obtained from Eq. 29 with the COBE/ CDM predict ion. Second, although we
have found agreement between the predicted and observed peculiar velocit ies within 3000 km s� 1, DNW found
disagreement on larger scales. If the DNW result is validated by future observat ions (St rauss 1996b) aimed at
improved TF calibrat ion across the sky, our present claim of TF-IRAS agreement will be undermined.

There are several areas for further work. One, alluded to in several places in this paper, is to extend our
analysis to larger redshift , using both the forward and inverse forms of the TF relat ion. This can be done both
the Mark II I data, and with the extensive new TF (Mathewson et al. 1994; Giovanelli et al. 1997) and Dn-�
(Saglia et al. 1996) samples that are being compiled. We should also consider extending this work to other
distance indicators; surface brightness 
 uctuat ion galaxies (Tonry et al. 1997), with their accurate sampling of
the nearby velocity � eld, are natural candidates for the V EL M OD analysis. On the modeling side, this work has
left us with several conundrums, the most puzzling of which is why the linear IRAS model does so well with
a smoothing scale of 300 km s� 1. More work is needed with N -body simulat ions to understand this. Finally,
we will not have a coherent picture of the relat ionship between the velocity and density � elds unt il we can
understand the di� erent values of � I obtained by V EL M OD and POT IR A S.
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project , as well as the support of the ent ire Mark II I team: David Burstein, St�ephane Courteau, and Sandra
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Fellowship. This work was supported in part by the US Nat ional Science Foundat ion grant PHY-91-06678,
the US-Israel Binat ional Science Foundat ion grants 92-00355 and 95-00330, and the Israel Science Foundat ion
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A . T he IRAS Veloci t y -D ensi t y Reconst r uct ion

Theredshiftsof galaxiesin the IRAS samplearea� ected by thesamepeculiar velocit iesthat one isat tempt ing
to measure in the Mark II I dataset . If we measure redshifts cz in the rest frame of the Local Group, then:

cz = r + r̂ � [v (r ) � v (0)] ; (A1)

where v(0) is the peculiar velocity of the Local Group, and v (r ) is the peculiar velocity at posit ion r : Indeed,
because the galaxy density � eld showscoherence, the galaxy density � eld measured in redshift space � g(s) di� ers
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systemat ically from that in real space, � g(r ), as was � rst described in detail by Kaiser (1987; cf., SW; St rauss
1996a for reviews). Linear perturbat ion theory assuming gravitat ional instability enable us to correct for the
e� ects of these velocit ies. We use here the iterat ion technique described by Yahil et al. (1991) and St rauss et
al. (1992c), as updated by Sigad et al. (1997). The density and velocity � eld are calculated within a sphere
of radius 12,800 km s� 1; the density 
 uctuat ion � eld is assumed to be zero beyond this radius. Here we very
brie
 y reiterate the improvements described in the Sigad et al. paper, and emphasize certain di� erences from
the approach there.

In regions in which the IRAS velocity � eld model predicts a non-monotonic relat ion between redshift and
distance along a given line of sight , it becomes ambiguous how to assign a distance to a galaxy given its redshift
(Figure 1). Our approach is similar to that used throughout this paper: we use our assumed density and
velocity � eld to calculate a probability dist ribut ion of a galaxy along a given line of sight .

Along a given line of sight , we ask for the joint probability dist ribut ion of observing a galaxy along a given
line of sight , with redshift cz, 
 ux density f and (unknown) distance r :

P(cz; f ; r ) = P(czjr ) � P(f jr ) � P(r ) ; (A2)

compare with Eq. (5). The � rst term is given by our velocity � eld model along the line of sight , and is thus
given by Eq. (9). For the iterat ion code, we set � v = 150 km s� 1, independent of posit ion, similar to the best
� t value we � nd when we � t for � v from the velocity � eld data.

The second term is given by the luminosity funct ion of galaxies:

P(f jr ) = � (L = 4 � r 2� f )
dL
df

/ r 2� (L ) ; (A3)

where the derivat ive is needed because the probability density is de� ned in terms of f , not L :16 Finally, the
third term in Eq. (A2) is given by the galaxy density dist ribut ion along the line of sight , Eq. (8).

As described in Sigad et al. (1997), the calculat ions of the velocity and density � elds are done on a Cartesian
grid. Our approach therefore is to assign each galaxy to the grid via cloud-in-cell (weight ing by the select ion
funct ion, of course), where (unlike Sigad et al. 1997) we dist ribute each galaxy along the line of sight according
to the dist ribut ion funct ion of expected distance, Eq. A2. In order to calculate the select ion funct ion for an
object , we of course need to have a de� nite posit ion for it ; for this purpose, we assign it the expectat ion value
of its distance, following Sigad et al. (1997):

hr i =
R

r P(cz; f ; r ) dr
R

P(cz; f ; r ) dr
: (A4)

Sigad et al. (1997) discuss the use of various � ltering techniques to suppress the shot noise in the derived
density and velocity � elds. While they argue for the use of a power-preserving � lter for the comparison of the
IRAS and POT ENT density � elds, we have found through extensive experimentat ion with mock catalogs that
for the V EL M OD analysis, a Wiener � lter gives the best comparison between the density � eld and the peculiar
velocity data.

Finally, we found that when the iterat ion technique was run to values of � >� 1, the density � eld became
unstable in the regions around t riple-valued zones, oscillat ing between iterat ions. We were able to suppress
these by averaging the derived density � eld at each iterat ion with that of the iterat ion preceding it . This has
no st rong e� ect on the derived density � eld for � < 1.

16 Eq. (1 44) of Stra uss & W i l l i ck (1 995) m ista ken l y l ef t o� th i s l ast te rm .

42



B . T he Residua l Quadr up ole

In this Appendix, we calculate the expected amplitude of the velocity quadrupole generated by density

 uctuat ions both external to the IRAS sample (i.e., outside of R = 12; 800kms� 1), and internal to it , due to
the di� erence between the t rue density � eld and the noisy, smoothed est imat ion of the density � eld we have
from the IRAS redshift survey. The IRAS excluded zone is another potent ial source of quadrupole error, but
it is � lled in by interpolat ion from regions above and below the excluded zone (Yahil et al. 1991), a procedure
which agrees well with a mult ipole interpolat ion procedure based on spherical harmonics, at least for the 10�

wide IRAS zone of avoidance (Lahav et al. 1994).

B .1. T he Quadr up ole I nduc ed by Fluct uat ions B eyond t he IRAS Volum e

We express peculiar velocity in terms of a potent ial funct ion � (r ), such that the radial component of the
velocity � eld is given by u(r ) = � @� =@r: We will isolate the quadrupole component of this potent ial, and
calculate its angle-averaged rms cont ribut ion.

The cont ribut ion to � from material at distances > R is given by

� (r ) = �
f (
 )
4�

Z

jr 0j> R
d3r 0 � (r 0)

jr � r 0j
: (B1)

Here, � is the mass, not the galaxy, density 
 uctuat ion. We now expand the denominator in the integrand in
terms of spherical harmonics (e.g., Jackson 1976, Eq. 3.70) and isolate the quadrupole term to obtain

� Q(r ) = �
f (
 )r 2

5

2X

m= � 2

Y2m (! )
Z 1

R

dr 0

r 0

Z
d! 0� (r 0) Y �

2m (! 0) : (B2)

where ! is solid angle. Taking the radial component of the quadrupole velocity uQ = � @� Q=@r , squaring, and
averaging over solid angle gives, after several steps of algebra:

u2
Q;r ms(r ) =

1
4�

Z
d! u2

Q(r )

=
�

2f (
 )r
5

� 2 X

mm0

C2mC�
2m0

1
4�

Z
d! Y2m (! )Y �

2m0(! ) =
�

2f (
 )r
5

� 2 1
4�

X

m
jC2m j2 ; (B3)

where the last step follows from the orthonormality of the Ylm 's, and for convenience we have de� ned the � ve
complex coe� cients

C2m [R; � ] �
Z 1

R

dr 0

r 0

Z
d! 0� (r 0) Y �

2m(! 0) : (B4)

The expectat ion value of jC2m j2 is independent of m, so when we take the expectat ion value of Eq. (B3), we
can replace the sum with 5 t imes



C2

20
�
:

hu2
Q;r ms(r )i =

�
2f (
 ) r

5

� 2

�
5

4�
hC2

20i : (B5)

Using the de� nit ion of Y20 in terms of the second Legendre polynomial P2 in Eq. (B4) and Eq. (B5) gives

D
u2

Q;r ms(r )
E

= (f (
 ) r )2
Z 1

R

dr 1

r 1

Z 1

R

dr 2

r 2

Z 1

� 1

Z 1

� 1
d� 1d� 2 P2(� 1)P2(� 2) � (jr 2 � r 1j) : (B6)
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Expressing the correlat ion funct ion � as the Fourier Transform of the power spect rum P(k) (e.g., SW, Eq. 46)
allows the integrals over r 1 and r 2 to separate. This yields

hu2
Q;r ms(r )i =

(f (
 ) r )2

(2� )3

Z
d3k P(k) fW 2(kR) ; (B7)

where the kernel is given by

fW(kR) =
Z 1

R

dr
r

Z 1

� 1
d� eik r � P2(� ) = � 2

Z 1

R
dr

j 2(kr )
r

=
2 j 1(kR)

kR
; (B8)

and j n is the n-th order spherical Bessel funct ion. Comparison of Eqs. (B7) and (B8) with Eqs. (37) and (38)
of SW allows us to recast our result as

r � 1
D
u2

Q;r ms(r )
E1=2

=
2f (
 )

3
� R (B9)

for the expected rms quadrupole velocity on a sphere due to mass density 
 uctuat ions at distances > R;
expressed as a fract ion of Hubble 
 ow. Here � 2

R is the variance in the mass overdensity within spheres of
radius R: As ment ioned in the text , this gives a fract ional quadrupole of the order of 1-2% for a variety of
COBE-normalized power spect ra.

B .2. T he E� ect s of Wi ener F i l t er ing and Shot N oise

The Wiener � lter operates on the Fourier Transform of the IRAS density � eld. The � nal density � eld di� ers
from the t rue density � els for two reasons: the discreteness of the galaxy dist ribut ion gives rise to shot noise,
and the Wiener � lter, while suppressing shot noise, also suppresses the density � eld itself. We calculate the
cont ribut ion to the quadrupole from both e� ects.

Let ~� T (k ) represent the t rue Fourier component of the underlying (noiseless) density � eld at wavevector k ;
the quant ity with which we calculate the velocity � eld is the Wiener-� ltered noisy image, whose Fourier modes
are given by:

~� (k ) = h(k; r )[~� T (k ) + � (k)] ; (B10)

where the Wiener � lter itself is (e.g., Zaroubi et al. 1995):

h(k; r ) =
P(k)

P(k) + (n1� (r )) � 1 ; (B11)

and P(k) is set a priori ; we used a funct ional � t to the IRAS power spect rum found by Fisher et al. (1993).
The noise term in the denominator of the Wiener � lter is independent of k (cf., Fisher et al. 1993; SW, x 5.3);
however, it is dependent on the density of galaxies, which is a decreasing funct ion of distance in the 
 ux-limited
IRAS sample. As explained in Sigad et al. (1997), we therefore calculate a series of Wiener-� ltered density
� elds for di� erent noise levels, and interpolate between them to � nd the appropriate density � eld at any given
distance.

We wish to calculate the quadrupole due to the error in the derived density � eld, i.e., that due to the
di� erence between Eq. (B10) and ~� T (k ). If we expand the density � eld in Eq. (B4) into its Fourier components,
subst itute this di� erence for each component , and square the result , we � nd the rms cont ribut ion to uQ due to
the Wiener � lter:

D
u2

Q;W iener

E
=

(r f (
 ))2

(2 � )8

Z
d3k1d3k2

Z
d3r 1

r 3
1

d3r 2

r 3
2

P2(� 1)P2(� 2) exp[i (k1 � r 1 � k2 � r 2)]�
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Dh
(h(k1; r 1) � 1)~� T (k1) + h(k1; r 1)� (k1)

i h
(h(k2; r 2) � 1)~� T (k2) + h(k2; r 2)� (k2)

i E
: (B12)

This rather horri� c expression can be simpli� ed by mult iplying out the term in brackets, realizing that the
cross-terms vanish and that

D
~� T (k1)~� T (k2)

E
= (2 � )3PT (k)� D (k1 � k2), where PT (k) is the true underlying

power spect rum, not necessarily the same as that assumed in Eq. (B11). We then get two terms, one depending
on the power spect rum, and the other due to shot noise. For the � rst term, the integralsover r 1 and r 2 separate
to give:

hu2
Q;W iener (r )i =

(f (
 ) r )2

(2� )3

Z
d3k PT (k) fW 2

� (kR) +
D
u2

Q;shot

E
; (B13)

where the new window funct ion is given by

fW� (k; R1; R) = � 2
Z R

R1

dr
j 2(kr )

r
[h(k; r ) � 1)] ; (B14)

compare with Eq. (B8). We integrate from the outer volume of our peculiar velocity sample, R1 = 3000km s� 1;
to R = 12; 800 km s� 1; at smaller radii, the cont ribut ion to the quadrupole goes like r � 2, not r , and this is not
included in our modelling of the quadrupole (Eq. 19). The cont ribut ion to the quadrupole from this term is
between 1.5 and 3%, depending on which model we take for the t rue power spect rum. This is pleasingly close
to the value we � nd for the real universe. The mock catalogs have a power spect rum set by the observed IRAS
power spect rum (of course, with a cuto� at k < 2 � =L), and thus give a somewhat smaller cont ribut ion to this
integral, about 1%.

Let us now calculate the shot noise cont ribut ion to the quadrupole. It is given by:
D

u2
Q;shot

E
=

(r � )2

(2 � )8

Z
d3k1d3k2

Z
d3r 1

r 3
1

d3r 2

r 3
2

P2(� 1)P2(� 2) exp[i (k1 � r 1 � k2 � r 2)] hh(k1; r 1)� (k1) h(k2; r 2)� (k2)i :
(B15)

Not ice now the dependence on � , not 
 ; here we will makeno reference to a COBE-normalized power spect rum.
The Fourier modes are calculated in a box of side L = 25; 600 km s� 1, and therefore are uncorrelated for
� k > 2 � =L . Thus we can write the product of the two shot noise terms as a Dirac delta funct ion:

h� (k1)� (k2)i =
D

� 2(k1)
E�

2 �
L

� 3

� D (k1 � k2) =
�

2 �
L

� 3

� D (k1 � k2)
Z

d3r
1

n1� (r )
; (B16)

the expression for


� 2(k )

�
comes from Fisher et al. (1993). When we insert Eq. (B16) into Eq. (B15), the lat ter

simpli� es dramat ically. The integrals over r 1 and r 2 now separate, giving:

hu2
Q;shot (r )i =

(r � )2

(2 � )3

Z d3k
L 3

� Z
d3r 0 1

n1� (r 0)

�
W 2

shot (k) ; (B17)

where the shot noise window funct ion looks very similar to what we have seen before:

Wshot (k; R1; R) = � 2
Z R

R1

dr
j 2(kr )

r
h(k; r ) : (B18)

Not ice that unlikethe previouscalculat ion, this result is independent of the t ruepower spect rum. If wecalculate
this using the observed IRAS select ion funct ion, integrat ing from 3000 km s� 1 to 12,800 km s� 1, we � nd an rms
quadrupole of r � 1hu2

Q;shot (r )i 1=2 = 1:7 � %.
We conclude that the 3.3% quadrupole found for the real data can be understood as a combinat ion of the

three e� ects discussed here: power on scales larger than the IRAS sample, the Wiener suppression factor, and
shot noise; the Wiener suppression factor is the dominant one of the three. For the mock catalogs, we st ill do
not completely understand why the measured residual quadrupole (< 1%) is smaller than we have calculated
(� 2%).
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C. Pr oper t ies of t he Stat ist ic � 2
�

In x5, we int roduced the stat ist ic � 2
� (Eq. 26) as a measure of the coherence of the residual � eld between the

IRAS and TF data. Here we demonst rate that it has approximately the propert ies of a t rue � 2 stat ist ic, and
indicate how and why it departs from true � 2 behavior.

The measure of residual coherence at separat ion � is

� (� ) =
X

i< j
di j = � � � �

� m;i � m;j (C1)

where dij is the separat ion in IRAS-distance space between objects i and j ; and � m is the normalized magnitude
residual, Eq. (23). The sum runs over the Np(� ) dist inct pairs of objects with separat ion � � � � ; note that a
given object may appear in more than one of these pairs. The hypothesis we wish to test is that the IRAS-TF
residuals are incoherent , which signi� es a good � t on all scales. A formal statement of this condit ion is that the
individual � m;i are independent random variables. Furthermore, the � m have been const ructed to have mean
zero and unit variance. Thus, our hypothesis of uncorrelated residuals implies that the expectat ion value of the
product � m;i � m;j vanishes for i 6= j ; and that the expectat ion value of its square is unity.

It follows that

E [� (� )] =
X

i< j
di j = � � � �

E (� m;i � m;j ) = 0 : (C2)

The variance of � (� ) is

E [� 2(� )] =
X

i< j
di j = � � � �

X

k< l
dk l = � � � �

E (� m;i � m;j � m;k � m;l ) : (C3)

Now, the expectat ion value within the sum will vanish under our assumpt ion of uncorrelated residuals unless
i = k and j = l : (Not ice that we cannot have i = l and j = k because of the ordered nature of the summat ion.)
Thus, the only nonzero terms in Eq. (C3) are ident ical pairs, and it follows that E [� 2(� )] = Np(� ):

Because � (� ) is the sum of Np(� ) random variables each of zero mean and unit variance, we are tempted
to suppose that , by the cent ral limit theorem, its dist ribut ion is Gaussian with mean zero and variance Np(� )
when Np(� ) is large. Indeed, for the 200 km s� 1 bins used in its const ruct ion (cf. x5.2), Np is typically >� 104:
And, as shown in the previous paragraph, � (� ) does indeed have mean zero and variance Np(� ): One may also
ask about the correlat ion among the � (� ) for di� erent � : Speci� cally, one may compute

E [� (� 1)� (� 2)] =
X

i< j
di j = � 1 � � �

X

k< l
dk l = � 2 � � �

E (� m;i � m;j � m;k � m;l ) : (C4)

Now, it is possible to have i = k within this sum. However, because � 1 6= � 2; if i = k then j 6= l : Similarly,
one may have j = l ; but in that case i 6= k: Thus, all of the individual expectat ion values in the sum vanish,
and we � nd E [� (� 1)� (� 2)] = 0: To the extent the above considerat ions hold, the � (� i ) are independent Gaussian
random variables of variance Np(� i ): It then follows that the stat ist ic � 2

� is dist ributed like a � 2 variable with
M degrees of freedom. This is the stat ist ic proposed in the main text as a measure of goodness of � t .

However, the cent ral limit theorem applies only to sums of independent random variables. The individual
products � m;i � m;j which enter into � (� ) are uncorrelated in the speci� c sense E (� m;i � m;j )E (� m;k � m;l ) = � K

i; k � K
j ;l

(where � K is the Kronecker-delta symbol). However, they are not st rict ly independent from one another. This
is because the same object can occur in more than one pair at a given � : We thus expect the cent ral limit to
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apply only approximately, and the � (� ) as a result are not st rict ly Gaussian. As a result , � 2
� cannot be a t rue

� 2 stat ist ic.
Furthermore, just as a single object appears in many pairs at a given � ; it can appear in pairs at di� erent

� as well. Suppose object i cont ributes to both � (� 1) and � (� 2): Then the lat ter are not st rict ly independent ,
even though the expectat ion value of their product vanishes, as shown above. This factor, too, will result in a
departure from � 2 behavior.
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TA BL E 1
Compari son of T r ue Para met ers wit h M eans f r om V EL M OD A nal yses of M ock Cat al ogs

Q uanti t y I npu t Value M ock Re su l ts a T y p i cal E rro r b

� I 1.0 0:984 � 0:017 0.08
� v 147 149 � 5 20 k m s� 1

w L G ; x
c 89 � 8 77 � 12 54 k m s� 1

w L G ; y
c � 51 � 10 � 50 � 14 63 k m s� 1

w L G ; z
c � 57 � 9 � 55 � 10 45 k m s� 1

bA 82 10.0 10:12 � 0:08 0.36
A A 82 � 13:40d � 13:44 � 0:02 0.09

� T F ; A 82 0.45 0:460 � 0:006 0.026
bM A T 6.71 6:68 � 0:05 0.22
A M A T � 5:86d � 5:92 � 0:02 0.09

� T F ; M A T 0.42 0:419 � 0:003 0.013

a Erro rs gi ven are i n th e m ean.
b Erro rs i n a si ngl e re al i zati on .
c C arte si an coord i nate s de� ned by G alacti c coord i nate s.
d T hese tru e zero p oints d i � er f ro m th ose re p orte d by K olatt

et al. (1 996), T ab le 1, b ecause th ey m easure d d i sta nces i n M p c,
w here as we use k m s� 1 .

TA BL E 2
Numeri cal Resul t s f r om V EL M OD anal ysis of Real Dat a

Q uanti t y Value C om m ents

V Q (1 ; 1) 37 k m s� 1 at 2000 k m s� 1 ; cf . Eq. 19
V Q (2 ; 2) 36 k m s� 1 "
V Q (1 ; 2) 15 k m s� 1 "
V Q (1 ; 3) 113 k m s� 1 "
V Q (2 ; 3) � 24 k m s� 1 "

� v 125 k m s� 1

w L G ; x � 30 k m s� 1

w L G ; y � 10 k m s� 1

w L G ; z 30 k m s� 1

bA 82 10:36 � 0:36 10:29 � 0:22 (M ark I I I val ue)
A A 82 � 5:96 � 0:09 � 5:95 � 0:04 (M ark I I I val ue)

� T F ; A 82 0:464 � 0:026 0:47 � 0:03 (M ark I I I val ue)
bM A T 7:12 � 0:22 6:80 � 0:08 (M ark I I I val ue)
A M A T � 5:75 � 0:09 � 5:79 � 0:03 (M ark I I I val ue)

� T F ; M A T 0:453 � 0:013 0:43 � 0:02 (M ark I I I val ue)
� I 0:492 � 0:068 W i th Q uadru p ole
� I 0:563 � 0:074 W i th ou t Q uadru p ole
� I 0:489 � 0:084 A 82 data on l y
� I 0:498 � 0:107 M AT data on l y
� I 0:453 � 0:093 0 < czL G � 1350 k m s� 1

� I 0:495 � 0:133 1350 < czL G � 2150 k m s� 1

� I 0:573 � 0:142 2150 < czL G � 3000 k m s� 1

� I 0:521 � 0:050 w L G = 0; � v � x ed to 250 k m s� 1

� I 0:491 � 0:045 w L G = 0; � v � x ed to 150 k m s� 1

� I 0:544 � 0:071 W i th Q uadru p ole; 500 k m s� 1 sm ooth i ng
� I 0:635 � 0:083 W i th ou t Q uadru p ole; 500 k m s� 1 sm ooth i ng
� I 0:510 � 0:038 T F para m ete rs � x ed at M ark I I I val ues; w i th quadru p ole
� I 0:517 � 0:039 T F para m ete rs � x ed at M ark I I I val ues; w i th ou t quadru p ole

W e d id not do a l i kel i hood searc h i n para m ete r space to � nd form al erro r bars on quanti ti es
oth er th an � I . E rro r esti m ate s for th e T F para m ete rs com e f ro m avera ging over th e m ock
cata l og V EL M OD ru ns; see T ab le 1.
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