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ABSTRACT

Gravitational lenses can provide crucial information on the geometry of the Universe, on the cos-
mological scenario of formation of its structures as well as on the history of its components with
look-back time. In this review, I focus on the most recent results obtained during the last five years
from the analysis of the weak lensing regime. The interest of weak lensing as a probe of dark matter
and the for study of the coupling between light and mass on scales of clusters of galaxies, large
scale structures and galaxies is discussed first. Then I present the impact of weak lensing for the
study of distant galaxies and of the population of lensed sources as function of redshift. Finally, I
discuss the potential interest of weak lensing to constrain the cosmological parameters, either from
pure geometrical effects observed in peculiar lenses, or from the coupling of weak lensing with the
CMB.
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1 INTRODUCTION

Matter intervening along the light pathes of photons causes a displacement and a distortion of ray
bundles. The properties and the interpretation of this effect depend on the projected mass density
integrated along the line of sight and on the cosmological angular distances to the observer, the
lens and the source.
The sensitivity to mass density implies that gravitational lensing effects can probe the mass of de-
flectors, regardless their dynamical stage and the nature of the deflecting matter. This is therefore
a unique tool to probe the dark matter distribution in gravitational systems as well as to study the
dynamical evolution of structures with redshift. The dependence on the various angular distances
involved in the lens configuration means that the deviation angle depends on the cosmological
parameters, Ho, Ω and λ, so that the analysis of gravitational lensing can potentially provide a
diagnosis on cosmography. Of course, the sensitivity to cosmological parameters is not unique to
gravitational lensing and many other astrophysical phenomena depend on them. However, due to
magnification, image multiplicity and deflection angle produced by lensing, it is possible to use the
lensing effect as a bonus when compared to other experiments: image magnification permits to ob-
serve the high-redshift universe, to study evolution of galaxies with look-back time and to compare
with theoretical cosmological scenarios. Image multiplicity probes different light paths taken by
photons emitted by one source. By computing time delays of the same transient event observed in
each individual image, one can measure Ho. Finally, for high-redshift sources the deflecting angle
depends on the geometry of the universe and provides a unique tool to measure the cosmological
parameters.
The interest of gravitational lensing for cosmology started very early, after Zwicky’s discovery
(Zwicky 1933) of the apparent contradiction between the visible mass of the Coma cluster and its
virial mass, which could not be explained without invoking that it is dominated by unseen mass.
This surprising statement could not be confirmed without an independent mass estimator, which
could probe the total mass directly, without using the light distribution or critical assumptions
on the dynamical stage of the cluster components. Four years latter, Zwicky (1937) envisioned
that extragalactic nebulae could be efficient gravitational lenses and provide an invaluable tool for
weighting the gravitational systems of the Universe.
The other works which raised the cosmological interest of lensing for cosmology are more contempo-
rary. Refsdal (1964) first emphasized that time delays in multiple images could be used to measure
Ho, and the very first considerations about light propagation and deformation of ray bundles in
inhomogeneous universes were discussed initially by Sachs (1961), Zel’dovich (1964) and later by
Gunn (1967). From the observational point of view, the discovery of the first multiply imaged
quasar (Walsh, Carswell & Weymann 1979) and the first distorted galaxies (Soucail et al 1987,
Lynds & Petrosian 1986) were major steps which boosted theoretical and observational investiga-
tions of gravitational lenses.
Most of the cosmological interest of gravitational lenses has already been reviewed in Blandford &
Narayan (1992), Schneider, Ehlers & Falco (1992) and Refsdal & Surdej (1994). Fort & Mellier
(1994) presented the first review which focussed particularly on the use of arc(let)s in cosmology,
and the interest of lensed galaxies to probe the deep universe has been also recently reviewed by
Ellis (1997). With the amazing observational and theoretical developments in the field, in partic-
ular in weak lensing, it seems timely to review all these results and to address the new and future
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issues in the area.
During the last five years, thanks to the seminal work on mass reconstruction from weak lensing
analyses (Tyson, Valdes & Wenk 1990, and Kaiser & Squires 1993), the works devoted to mass
reconstruction algorithms have provided new and robust tools to study the mass distribution of
gravitational systems and have permitted to establish a link between theoretical investigations of
weak lensing and the observations of weakly distorted galaxies. In particular, impressive develop-
ments have been done on the cosmological diagnoses from the analysis of weak lensing by large scale
structures. Theoretical and numerical studies demonstrate that the statistical analysis of gravita-
tional lensing will provide valuable insights on the mass distribution as well as on the cosmological
parameters. With the coming of new wide field surveys with subarcsecond seeing (like MEGACAM
at the Canada-France-Hawaii Telescope (CFHT) or the VLT-Survey-Telescope (VST) at Paranal)
or very wide field shallow surveys (like the VLA-FIRST survey or the SLOAN Digital Sky Survey
(SDSS)), weak lensing analysis should probe the power spectrum of the projected mass density,
from arcminutes up to degree scales. Visible weak lensing surveys should also be capable to pro-
vide a projected mass map of the universe, exactly like the APM survey provides the visible light
distribution (Maddox et al 1990). From the observational point of view, the outstanding images
coming from Hubble Space Telescope (HST) had a considerable positive impact on our intuitions
about the potential usefulness of gravitational distortion. The wonderful shear pattern around the
lensing cluster A2218 is a visual proof in itself that weak lensing works and that it reveals directly
the mass distribution. One of the most spectacular use of HST images for lensing was done by
Kneib et al (1996b), also in A2218. The superb HST images allowed them to demonstrate, only
from the morphology of one arclet, and without the need of a spectroscopic redshift, that it must be
a lensed image associated to the same source as the giant arc. The similarity of the morphologies
of the giant arc and the counter-image is so impressive that it cannot be questioned that they are
images of the same source. In parallel, the Keck telescope which is currently detecting the most
distant galaxies, reveals the obvious interest of giant gravitational telescopes. Finally, the impres-
sive results obtained by SCUBA in the submillimeter wavebands have shown that the joint use of a
submillimeter instrument with magnification of high-redshift galaxies is an ideal tool to study the
evolution and content of distant galaxies.

In the following I review most of these recent works and discuss their impact for cosmology. Though
the review focuses on weak lensing, the distinction between arclets and the weak lensing regime is
somewhat arbitrary, and both are relevant for our purpose. Furthermore, since some of the results
cannot be discussed without referring to strong lensing, I often include paragraphs which present
new results from arcs and multiple image studies. Section 2 quickly recalls the basic equations
useful in gravitational lensing which help in the understanding of this review. The definitions for
strong lensing cases are not presented again, and I will refer to the review by Fort & Mellier (1994)
for all these aspects. In section 3, I focus on the mass distribution in clusters of galaxies from
arc(let)s or mass reconstruction from weak lensing inversion. I also address the issues about the
measurement of weak shear since it appears as a major challenge for the observers. Section 4
presents weak lensing by large scale structures, and section 5 weak lensing by foreground galaxies
on the background sources (the so-called galaxy-galaxy lensing analysis). I then move toward the
high-redshift universe in section 6. Section 7 and 8 are devoted to cosmological parameters and
weak lensing on the cosmological microwave background (CMB), respectively. Conclusions and
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figure=mellfig01.eps,width=14cm

Figure 1: Description of a lensing configuration.

figure=mellfig02.eps,width=13cm

Figure 2: Illustration of the two lensing regimes. The left panel is a simulation of a cluster of
galaxies at redshift 0.15, modeled by an isothermal sphere with a velocity dispersion of 1300 kms−1.
The lensed population has an average redshift of one. It the innermost region (bottom left part of
the panel), tangential and radial arcs are clearly identified. As the radial distance of lensed galaxies
increases, the shear decreases, and far from the cluster center, the ellipticity produced by the shear
is lower than the intrinsinc ellipticity of the galaxies. The lensing signal must be averaged over a
large number of galaxies in order to be measured accurately. The zoom on the right panel shows the
images of the galaxies in the weak lensing regime. The contours show their shape as determined
from their second moments. The average orientation of these galaxies is given by the solid lines
at the top right. The lower line is the true orientation of the shear produced by the cluster at
that position and the upper line is the orientation computed from 92 galaxies of the zoomed area.
The difference between the two orientations is random noise due to the intrinsinc ellipticity and
orientation distributions of the galaxies.

future prospects are discussed in the last section.

2 DEFINITIONS

2.1 Lensing equations

In this preliminary section, I do not discuss at length the theoretical basis of the gravitational lens
effect since all the details can be found in the comprehensive textbook written by Schneider et al
(1992). I focus on concepts and basic equations of the gravitational lensing theory, in the thin lens
approximation and for small deviation angles, which are necessary for this review.
The apparent angular position of a lensed image, θI (in the review, bold symbols denote vectors),
can be expressed as function of the (unlensed) angular position of the source, θS , and the deflection
angle, α(θI) as follows (see Figure 1):

θI = θS +
DLS

DOS
α(θI) . (1)

α(θI) depends on the projected mass density of the lens, Σ(θI), and the cosmological parameters
through the angular-diameter distances from the lens L to the source S, DLS , from the observer o
to the source, DOS and from the observer to the lens , DOL:

α(θI) =
4πG

c2
DOL

1

π

∫

Σ(θI)
θI − θ′

|θI − θ′|2
d2θ′ . (2)

Σ(θI) can be expressed as a function of the Poisson equation and the strength of the lens is
characterized by the ratio of the projected mass density of the lens to its critical projected mass
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density Σcrit (see Fort & Mellier 1994)

Σ(θI)

Σcrit
=

4πG

c2

DLSDOL

DOS
Σ(θI) =

1

2
∆ϕ(θI) (3)

where ∆ is the 2-dimension Laplacian and ϕ is the dimensionless gravitational potential projected
along the line of sight which is related to the projected gravitational potential Φ as follows:

ϕ =
2

c2

DLSDOL

DOS
Φ . (4)

From differentiation of Eq.(1), we can express the deformation of an infinitesimal ray bundle as
function of the Jacobian

dθS

dθI
= A(θI) , (5)

where A(θI) is the magnification matrix:

A =

(

1 − ∂11ϕ −∂12ϕ
−∂12ϕ 1 − ∂22ϕ

)

(6)

It can be written as function of two parameters (similar to the magnification and the astigmatism
terms in classical optics), the convergence, κ, and the shear components γ1 and γ2 of the complex
shear γ = γ1 + iγ2:

A =

(

1 − κ − γ1 −γ2

−γ2 1 − κ + γ1

)

(7)

The isotropic component of the magnification, κ = 1/2 ∆ϕ(θI), is directly related to the projected
mass density, and the two components γ1 and γ2 describe an anisotropic deformation produced by
the tidal gravitational field. The eigenvalues of the magnification matrix are 1 − κ ± |γ|, where

|γ| =
√

γ2
1 + γ2

2 . They provide the elongation and the orientation produced on the images of lensed
sources. The magnification of an image is :

µ =
1

det(A)
=

1

(1 − κ)2 − |γ|2
. (8)

The points of the image plane where det(A) = 0 are called the critical lines. The corresponding
points of the source plane are called the caustic lines and produce infinite magnifiation (see Schnei-
der et al 1992; Blandford & Narayan 1992; Fort & Mellier 1994 for more detailed descriptions about
caustic and critical lines). The strong lensing cases correspond to configurations where sources are
close to the caustic lines. These lenses have Σ(θI)/Σcrit ≥ 1 and the convergence and shear are
strong enough to produce giant arcs and multiple images for suitably positionned sources (Figures
2 and 3). The weak lensing regime, which is the main topic of this review, corresponds to lensing
configurations where κ << 1 and |γ| << 1. In this regime, the magnification and the distortion of
background galaxies are so small that they cannot be detected on individual objects. In that case,
it is necessary to analyze statistically the distortion of the lensed population.
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2.2 Relation with observable quantities

Let us assume that, to first approximation, faint galaxies can be described as ellipses. Their shape
can be expressed as function of their weighted second moments which fully define the properties of
an ellipse,

Mij =

∫

S(θ)(θi − θC
i )(θj − θC

j )d2θ
∫

S(θ)d2θ
, (9)

where the subscripts i j denote the axes (1,2) of coordinates θ in the source and the image planes,
S(θ) is the surface brightness of the source and θC is the center of the source.
Since the surface brightness of the source is conserved through the gravitational lensing effect
(Etherington 1933), it is easy to show that, if one assumes that the magnification matrix is constant
across the image (lensed source), the relation between the shape of the source, MS and the lensed
image, M I is

M I = A−1 MS A−1 (10)

Therefore, to first approximation, the gravitational lensing effect on a circular source changes its
size (magnification) and transforms it into an ellipse (distortion) with axis ratio given by the ratio of
the two eigenvalues of the magnification matrix. The shape of the lensed galaxies can then provide
information about these quantities. The approximation that the magnification matrix is constant
over the image area is always valid in the weak lensing regime, because the spatial scale variation
of the magnification is much larger than the typical size of the lensed galaxies (a few arcseconds).
This is not the case when the magnification tends to infinity, but this case is beyond the scope of
this review (see Schneider et al 1992 and Fort & Mellier 1994).
The relation between the lens quantities described in the previous section and the shape parameters
of lensed galaxies is not immediate. Though γ1 and γ2 describe the anisotropic distortion of the
magnification, they are not directly related to observables (except in the weak shear regime). It
is preferable to use the reduced complex shear, g, and the complex polarization (or distortion), δ,
which is an observable,

g =
γ

(1 − κ)
; δ =

2g

1 + |g|2
=

2γ(1 − κ)

(1 − κ)2 + |γ|2
, (11)

because δ can be expressed in terms of the observed major and minor axes aI and bI of the image,
I, produced by a circular source S:

a2 − b2

a2 + b2
= |δ| (12)

In this case, the 2 components of the complex polarization are easily expressed with the second
moments:

δ1 =
M11 − M22

Tr(M)
; δ2 =

2M12

Tr(M)
, (13)

where Tr(M) is the trace of the magnification matrix. For non-circular sources, from Eq.(8) and
Eq.(11) it is possible to relate the ellipticity of the image εI to the ellipticity of the lensed source,
εS . In the general case, it depends on the sign of Det(A) (that is the position of the source with
respect to the caustic lines) which expresses whether images are radially or tangentially elongated.
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In most cases of interest, Det(A) > 0 (the external regions, where the weak lensing regime applies)
and :

εI =
1 + bI/aI

1 + bI/aI
e2iϑ =

εS + g

1 − g∗εS
(14)

(Seitz & Schneider 1996), but when Det(A) < 0:

εI =
1 + εS∗g

εS∗ + g∗
(15)

These equations summarize most of the cases that will be discussed in this review.

3 MASS DISTRIBUTION IN CLUSTERS OF GALAXIES

3.1 Mass reconstruction with arclets

3.1.1 Recent developments

The use of arc(let)s and multiple images has already been discussed in detail in Fort & Mellier
(1994). In the meantime, with the refurbishment of the HST, spectacular images of arc(let)s and
multiply imaged galaxies have permitted enormous progress in this field. It turns out that giant
arcs are no longer the strongest constraints on cluster mass distribution, because similar and even
better information can be obtained with spatially resolved HST images of arclets.
The usual mass reconstruction technique using arc(let)s present in the innermost regions (close
to the critical lines where arcs are located) is based on the assumption that the cluster mass
density is smoothly distributed and can be expressed analytically, possibly with addition of some
substructures, and on the hypothesis that the observed arc(let)s correspond to rather generic lens
configurations, like fold, cups or lisp caustics. These assumptions have already provided some
convincing results using ground-based images, in particular with predictions of the position of
additional images (counter images) associated with arc(let)s (Hammer & Rigaud 1989, Mellier et
al 1993, Kneib et al 1993, 1995). In all cases, it was found that the core radius of the dark matter
distribution is small (< 50h−1

100 kpc) and that its geometry is compatible with the faint extended
envelopes of light surrounding the giant cluster galaxies. The new investigations using the detailed
morphology of the numerous arc(let)s visible in the HST images (see Figure 3) have provided more
refined constraints on the dark matter distribution on the 100 kpc-scale (Hammer et al 1997, Gioia
et al 1998, Kneib el al 1996, Tyson et al 1998). They confirm the trends inferred from previous
ground-based data.
One critical issue about the approach described above is the possible sensitivity of the result with
the analytical mass profile used for the modeling. Since none of them has an unrealistic shape,
the global property of the mass distribution on large scale is expected to be rather well described.
However, a direct comparison of the detailed mass distribution with theoretical expectations seen
in simulations is difficult. Furthermore, the redshift distribution inferred from the lensing inversion
(see section 5) can be strongly affected by the properties of the analytical model. AbdelSalam,
Saha & Williams (1998a,b) have recently proposed a non-parametric mass reconstruction algorithm
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figure=mellfig03.eps,width=13cm

Figure 3: A panel of lensing clusters observed with HST. The arc(let)s and multiple lensed images
are indicated by a letter. In A2390 (top left), the straight arc is made of two different galaxies
corresponding to images A and C. The pairing of some images is obvious, like B in A2390 (top-
left), A in AC114, or A in A370. Image B in MS2137 and B in A370 are radial arcs. A in MS2137
is a triple image from an almost ideal configuration of a fold caustic.

which helps to overcome the limitation of analytical modeling. The technique uses arc(let)s with
known redshifts as strong constraints to recover a pixelised mass map of the lensing-cluster. The
pixel-mass reconstruction uses the smoothed projected light distribution of the galaxy distribution
which is then pixelised exactly like the projected mass map. A fit of a pixelised Mass-to-Light ratio
(M/L) permits to relate the projected light distribution to the projected mass distribution for each
pixel. The results found for A370 and A2218 (for A2218, weak and strong lensing features are
used) are similar to those obtained otherwise, but this approach looks a very interesting alternative
which permits to have a complete lens modeling based only on arc(let)s properties (Dye & Taylor
(1998) attempted to generalize this approach in order to compute the convergence and the shear,
in the weak lensing regime).

3.1.2 The X-ray/lensing mass discrepancy

The use of X-ray and optical images (ground-based or from the HST) of arc(let)s reveal the X-ray
peaks are located at the center of the most massive clumps of dark matter (Kneib et al 1995, Pierre
et al 1996, AbdelSalam et al 1998a, Gioia et al 1998, Hammer et al 1997, Kneib el al 1996, Nato
et al 1998, Kneib et al in preparation). On the other hand, the apparent contradiction between
the mass estimated from X-ray data and the lensing mass (Mlensing ≈ 2 − 3MX), initially raised
by Miralda-Escudé & Babul (1995), is not totally clear. The puzzling results obtained on several
clusters, sometimes on the same cluster but analyzed by different groups, have not yet provided
conclusive statements about the mass density profile and the X-ray versus dark matter dynamics.
Böhringer et al (1998) find an excellent agreement between X-ray and lensing masses in A2390
which confirms the view claimed by Pierre et al (1996); Gioia et al (1998) show that the disagree-
ment reaches a factor of 2 at least in MS0440+0204; Schindler et al (1997) find a factor of 2-3
discrepancy for the massive cluster RX 1347.4-1145, but Sahu et al (1998) claim that the disagree-
ment is marginal and may not exist; Ota et al (1998) and Wu & Fang (1997) agree that there are
important discrepancies in A370, Cl0500-24 and Cl2244-02.
There are still no definitive interpretations of these contradictory results. It could be that the
modeling of the gravitational mass from the X-ray distribution is not as simple. By comparing the
geometry of the X-ray isophotes of A2218 to the mass isodensity contours of the reconstruction,
Kneib et al (1995) found significant discrepancies in the innermost parts. The numerous substruc-
tures visible in the X-ray image have orientations which do not follow the projected mass density.
They interpret these features as shocks produced by the infalling X-ray gas, which implies that the
current description of the dynamical stage of the inner X-ray gas is oversimplified (see Markevich,
1997 and Girardi et al 1997 for similar views). Recent ASCA observations of three lensing-clusters
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corroborate the view that substructures are the major source of uncertainties (Ota et al 1998).
In order to study this possibility in more details, Smail et al (1997) and Allen (1998) have performed
a detailed comparison between the lensing mass and X-ray mass for a significant number of lensing
clusters. Both works conclude that the substructures have a significant impact on the estimate of
X-ray mass. More remarkably, the X-ray clusters where cooling flows are present do not show a
significant discrepancy with X-ray mass, whereas the others X-ray clusters do (Allen 1998). This
confirms that the discrepancy is certainly due to wrong assumptions on the physical state of the
gas. These two studies provide strong presumptions that we are now close to understand the origin
of the X-ray and lensing discrepancy.
An alternative has been suggested by Navarro, Frenk & White (1997) who proposed that the ana-
lytical models currently used for modeling mass distributions may be inappropriate. Instead, they
argue that the universal profile of the mass distribution produced in numerical simulations of hi-
erarchical clustering may reconcile the lensing and X-ray masses. This is an attractive possibility
because the universal profile is a natural outcome from the simulations which does not use external
prescriptions. However, Bartelmann (1996) emphasized that the caustics produced by the univer-
sal profile predict that radial arcs should be thicker than observed in MS2137-23 (Fort et al 1993;
Mellier et al 1994; Hammer et al 1997) and in A370 (Smail et al 1995), unless the sources are very
thin (≈ 0.6 arcsecond for MS2137-23). This is not a strong argument against the universal profile
because this is possible in view of the shapes of some faint galaxies observed with HST that some
diatnt galaxies are indeed very thin. But it is surprising that no radial arcs produced by “thick
galaxies” have been detected so far. Even a selection bias would probably favor the observation
of large sources rather than small thin and hardly visible ones. Evans & Wilkinson (1998) have
explored the range of slopes of cups-like mass profiles which would permit to produce radial arcs
with thicknesses as those observed. As Bartelmann, they found that the universal profile does not
work well, but that a more singular mass profile could be satisfactory. It is not mentioned, however,
whether these new profiles are compatible with the numerical simulations of Navarro et al (1997).

3.1.3 Probing the clumpiness of clusters

Besides, HST images have also revealed the clumpiness of the cluster mass distribution on small
scales. Though most of the HST images of lensing-clusters shows arc(let)s with a coherent polar-
ization on scales of 100 kpc, numerous perturbations are visible on scales of about 10 kpc. The
long-range pattern is disrupted around most of the bright galaxies and show saddle-shape con-
figurations as expected for clumpy mass distributions. In some extreme cases, giant arcs appear
as broken filaments, probably disrupted by the halos around the brightest galaxies. With such
amount of details, one can therefore make a full mass reconstruction which takes into account all
these clumps and possibly constrain the mass of individual cluster galaxies. For giant arcs, this
was already stressed by Kassiola, Kovner & Fort (1992), Mellier et al (1993), Kneib et al (1993),
Dressler et al (1994), Wallington, Kochanek & Koo (1995) and Kneib et al (1996). They used the
breaks (or the absence of breaks) in arcs to put upper limits to the masses of a few cluster galaxies
which are superimposed on the arcs. The masses found for these cluster galaxies range between
1010 M� and 2 ×1011 M�, with typical mass-to-light ratios between 5 and 15.
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With the details visible on the HST images of arclets in A2218, AC114 or A2390, the sample of
halos which can be constrained by this method is much larger and can provide more significant
results. The number of details permits also to use more sophisticated methods of investigation.
The most recent procedure uses the galaxy-galaxy lensing analysis. This technique is described in
Section 5, but since the clumpiness of dark matter in clusters is strongly related to the halos of
cluster galaxies, I present the use of galaxy-galaxy lensing for cluster galaxies in this section.
The simplest strategy is to start with an analytical potential which reproduces the general fea-
tures of the shear pattern of HST images, and in a second step, to include in the model analytical
halos around the brightest cluster members. In practice, additional mass components are put in
the model in order to interpret the arc(let)s which cannot be easily explained by the simple mass
distribution. Some guesses are done in order to pair unexplained multiple images. The colors of
the arc(let)s as well as their morphology help a lot to make these associations. This approach has
been proposed by Natarajan & Kneib (1997), and Natarajan et al (1998). The detailed study done
in AC114 by Natarajan et al indicates that about 10% of the dark matter is associated with halos
of cluster galaxies. These halos have truncation radii smaller than field galaxies (rt ≈15kpc) with
a general trend of S0-galaxies to be even more truncated than the other galaxies. If this result is
confirmed it would be a direct evidence that truncation by tidal stripping is really efficient in rich
clusters of galaxies. This result is somewhat contradictory with the absence a clear decrease of
rotation curves of spiral galaxies in nearby clusters (Amram et al 1993) which is interpreted as a
proof that massive halos of galaxies still exist in cluster galaxies. However, it could be explained if
the spirals which have been analyzed appear to be in the cluster center only by projection effects
but are not really located in the very dense region of the clusters where stripping is efficient.
Geiger & Schneider (1997, 1998) used a maximum likelihood analysis which explores simultane-
ously the distortions induced by the cluster as a whole and by its individual galaxies. They applied
this analysis to the HST data of Cl0939+4713 and reached similar conclusions as Natarajan et
al (1998). Several issues limit the reliability of their analyses and of the other methods as well
(Geiger & Schneider 1998). First, depending on the slope of the mass profile of the cluster, the
contributions of the cluster mass density and of the cluster galaxies may be difficult to separate.
Second, it is necessary to have a realistic model for the redshift distribution of the background
and foreground galaxies. Finally, the mass sheet degeneracy (see Section 3.2) is also an additional
source of uncertainties. Regarding these limitations, Geiger & Schneider discuss the capability of
the galaxy-galaxy lensing in clusters to provide valuable constrains on the galactic halos from the
data they have in hands. Indeed, some of the issues they raised can be solved, like for instance
the redshift distribution of the galaxies. It would be interesting to look into more details how the
analysis could be improved with more and better data.

3.2 Mass reconstruction from weak lensing

A powerful and complementary way to recover the mass distribution of lenses has been proposed
by Kaiser & Squires (1993). It is based on the distribution of weakly lensed galaxies rather than
the use of giant arcs. In 1988, Fort et al (1988) have obtained at CFHT deep sub-arcsecond images
of the lensing-cluster A370 and observed the first weakly distorted galaxies ever detected. The
galaxy number density of their observation was about 30 arcmin−2, mostly composed of background
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Figure 4: Examples of different algorithms for the mass reconstruction of clusters. Image A
(top left) is the original simulated lensing cluster. Panel B shows an original Kaiser & Squires
(1993) mass reconstruction, assuming that all background sources are circular. Panel C shows the
same reconstruction as panel B, but with another smoothing method, which was proposed by Seitz
& Schneider (1995), in order to smooth the distortion distribution. The panel D shows the same
result but the sources have an ellipticity distribution. Panel E shows the same reconstruction as
panel D, but uses an adaptive smoothing scale. In panel F the linear and non-linear weak lensing
regimes are now used in the inversion. Panel G shows the same reconstruction algorithm as F, with
an additional extrapolation of the distortion field outside the field. The last panel shows the mass
reconstruction with the constraint that the minimal mass density at any point is zero (from Seitz &
Schneider 1995a).

sources, far beyond the cluster. These galaxies lensed by the cluster show a correlated distribution
of ellipticity/orientation which maps the projected mass density. The first attempt to use this
distribution of arclets as a probe of dark matter has been done by Tyson et al (1990), but the
theoretical ground and a rigorous inversion technique was first proposed by Kaiser & Squires.
By combining Eq.(2),(4) and (5), one can express the complex shear as a function of the convergence,
κ (see Seitz & Schneider 1996 and references therein):

γ(θ) =
1

π

∫

D(θ − θ′) κ(θ′) d2θ′ , (16)

where

D(θ − θ′) =
(θ2 − θ′2)

2 − (θ1 − θ′1)
2 − 2i(θ1 − θ′1)(θ2 − θ′2)

|(θ − θ′)|4
. (17)

This equation can be inverted in order to express the projected mass density, or equivalently κ, as
function of the shear:

κ(θ) =
1

π

∫

<[D∗(θ − θ′)γ(θ′)] d2θ′ + κ0 , (18)

where < denotes the real part. From Eq.(14) we can express the shear as a function of the complex
ellipticity. Hence, if the background ellipticity distribution is randomly distributed, then < |εS | >=
0 and

< |εI | >= |g| =
|γ|

1 − κ
(19)

(Schramm & Kayser 1995). In the most extreme case, when κ << 1 (the linear regime discussed
initially by Kaiser & Squires 1993), < |εI | >≈ |γ|, and therefore, the projected mass density can
be recovered directly from the measurement of the ellipticities of the lensed galaxies.
The first cluster mass reconstructions using the Kaiser & Squires linear inversion have been done
by Smail (1993) and Fahlman et al (1994). Fahlman et al estimated the total mass within a
circular radius using the Aperture densitometry technique (or the “ζ-statistics”), which consists
in computing the difference between the mean projected mass densities within a radius r1 and
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within an annulus (r2 − r1) (Fahlman et al 1994, Kaiser 1995) as function of the tangential shear,
γt = γ1cos(2ϑ) + γ2sin(2ϑ) (see Eq.(14)), averaged in the ring:

ζ(r1, r2) =< κ(r1) > − < κ(r1, r2) >=
2

1 − r2
1/r

2
2

∫ r2

r1

< γt > dlnr . (20)

This quite robust mass estimator minimizes the contamination by foreground and cluster galaxies
and permits a simple check that the signal is produced by shear, simply by changing γ1 in γ2 and
γ2 in −γ1 which should cancel out the true shear signal.
The mass maps inferred from their images coincide with the light distribution from the galaxies.
But, the impressive M/L found in the lensing cluster MS1224+20 by Fahlman et al (see Table 1) led
to a surprisingly high value of Ω (close to 2!). This result is somewhat questionable and is probably
due to the various sources of errors, possibly in the correction of PSF anisotropy (see Section 3.3).
Furthermore, the 2-dimension mass reconstructions presented in the very first papers looked noisy,
probably because of boundary effects due to the intrinsically non-local reconstruction, the geometry
of the finite-size charge coupled divice (CCD), and the reconstruction algorithm can have terrible
effects on the inversion. These problems have been discussed in several papers (Schneider & Seitz
1995, Seitz & Schneider 1995a, Schneider 1995, Seitz & Schneider 1996). In particular, Kaiser
(1995) and Seitz & Schneider (1996) generalized the inversion to the non-linear regime, by solving
the integral equation obtained from Eq.(18) by replacing γ by (1 − κ)g, or similarly by using the
fact that both κ and γ depend on second derivatives of the projected gravitational potential ϕ
(Kaiser 1995) which permits to recover the mass density by this alternative relation:

∇log(1 − κ) =
1

1 − |g|2
.

(

1 + g1 −g2

−g2 1 − g1

) (

∂1g1 + ∂2g2

∂1g2 − ∂2g1

)

(21)

Both Eq.(18) and Eq.(21) express the same relation between κ and γ and can be used to reconstruct
the projected mass density.
The improvements which have been proposed and discussed in detail by Seitz & Schneider (1995a),
Kaiser (1995), Schneider (1995), Bartelmann (1995c), Squires & Kaiser (1996), Seitz & Schneider
(1996, 1997) or Lombardi & Bertin (1998a,b) lead to reliable mass reconstructions from lensing
inversion, and comparison with simulated clusters proves that it can be considered now as a robust
technique (see Figure 4, in particular the comparision between panel A and panels G and H).
However, the mass distribution recovered is not unique because the addition of a lens plane with
constant mass density will not change the distortion of the galaxies (see Eq.(18)). Furthermore,
the inversion only uses the ellipticity of the galaxies regardless of their dimension, so that changing
(1 − κ) in λ(1 − κ) and γ in λ γ keeps g invariant. This so-called mass sheet degeneracy initially
reported by Gorenstein, Falco & Shapiro (1988), has been pointed out by Schneider & Seitz (1995)
as a fundamental limitation of the lensing inversion.
The degeneracy could in principle be broken if the magnification can be measured independently,
since it is not invariant under the linear transformation mentioned above, but instead it is reduced
but a factor 1/λ2. Broadhurst, Taylor & Peacock (1995) have proposed to measure directly the
magnification by using the magnification bias which changes the galaxy number-counts (see Section
3.4), whereas Bartelmann & Narayan (1995) explored their lens parallax method which compares
the angular sizes of lensed galaxies with an unlensed sample. The lens-parallax method requires
a sample of unlensed population having the same surface brightness distribution. However, in
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Figure 5: Weak lensing analysis and mass reconstruction of A2218 (from Squires et al 1996a).
The images have been obtained at CFHT in I-band. The top-left panel shows the smoothed galaxy
number density and the top-right shows the smoothed light distribution. The bottom-left is the shear
map. The length of each line is proportional to the amplitude of the shear. From this shear map,
the mass reconstruction of the Kaiser & Squires (1993) algorithm produces the mass map of the
bottom-right. The correlation betwenn the light and the matter distribution is clear.

the case of ground-based observations, for the faintest (i.e. smallest galaxies) the convolution of
the signal by the seeing disk can significantly affect the measurement of their surface brightness.
Therefore, the method needs a careful handling of small-size objects. A more promising appraoch
is the use of wide field cameras with a typical field of view much larger than clusters of galaxies.
In that case κ should vanish at the boudaries of the field, so that the degeneracy could in principle
be broken.
An attractive alternative has been suggested by Bartelmann et al (1996) who proposed a maximum
likelihood reconstruction algorithm. The advantage is that this is a local approach since it fits the
projected potential at each grid-point. The observables are constrained by the second-derivatives
of the potential, using a least-χ2 which computes simultaneously both the magnification and the
distortion which are compared to the ellipticity and the sizes of the galaxies. Squires & Kaiser (1996)
and Bridle et al (1998) have investigated similar maximum-likelihood techniques with different
regularizations, though they fit the projected mass density rather than the potential. It seems
however more attractive to use the deflection potential rather than the projected mass distribution
in order to avoid the incomplete knowledge of the contribution to the projected mass density of the
matter outside the observed area (Seitz et al 1998).
The comparison done by Squires & Kaiser (1996) between the direct reconstructions, like the Kaiser

& Squires (1993) approach, and the inversion methods, as those maximum likelihood reconstructions
alternatives did not lead to conclusive results, though the maximum likelihood inversion looks
somewhat better. But it is worth pointing out that one of the advantages of the maximum likelihood
inversion is that it eases the addition of some observational constraints, like strong lensing features
(Bartelmann et al 1996; Seitz et al 1998). More recently, Seitz et al (1998) proposed an improved
entropy-regularized maximum-likelihood inversion where they no longer smooth the data, but they
use the ellipticity of each individual galaxy.

Since 1990, many clusters have been investigated using the weak lensing inversion, either using
ground-based or HST data. They are summarized in Table (1), but the comparison of these results
is not straightforward because of the different observing conditions which produced each set of data
and the different mass reconstruction algorithms used by each author. Nevertheless, all these studies
show that on scales of about 1 Mpc, the geometry of mass distributions, the X-ray distribution
and the galaxy distribution are similar (see Figure 5), though the ratio of each component with
respect to the others may vary with radius. The inferred M/L ratio lies between 100 to 1600, with
a median value of about 300, with a trend to increase with radius. Contrary to the strong lensing
cases, there is no evidence of discrepancies between the X-ray mass and the weak lensing mass. It
is worth noting that the strong lensing mass and the weak lensing mass estimates are consistent
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Table 1: Main results obtained from weak lensing analyses of lensing-clusters. The scale is the
typical radial distance with respect to the cluster center. The last cluster has two values for the
M/L ratio. This corresponds to two extreme redshifts assumed for the lensed population, either
z = 3 or z = 1.5. For this case, the two values given for the velocity dispersion are those inferred
when z = 3 or z = 1.5 are used.

Cluster z σobs σwl M/L Scale Tel. Ref.

(kms−1) (kms−1) (h100) (h−1

100
Mpc)

A2218 0.17 1370 - 310 0.1 HST Smail et al (1997)
A1689 0.18 2400 1200-1500 - 0.5 CTIO Tyson et al (1990)

- 400 1.0 CTIO Tyson & Fischer (1995)
A2163 0.20 1680 740-1000 300 0.5 CFHT Squires et al (1997)
A2390 0.23 1090 ≈1000 320 0.5 CFHT Squires et al (1996b)
Cl1455+22 0.26 ≈ 700 - 1080 0.4 WHT Smail et al (1995)
AC118 0.31 1950 - 370 0.15 HST Smail et al (1997)
Cl1358+62 0.33 910 780 180 0.75 HST Hoekstra et al (1998)
MS1224+20 0.33 770 - ≈ 800 1.0 CFHT Fahlman et al (1994)
Q0957+56 0.36 715 - - 0.5 CFHT Fischer et al (1997)
Cl0024+17 0.39 1250 - 150 0.15 HST Smail et al (1997)

1300 ≈900 1.5 CFHT Bonnet et al (1994)
Cl0939+47 0.41 1080 - 120 0.2 HST Smail et al (1997)

- ≈250 0.2 HST Seitz et al (1996)
Cl0302+17 0.42 1080 80 0.2 HST Smail et al (1997)
RXJ1347-11 0.45 - 1500 400 1.0 CTIO Fischer & Tyson (1997)
3C295 0.46 1670 1100-1500 - 0.5 CFHT Tyson et al (1990)

- 330 0.2 HST Smail et al (1997)
Cl0412-65 0.51 - - 70 0.2 HST Smail et al (1997)
Cl1601+43 0.54 1170 - 190 0.2 HST Smail et al (1997)
Cl0016+16 0.55 1700 - 180 0.2 HST Smail et al (1997)

740 740 0.6 WHT Smail et al (1993)
Cl0054-27 0.56 - - 400 0.2 HST Smail et al (1997)
MS1137+60 0.78 8591 - 270 0.5 Keck Clowe et al (1998)
RXJ1716+67 0.81 15222 - 190 0.5 Keck Clowe et al (1998)
MS1054-03 0.83 13603 1100-2200 350-1600 0.5 UH2.2 Luppino & Kaiser (1997)

1 Gioia, private communication. 2 Gioia et al (1998) 3 Donahue et al (1998).
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in the region where the amplitude of two regimes are very close. This is an indication that the
description of the X-ray gas, and its coupling with the dark matter on the scales corresponding to
strong lensing studies is oversimplified, whereas on larger scales, described by weak lensing analysis,
the detailed description of the gas has no strong impact.
The large range of M/L could partly be a result of one of the issues of the mass reconstruction from
weak lensing. As shown in Eq.(1), the deviation angle depends on the ratios of the three angular-
diameter distances, which varies with the redshift assumed for the sources. For low-z lenses, the
dependence with redshift of the background galaxies is not considerable, so the calibration of the
mass can be provided with a reasonable confidence level. However, distant clusters are highly
sensitive to the redshift of the sources, and it becomes very difficult to scale the total mass without
this information, even though the shape of the projected mass density is reconstructed correctly.
The case of high-redshift clusters is really more complicated. For a low-z cluster (say z < 0.4), it
is not necessary to go extremely deep since the background galaxies are between z=0.4 to 1. So
spectroscopic surveys can provide the redshift distribution with a good accuracy. In contrast, the
background sources lensed by high-z clusters are beyond z = 1 are therefore are dominated by very
faint galaxies (I > 22.5) which cannot be observed easily by spectroscopy.

The masses inferred from the strong lensing and weak lensing reconstruction put valuable con-
straints on the median M/L of lensing clusters. From the investigation of about 20 clusters, the
median M/L is lower than 400. This implies that weak lensing analyses predict Ω < 0.3 with a
high significance level. Even if the uncertainties are large and if the weak lensing inversion needs
to be improved, the HST data, in particular for clusters with giant arcs and many arc(let)s with
known redshift, imply that the mass of clusters of galaxies cannot be reconciled with an Einstein-de
Sitter (EdS) universe. The constraints on Ω are in good agreement with other observations (see
the recent discussion by Krauss 1998).
Another strong statement results from the mass reconstruction obtained by Luppino & Kaiser
(1997) and Clowe et al (1998) or the detection of giant arcs in very distant clusters (Deltorn et
al 1997): massive clusters do exist at redshift ≈1 ! Though the total mass and the M/L cannot
be given with a high accuracy, it cannot change the conclusion, unless unknown important sys-
tematics have been neglected. Therefore, we now have the first direct observational evidences that
high mass-density peaks have generated massive clusters of galaxies at redshift 1. These results are
extremely promising and are corroborated by other weak lensing studies around radiosources and
quasars (see section 4.2). Indeed, since they already question the standard CDM model and rather
favor low-density universes, we can certainly expect fantastic developments of the investigation of
high-redshift clusters with weak lensing during the coming years.
The impressive and spectacular results obtained from weak lensing have demonstrated the power of
this technique. However, though the results seem reliable in the cluster center (say within 500 kpc),
there are still uncertainties outward, when the shear becomes very small. A critical issue of the
lensing inversion is the reliability of the mass reconstruction and how it degrades when the shear
decreases. Kaiser (1995) emphasized that Eq.(20) can be used as a check of the mass reconstruction
since the curl of ∇log(1 − κ) should be zero only if the shear is recovered properly. Van Waerbeke
(1999) has recently proposed an elegant way to estimate the accuracy of the mass reconstruction
from the noise properties of the reconstruction. Nevertheless, the comparison of results using dif-
ferent algorithms and the stability and the reproducibility of each inversion have still to be done
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in order to demonstrate that weak lensing analysis produces reliable results. This is impportant
for the future, when ground based observations of very large fields will be performed. Mellier et
al (1997) have compared the shear maps obtained in A1942 by using the Bonnet-Mellier and the
ACF methods (see next section). Though the two maps are similar, discrepancies are visible at the
periphery, but no quantitative estimates of the similarity of both maps are given. An important
step has been done by Van Waerbeke et al (in preparation) who analyzed A1942 using different
shear measurements, different mass reconstruction algorithms and different data, obtained with
two CCD cameras mounted at CFHT. Three sets of data have been used, all of them having a
total exposure time of 4 hours and a seeing of 0.7”. The results show impressive similarities even
in the details of the mass reconstruction, down to a shear amplitude of 2%. This is the first work
which demonstrates that results are stable and are not produced by artifacts, even at a very low
shear amplitude. The main concerns are the capabilities of instruments, and the image analysis
algorithms to measure very weak shear. This critical issue deserves a detailled discussion, which is
the subject of the next section.

3.3 Measuring weak shear

In addition to the technical problem of the mass reconstruction algorithm and the redshift distribu-
tion of the sources, weak lensing is also sensitive to the accuracy of the measurement of ellipticities
of lensed galaxies. The atmosphere has dramatic effects, in particular the seeing circularizes the in-
nermost part of galaxies which affects the measurements of shapes of faint galaxies (see for example
the simulations by Bartelmann 1995c). These issues have been investigated in details by Bonnet
& Mellier (1995), Mould et al (1995), Kaiser, Squires & Broadhurst (1995) and Van Waerbeke et
al (1997). Atmospheric effects (seeing, atmospheric refraction, atmospheric dispersion), telescope
handling (flexures of the telescopes, bad guiding) and optical distortions are extrinsic problems
which can bias the measurements, though in principle they can be corrected in various ways. The
atmospheric dispersion can be minimized by using a I-band filter and by observing clusters close to
zenith, which also minimizes the flexures. Optical distortions can be corrected either analytically,
if the optics is known perfectly or by using the stars located in the fields. On the other hand, the
ellipticity distribution of the galaxies is an intrinsic source of noise.
The extrinsic and intrinsic noises compete together: the circularisation by the seeing is important
only for the faint galaxies because their typical size is of the same order as the seeing disk. So,
in principle it should be better to use big (bright) galaxies only, though they are not as numerous
as the faint (small) galaxies. On the other hand, the noise produced by the intrinsic ellipticity
distribution of the galaxies is minimized by averaging the shape of a large number of galaxies.
The typical scale on which galaxies can be averaged is defined by the spatial resolution of the
reconstructed mass map. For intermediate and high redshift clusters of galaxies the typical angular
scale is a few arcminutes, so that galaxies must be averaged on less than one arcminute in order to
map the projected mass-density with a good sampling. If we assume an ellipticity dispersion, σε of
about 0.3, as it is suggested by nearby surveys and the distribution of galaxies in the Hubble Deep
Field (HDF), then we can measure an ellipticity, ε, produced by a gravitational shear of |γ|=10%
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if the number of averaged galaxies, N is:

N >

(

σε

ε

)2

≈ 10 . (22)

It it therefore quite easy to measure gravitational shear of 10% on arcminute scale. But going down
to 1% would require about 900 galaxies which is not feasible on such angular scale, unless many
fields of one arcminute are averaged. An alternative is to go deeper in order to increase the galaxy
number density. But this is not sufficient to increase the accuracy of the results, because most of
the faint galaxies have unknown redshift distribution which prevents to scale the mass properly,
and also because it is difficult to correct them from PSF.
The procedure to recover the shear field from the ellipticities of individual galaxies has several
solutions. Bonnet & Mellier (1995) compute the second moment of galaxies (see Eq.(9)) within
a circular annulus and average the signal on a given area (a superpixel) by only using the faint
galaxies which dominate their deep observations. The size of the inner radius is constant and close
to the seeing disk, which minimizes the effect of the circularisation of the innermost isophotes on
the measurement of the ellipse. The outer radius is also constant and has been optimized by using
simulations of galaxies in order to get the highest signal-to-noise ratio on each second moment.
The drawback of this approach is that the second moment of this annulus is no longer a direct
measurement of the shape of the galaxy and it must be calibrated by simulations for each observing
conditions. The anisotropy of the point spread function (PSF) is corrected on the averaged signal,
assuming it is dominated by optical defects and that it behaves like a stretching of the image. This
assumption is not valid for individual galaxies, but for each superpixel, deep observations average
so many galaxies that it is possible to assume that the resulting signal reflects the one produced
by an ideal galaxy having the same profile on each superpixel. In this case, Bonnet & Mellier have
shown from simulations that the correction works very well down to a shear amplitude of 3% (see
Bonnet et al 1995, and Schneider et al 1998a).
Kaiser et al (1996) (see also Luppino & Kaiser 1997, Hoekstra et al 1998 for further developments)
compute the second moment within a variable aperture which depends on the size of individual
galaxies; but instead of an annulus they use a Gaussian filter, and introduce a more rigorous
correction of the PSF anisotropy. Since they do not make selection from the size of the galaxies
to measure the shear, it is clear that the biggest galaxies require less correction. Therefore their
correction depends on the total area of each individual galaxy. Assuming the anisotropy of the
PSF is small, Kaiser et al introduced a smearing correction, defined by a linear smear polarizability
which expresses the (small) shift of polarization of galaxies induced by an anisotropic PSF. To first
order, this shift can be expressed analytically and provides the correction from the shapes of the
stars visible in the field, by dividing the smear polarizability by the observed polarization of stars.
The efficiency of this method has been tested by using HST images which were degraded to the
corresponding PSF anisotropy expected on ground-based images. They proved that the correction
works very well. However, the method only works for bright galaxies. For fainter samples, they
calibrated the polarization-shear relation by artificially lensing HST images and then by degrading
them by the PSF observed in their data. However, it seems more preferable to calibrate the PSF
anisotropy directly from the images. Luppino & Kaiser (1997) calibrated the anisotropic correction
only from the observations of the stars in their fields, without auxiliary data.
Mould et al (1995) proposed a different procedure: they compute the second moment within a
limiting isophote rather than a finite aperture and corrected linearly from the PSF anisotropy
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assuming, as Kaiser et al, that the correction is inversely proportional to the area of the source.
Van Waerbeke et al (1997) have proposed an original alternative which fully exploits the signal down
to the noise level on each CCD images and reduces the error of the second moment of galaxies.
Instead of using individual objects, they compute the local auto-correlation function (ACF), ξ(θ),
of pixels, averaged on a given area. The (unlensed) ACF of the averaged source population, ξS ,
is an isotropic quantity, which by definition is centered, and therefore does not depend on the
detection procedure and on the computation algorithm of its centroid. When a lensing signal is
present, the shape of the ACF of the lensed population, ξI(θ) = ξS(Aθ) is no longer isotropic. For
example, in the weak lensing regime it writes:

ξI(θ) = ξS(|θ|) − |θ| ∂θξS(|θ|) (I − A) , (23)

where I is the identity matrix. The ACF is now composed of the unlensed isotropic component plus
an anisotropic term which depends on the magnification matrix, A, which stretches it like a real
object. The second moment of the ACF can also be expressed as a function of the distortion and
the magnification (Van Waerbeke et al 1997). Since all the pixels of the image are used, the ACF
uses the full information of the image; in particular the flux coming from extremely faint objects,
for which the measurement of a centroid and the second moments are not measurable precisely, is
also taken into account. For that reason, in principle, the ACF can work on images which reach the
confusion limit (Van Waerbeke et al 1997, Réfrégier & Brown 1998). It turns out that in practice
it is better to use the ACF around detected galaxies rather on the total image because correlated
noises like electronics cross-talk or shift-and-add residuals, may generate spurious coherent signal
(Van Waerbeke & Mellier 1997). This method looks ideal for the optimal extraction of weak lens-
ing signals because the signal-to-noise ratio of the ACF is always high enough and spreads over
sufficient pixels to avoid the need of circular filtering, like faint galaxies, and to provide an accurate
estimate of its shape parameters .
The reliability of the relation between measured ellipticities and shear, and of the mass reconstruc-
tion obtained from observations has been checked by Kaiser & Squires (1993), Bonnet & Mellier
(1995), and by independent simulations of Bartelmann (1995c) and Wilson, Cole & Frenk (1996a).
Despite careful studies to check whether images are corrected accurately from circularisation by
seeing and PSF anisotropy (in particular the spatial variation of the PSF in the field can be mod-
eled), there is still a lot of work to do in this area. For instance, the weighting functions proposed
to measure the ellipticities is based on intuition but no complete investigation has been done so
far in order to find the optimal one. Moreover, for each of these procedures, it is assumed that the
PSF anisotropy in unidirectional. This may be not true, in particular when instruments with poor
optical design are used. In that case, the correction becomes non trivial, and paradoxically this
could appear on the image with the best image quality because details of the PSF are no longer
smeared by circularisation of the seeing. This domain is certainly at its infancy and much work
and new ideas should appear during the next years, mainly because the shear produced by large
scale structures is expected to be very small.

3.4 Mass profile from the magnification bias

In parallel to the mass reconstruction using weak shear measurements, one can use the direct
measurement of the magnification from the local modification of the galaxy number density. This
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“magnification bias” expresses the simultaneous effects of the gravitational magnification, which
increases the flux received from any lensed galaxies and permits the detection of galaxies enhanced
by the amplification, but also magnifies by the same amount the area of the projected lensed sky
and thus decreases the apparent galaxy number density. The total amplitude of the magnification
bias depends on the slope of the galaxy counts as a function of magnitude and on the magnification
factor of the lens. For a circular lens, the radial galaxy number density of background galaxies
writes:

N(< m, r) = N0(< m) µ(r)2.5α−1 ≈ N0 (1 + 2κ)2.5α−1 if κ and |γ| � 1 , (24)

where µ(r) is the magnification, N0(< m) the intrinsic (unlensed) number density, obtained from
galaxy counts in a nearby empty field, and α is the intrinsic count slope:

α =
dlogN(< m)

dm
. (25)

A radial magnification bias N(< m, r) shows up only when the slope α 6= 0.4; otherwise, the
increasing number of magnified sources is exactly compensated by the apparent field dilatation.
For slopes larger than 0.4 the magnification bias increases the galaxy number density, whereas for
slopes smaller than 0.4 the radial density will show a depletion. Hence, no change in the galaxy
number density can be observed for B(< 26) galaxies, since the slope is almost this critical value
(Tyson 1988). But it can be detected in the B > 26, R > 24 or I > 24 bands when the slopes are
close to 0.3 (Smail et al 1995).
The change of the galaxy number density can be used as a direct measurement of the magnification
and can be included in the maximum likelihood inversion as a direct observable in order to break
the mass sheet degeneracy (see Sect. 3.2). Alternatively, it can also be used to model the lens itself.
In the case of a singular isothermal sphere, the magnification can be expressed as function of the
velocity dispersion of the lens, σ, and the radial distance θ = r/rE, where rE = 4πσ2/c2 DLS/DOS :

µ(r) =
4πσ2

c2

DLS

DOS

θ

θ − 1
. (26)

Reconstruction of cluster mass distribution using magnification bias was initialy explored by Broad-
hurst et al (1995), and has been used by Taylor et al (1998) in A1689, and by Fort, Mellier &
Dantel-Fort (1997) in Cl0024+1654 (see also a generalization by Van Kampen 1998). The masses
found are consistent with those inferred from gravitational weak shear or from strong lensing.
This magnification bias is an attractive alternative to the weak shear because it is only based on
the galaxy counts and does not require outstanding seeing to measure ellipticities and orientations
of galaxies. However, it is more sensitive to shot noise, which unfortunately increases when the
number density decreases in the depletion area. Furthermore, it also depends on the galaxy clus-
tering of the background sources which can have large fluctuations from one cluster to another.
Indeed, in the weak lensing regime, assuming that κ ≈ |γ|, the ratio of the signal-to-noise ratios of
the shear and the depletion, RSh/Dep, clearly favors the shear analysis:

RSh/Dep =
|γ|

σε

1

κ|(5α − 2)|
≈ 3 (27)

for a dispersion of the intrinsic ellipticity distribution of the galaxies, σε = 0.3, and α = 0.2.
Despite these limitations, this is a simple way to check the consistency of the mass reconstruction.
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Its great merit is that it is not sensitive to systematic effects, like the weak shear measurement
which depends on the correction from the PSF of the observed ellipticities.

4 LARGE-SCALE STRUCTURES AND COSMIC SHEAR

The idea that mass condensations and the geometry of the Universe can alter light bundles and
distort the images of distant galaxies was emphasized by Christian & Sachs (1966), and later by
Gunn (1967) and Blandford & Jaroszyński (1981), who first gave a quantitative estimate of the
amplitude of this effect. Kristian (1967) looked at this effect on photographic plates of six clusters
of galaxies using the Palomar Telescope, but found nothing significant. Valdes, Tyson & Jarvis
(1983) were the first who attempted to measure a coherent alignment of distant galaxies gener-
ated by large scale structures. They used about 40,000 randomly selected field galaxies with J
magnitudes between 22.5 and 23.5, but, as Kristian, did not find any conclusive signal. These
negative measurements were not definitely interpreted as important cosmological constraints on
the curvature and the mass distribution in our Universe, but rather as a result of technical limita-
tions related to the poor image quality of the photographic data. Indeed, the recent weak lensing
analysis produced by a supercluster candidate done by kaiser et al (1998) seems to show that large
scale structures produce gravitational shear which is already detectable. Numerical simulations by
Schneider & Weiss (1988) using point-mass models, or Babul & Lee (1991) using a smooth mass
distribution, showed that both the ellipticity distribution and the apparent luminosity function of
distant galaxies could be modified, in particular if the fraction of small scale structures like clusters
of galaxies is important (Webster 1985). Therefore two different effects produced by the cosmolog-
ical distribution of structures in the Universe are expected: a change of the galaxy number count
correlated with the mass distribution, namely a magnification bias; and a change of the ellipticity
distribution, namely a shear pattern, correlated with the mass distribution as well. Since the ex-
pectation values strongly depend on the fraction of non-linear systems and the redshift distribution
of the galaxies, it is clear that the analysis of weak lensing effects by large-scale structures is an
interesting test of cosmological scenarios.

4.1 Theoretical expectations

The theoretical investigations of the effect of the large scale mass distribution on the distribution
of ellipticity/orientation of distant galaxies are somewhat simplified by the low density contrast of
structures. Beyond 10 Mpc scales, δρ/ρ ≈ 1 and linear perturbation theory can be applied. On these
scales, lenses are no longer considered individually but they are now viewed as a random population
which has a cumulative lensing effect on the distant sources. Blandford (1990), Blandford et
al (1991) and Miralda-Escudé (1991) first investigated the statistical distribution of distortions
induced by large-scale structures in an EdS universe. They computed the two-point polarization
(or shear) correlation function and established how the rms value of the polarization depends on
the power spectrum of density fluctuations. Kaiser (1992) extended these works and showed how
the angular power spectrum of the distortion is related to the three-dimension mass density power
spectrum, without assumptions on the nature of fluctuation. These works were generalized later
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to any arbitrary value of Ω by Villumsen (1996) and Bar-Kana (1996). All these studies concluded
that the expected rms amplitude of the distortion is of about one percent, with a typical correlation
length of a degree. Therefore it should be measurable with present-day telescopes.
These promising predictions convinced many groups to start investigating more deeply how weak
lensing maps obtained from wide field imaging surveys could constrain cosmological scenarios.
To go into further details, it is necessary to generalize the previous works to any cosmology and
to describe in detail observables and physical quantities which could be valuable to constrain
cosmological models. Indeed, the investigations of weak lensing by large scale structures need
theoretical and statistical tools which are not different from those currently used for catalogues of
galaxies or CMB-maps. In this respect, the perturbation theory, which has already demonstrated
to work describe very well the properties of large scale structures (see Bouchet 1996 and references
therein), looks an ideal approach on such large scales, and the use of similar statistical estimators as
for catalogues of galaxies seems perfectly suited. Bernardeau, Van Waerbeke & Mellier (1997) then
used the perturbation theory in order to explore the sensitivity of the second and third moments of
the gravitational convergence κ (rather than the distortion whose third moment should be zero),
to cosmological scenarios, and to cosmological parameters, including λ-universes. The small angle
deviation approximation implies that the distortion of the ray bundle can be computed on the
unperturbed geodesic (Born approximation). In the linear regime, if lens-coupling is neglected (see
Section 4.4.3), the cumulative effect of structures along the light of sight generates a convergence
in the direction θ ,

κ(θ) =
3

2
Ω0

∫ zs

0
n(zs)dzs

∫ χ(s)

0

D0(z, zs)D0(z)

D0(zs)
δ(χ,θ) (1 + z(χ))dχ , (28)

where χ is the radial distance, D0 the angular diameter distance, n(zs) is the redshift distribution
of the sources, and

δ =

∫

δkD+(z)eik.xd3k (29)

is the mass density contrast, which depends on the evolution of the growing modes with redshift,
D+(z). It is related to the power spectrum as usual : < δkδk′ >= P (k)δDirac(k + k′). It is worth
noting that κ depends explicitly on Ω0 and not only δ because the amplitude of the convergence
depends on the projected mass, not only on the projected mass density contrast.
The dependence of the angular power spectrum of the distortion as a function of (Ω,λ), of the
power spectrum of density fluctuations and of the redshift of sources has been investigated in detail
in the linear regime by Bernardeau et al (1997) and Kaiser (1998). Bernardeau et al (1997) and
Nakamura (1997) computed also the dependence of the skewness of the convergence on cosmolog-
ical parameters, arguing that it is the first moment which probes directly non-linear structures.
From perturbation theory and assuming Gaussian fluctuations, the variance, < κ(θ)2 >, and the
skewness, s3 =< κ(θ)3 > / < κ(θ)2 >2, have the following dependencies with the cosmological
quantities:

< κ(θ)2 >1/2≈ 10−2 σ8 Ω0.75
0 z0.8

s

(

θ

1o

)−(n+2)/2

, (30)

and
s3(θ) ≈ −42 Ω−0.8

0 z−1.35
s , (31)
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Figure 6: Ratio of the amplitude of the polarization predicted by the non-linear and the linear
evolution of the power spectrum as function of angular scale (from Jain & Seljak 1997). The
normalization is σ8 = 1. The plots shows the expectations for three cosmologies: Ω = 1 (solid line),
Ω = 0.3 (dashed line) and Ω = 0.3, λ = 0.7 (dotted line). The difference between the two regimes
becomes significant below the 10’ scale.

for a fixed source redshift zs, where n is the spectral index of the power spectrum of density
fluctuations and σ8 the normalization of the power spectrum. Hence, since the skewness does not
depend on σ8, the amplitude of fluctuations and Ω0 can be recovered independently using < κ(θ)2 >
and s3.
Jain & Seljak (1997), generalizing the early work by Miralda-Escudé (1991), have analyzed the

effects of non-linear evolution on < κ(θ)2 > and s3 using the fully non-linear evolution of the
power spectrum (Peacock & Dodds 1996). They found formal relations similar to those found
by Bernardeau et al. However, on scale below 10 arc minutes, < κ(θ)2 > increases more steeply
than the theoretical expectations of the linear theory and is 2 or 3 times higher on scales below 10
arcminutes. These predictions are strengthened by numerical simulations (Jain, Seljak & White
1998). Therefore, a shear amplitude of about 2-5% is predicted on these scales which should be
observed easily with ground-based telescopes (Figure 6). Schneider et al (1998a) recently claimed
that they have detected this small-scale cosmic-shear signal.
The previous studies are based on the measurements of ellipticities of individual galaxies in order to
recover the stretching produced by linear and non-linear structures. As for the mass reconstruction
of clusters, it demands high quality images and an accurate correction of systematics down to a
percent level. An alternative to this strategy has been investigated by Villumsen (1996) who looked
at the effect of the magnification bias on the two-point galaxy correlation function. Since the
magnification may change the galaxy number density as function of the slope of the galaxy number
counts, it also modifies the apparent clustering of the galaxies is a similar way. From Eq. (23) the
two-point correlation function averaged over the directions θ is changed by the magnification of
the sources and, in the weak lensing regime, its contribution writes (Kaiser 1992, Villumsen 1996,
Moessner & Jain 1998):

ω(θ) =
〈[N0(m)(5α − 2)κ(θ + θ′)] [N0(m)(5α − 2)κ(θ)]〉

N0(m)2
, (32)

that is
ω(θ) = (5α − 2)2

〈

κ(θ + θ′)κ(θ)
〉

. (33)

The galaxy two-point correlation function is therefore sensitive to the correlation function of the
convergence and to the slope of galaxy counts. Provided that the unlensed two-point correlation
function is known, it is then possible to compute the local correlation function of the convergence
from the local two-point correlation function of the galaxies.
Details investigations of the capability of this technique have been discussed by Moessner, Jain
& Villumsen (1998a) who looked at the effect of non-linear clustering on small scales and for
different cosmologies. They raised the point that the correlation function can be also affected by
the evolution of galaxies which modifies also the two-point correlation function of galaxies, but in
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an unknown way. Moessner & Jain (1998) proposed to disentangle these two effects by using the
cross-correlation of two galaxy samples having different redshift distributions which do not overlap.
This minimizes the effect of intrinsic galaxy clustering. However it requires the knowledge of the
biasing which can also depend on the redshift. Therefore, the magnification bias method needs
auxiliary input which can constrain the biasing independently.

4.2 Measuring the biasing

Since gravitational lensing is directly sensitive to the total mass responsible for the deflection,
it provides a potentially important tool for measuring the biasing factor, as it has been demon-
strated by the recent weak lensing analysis of the Supercluster MS0302+17 (Kaiser et al 1998). In
particular, a well-known effect of the magnification bias is the generation of correlations between
foreground and background luminous systems observed in catalogues. The matter associated with
the foreground systems can amplify the flux received from background objects, which results in
an apparent correlation between the number density or the luminosity of backgound objects and
the number density of foregrounds. The correlation has been first detected by Fugman (1990) and
confirmed latter by Bartelmann & Schneider (1993a,b; 1994) who found correlations of the galaxy
number density with the radio-sources of the 1-Jy catalogues, the IRAS catalog, and the X-ray
galaxies. Further independent analyses of such associations showed also evidences of magnifica-
tion bias (Bartelmann, Schneider & Hasinger 1994; Rodrigues-Williams & Hogan 1994; Seitz &
Schneider 1995b; Wu & Han 1995; Beńıtez & Mart́inez-González 1997; Williams & Irwin 1998).
The statistical basis of these associations is surprisingly robust and difficult to explain physically
without invoking lensing effects.
Bartelmann et al (1994) argued that the correlation can be interpreted has a magnification bias
only if it is produced by condensations of matter like clusters of galaxies (Bartelmann & Schneider
1993a). In order to check this hypothesis, Fort et al (1996) have attempted to detect weak shear
around some selected bright quasars which could be good lensing candidates. They found strong
evidence of weak shear around half of their sample with, in addition, a clear detection of galaxy
overdensities in the neighborhood of each quasar. The Fort et al sample has been re-analyzed
recently by Schneider et al (1998a) and the detection has been strengthened on a more reliable
statistical basis, with a firm confirmation for one of the quasars from the HST images obtained by
Bower & Smail (1997). In addition, some other observations have also detected gravitational shear
around bright radiosources: Bonnet et al (1993) found a shear signal around the double imaged
quasar Q2345+007, which was later confirmed to be associated with a distant cluster (Mellier et
al 1994; Fischer et al 1994; Pelló et al 1996). A similar detection of a cluster has recently been
reported around the Cloverleaf (Kneib et al 1998) and around 3C324, which also clearly shows a
shear pattern from the HST images (Smail & Dickinson 1995). The sample is nevertheless too small
to provide a significant direct evidence that magnification bias is detected in quasar catalogues.
Indeed, it would be important to pursue this program using a large sample of bright quasars or
radiosources. The field of view does need to be large, so the HST with the Advanced Camera could
be a perfect instrument for this project. The impact of such magnification bias could be important
for our understanding of the evolution scheme of quasars and galaxies, since it changes the apparent
luminosity functions of these samples (Schneider 1992, Zhu & Wu 1997).
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If these correlations are due to magnification bias, a quantitative value of the biasing can in princi-
ple be estimated, for instance from the angular foreground-background correlation function (Kaiser
1992), where foreground could be galaxies or dark matter. Bartelmann (1995a) expressed the angu-
lar quasar-galaxy correlation, ξQG, as function of the biasing factor, b, and the magnification-mass
density contrast cross-correlation function, ξµδ, in the weak lensing regime:

ξQG(θ) = (2.5α − 1) b ξµδ(θ) (34)

where α is the slope of the background galaxy counts. However, since ξµδ depends on the power
spectrum of the projected mass density contrast, the determination of the biasing factor is possible
only if one obtains independently the amplitude of the power spectrum. Generalizations to non-
linear evolution of the power spectrum and to any cosmology were explored by Dolag & Bartelmann
(1997) and Sanz, Mart́ınez-González & Beńıtez (1997). As expected, the non-linear condensations
increase the correlation on small scales by a very large amount, but it still strongly depends on the
amplitude of the power spectrum.
With the observation of weak lensing induced by large scale structures, it becomes possible to
observe directly the correlation between the background galaxies and the projected mass density
of foregroung structures instead of using the light distribution emitted by the foreground galaxies.
Following the earlier development by Kaiser (1992), Schneider (1998) has computed the cross-
correlation between the projected mass, M , and the galaxy number density of foreground galaxies,
N , on a given scale θ, < MN >θ, as function of the biasing factor of the foreground structures, b.
Like previous studies, it is simply proportional to b, but it also depends on σ8 and the slope of the
power spectrum, and as such it is not trivial to estimate it without ambiguity. A more detailed
investigation of the interest of < MN >θ has been done by Van Waerbeke (1998a) who computed
the ratio, R(θ) of the density-shear correlation over the two-point galaxy correlation function for a
narrow redshift distribution of foregrounds and a narrow range in scale (Van Waerbeke 1998a,b):

Rθ =
3

2

Ω

b

g(wf )fK(wf )Nf (wf )

a(wf )
∫

N2
f (w)dw

, (35)

where a is the expansion factor, wf is the comoving distance of the foreground, fK the comoving
angular diameter distance, Nf the redshift distribution of the foreground galaxies, and

g(w) =

∫ wf

w
Nb(w

′)
fK(w′ − w)

fK(w′)
(36)

Nb(w
′) being the redshift distribution of the background galaxies. Using this ratio, he investigated

the scale dependence of the biasing, including the non-linear spectrum and different cosmologies,
and discussed how it can be used to analyze the evolution of the biasing with redshift, if two dif-
ferent populations of foregrounds are observed. The ratio Rθ/Rθ′ permits to compare the biasing
on two different scales. This quantity does not depend on Ω, neither on the power spectrum nor
on the smoothing scale, so it is a direct estimate of the evolution of biasing with scale. Van Waer-
beke predicts that a variation of 20% of the bias on scales between 1’ and 10’ will be detectable
on a survey covering 25 square degrees. This ratio is therefore a promising estimator of the scale
dependence of the biasing.
The analysis discussed above indicates the potential interest of lensing to study the evolution of
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bias with scale and redshift of foreground, using directly the correlation between the ellipticity dis-
tribution of background sources and the projected mass density inferred from mass reconstruction.
It thus permits an accurate and direct study of the biasing and its evolution with look-back time
and possibly with scale. However, it is worth stressing that Van Waerbeke (like Bartelmann 1995a
and others) assumed a linear biasing. In the future it will be important to explore in details the
generalization to a non-linear bias (Van Waerbeke, private communication) as described by Dekel
& Lahav (1998).

4.3 Strategies for weak lensing surveys

The rather optimistic predictions from theoretical work reported above are convincing enough to
investigate in great detail how weak lensing surveys can be designed in order to maximize the
signal to noise ratio of statistical and physical quantities, as well as to minimize the time spent
for the survey. The definition of a best strategy addresses many issues: size, shape, topology of
the survey, best statistical estimators, optimal analysis of the catalogues and best extraction of
the signal from the raw data. This last point (measurement of ellipticities, correction of the PSF)
has already been discussed in previous sections, so I will focus on the other aspects. Indeed, weak
lensing surveys have rather generic constraints which are common to any survey in cosmology (see
Szapudi & Colombi 1996, Kaiser 1998, Colombi, Szapudi & Szalay 1998 and references therein).
The main sources of noise are the cosmic variance, the intrinsic ellipticity distribution of the lensed
galaxies and possibly the noise propagation during the mass reconstruction from lensing inversion.
In addition, at such low shear level, the correction of the PSF, as well as the removals of system-
atics coming from optical and atmospheric degradation of the images, or from the method used to
measure the shear from galaxy ellipticity, are crucial steps.
The impact of the size, of the shape and the deepness of weak lensing surveys has been addressed
by Blandford et al (1991) and Kaiser (1992) and investigated later in more detail by Kaiser (1998),
Kamionkowski et al (1997), Van Waerbeke et al (1998), and Jain et al (1998). Depending on the
scientific goals and the nature of the data, medium-size deep, very-wide shallow and very-small
ultra-deep surveys have been proposed.
The most detailed investigation done so far has been conducted by Van Waerbeke et al (1998). From
a sample of 60 simulations per set of parameters they computed the expected signal to noise ratio of
the variance and the skewness of the convergence, and attempted to reconstruct the projected mass
density from the lensing signal in order to recover the projected power spectrum for each model on
5o×5o and 10o×10o noisy maps. They included various cosmologies, mass density power spectra,
sampling strategies and redshifts of sources. This work is a preparation of the sub-arcsecond seeing
survey which should be conducted at CFHT with the new wide field MEGACAM camera (which
will cover one square degree, Boulade et al 1998). These simulations show that the projected mass
density maps can be recovered with an impressive accuracy and demonstrate that such a survey will
be able to recover the projected power spectrum of mass density fluctuations, from 2.5 arcminutes
up to 2 degrees with a signal to noise ranging from 10 to 3. The power spectrum on small scale is
dominated by the shot noise due to the intrinsic ellipticity distribution of the background galaxies,
but it follows the statistics predicted by Kaiser (1998) which permits to remove it easily. The best
strategy suggested by these simulations is a shallow survey with a typical galaxy number density
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Figure 7: Histograms of the values of the skewness of the convergence for an Ω = 1 (right) and
Ω = 0.3 (left) universes and for a 5×5 (thick lines) and 10×10 (thin lines) square degrees survey.
This simulates the possible surveys to be done with MEGACAM at CFHT (from Van Waerbeke et
al 1998).

of 30 arcmin−2 over 10×10 square degrees. According to Van Waerbeke et al (1998) it will permit
to separate Ω = 0.3 from Ω = 1 universes at a 6 σ confidence level (Figure 7). Kaiser (1998)
recommends a wide field as well, but suggests a sparse sampling on very large scale rather than a
compact topology. This alternative has not been investigated yet using simulations. In particular,
it would be useful to have quantitative estimates of the scale beyond which the survey should switch
from a compact to a sparse sampling of the sky.
Alternatively, Stebbins (1996) and Kamionkowski et al (1997) have explored the possibility to use

shallower surveys, which sample the sky with only few galaxies per arcminutes, but cover about
half the sky. Contrary to the MEGACAM-like surveys which aim at mapping the shear field and to
build a map of the projected mass density, these shallow surveys only aim at measuring the corre-
lation of ellipticities on very large scales. Stebbins (1996, 1999) used the linear theory to compute
the angular power spectrum of the shear inferred from a tensor spherical harmonic expansion of
the shear pattern of an all-sky survey. He argues that the SDSS could provide reliable information
on the projected angular power spectrum of the shear. The expected signal is very small, because
most of the galaxies will be at redshift lower than 0.2. The seeing of the site and the sampling of
the images could have minor impact of the signal because these nearby galaxies should be much
larger than the seeing disk. However, a simulation of the systematics which include the quality of
the telescope and the instruments, as well as an estimate of the possible systematics produced by
the drift-scanning is now necessary in order to have a clear quantitative estimate of the expected
signal to noise ratio.
The use of the VLA-FIRST radio survey for weak lensing proposed by Kamionkowski et al (1997)
looks promizing. FIRST covers about the same area as the SDSS but the radiosource sample has
a much broader redshift distribution and a median redshift beyond z = 0.2. However, with less
than 100 sources per square-degree, the sampling is rather poor. Kamionkowski et al predict an
rms ellipticity of about 3% on 6 arcminutes, 1% on 20 arcminutes and on one degree scale, with a
signal-to-noise ratio larger than 5, in good agreement with Bernardeau et al. (1997) and Jain &
Seljak (1997). Preliminary results from this survey should come out quickly.
On small scales, first attempts for measuring cosmic shear have already been made by several
groups. Mould et al. (1994) used a very deep image obtained at the Palomar Telescope to measure
cosmic shear on scale of 5 arcminutes. They do not find a significant signal (see however Villumsen
1995, unpublished results) and argued that the cosmological signal of their field is below 4%. A
similar attempt has been done by Fahlman et al. (1994) on a 15 arcmin field. The images were
obtained at CFHT in subarcsecond seeing conditions (≈ 0.5”, against 0.9” for Mould et al), but
significantly less deep than the Mould et al. observations. They did not detect any significant
signal, though, due to the excellent seeing, they expected to be 3 times more sensitive. On the
other hand, the detections of weak lensing signal on about 2 arcminute scale around radiosources
and quasars (see previous section on biasing) show that cosmic shear on small scales is already
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Figure 8: Simulation of mass maps construction from a wide field weak lensing survey. The left
panel is the original simulated projected mass density of large scale structures. The field covers 25
square degrees. The middle panel is the reconstructed mass map using the algorithm described in Van
Waerbeke et al (1998). The noise introduced in the simulated map is due to the intrinsinc ellipticity
distribution of the lensed galaxies. The similarity with the original mass map is striking. The right
panel is the shear map overlayed to the projected mass map. The length and the orientation of each
line indicate the amplitude and the orientation the shear.

detectable even for shear amplitudes of 2%. Schneider et al (1998a) argued that the shear detected
around radiosources is cosmic shear, though the sample is probably biased toward non-linear struc-
tures because the fields are preferentially selected around bright quasars. This is probable because
the motivation of the Fort et al (1996) observations (from which the Fort et al and Schneider
et al sample is based) was the verification of the Bartelmann et al (1994) hypothesis that the
quasar-galaxy association results from a magnification bias of bright quasar samples by large scale
structures. Therefore, if the magnification bias really works then the cosmological significance of
the Schneider et al (1998) interpretation is difficult to quantify. Conversely, if the quasar-galaxy
associations are not produced by such magnification, then Schneider et al measured the cosmic
shear for the first time.
Several low-angular scale surveys are underway in order to provide much better statistics. They

have been summarized by Seitz (1999). A promising strategy consists in using the parallel STIS
observations of HST, as randomly selected fields. For each of those outstanding images, it is pos-
sible to measure the average distortion with a very high confidence level. Preliminary analyses by
Seitz (1999) show that the PSF is incredibly stable and that the first observations lead to an rms
ellipticity of 3% on one arcminute scale, which is very encouraging. However, for the moment it
is difficult to interpret the rms shear in terms of constraints for cosmological models because the
STIS parallel observations are done without filter, so there is no color informations on the lensed
galaxies to constrain their average redshift.
In addition to the definition of the survey strategy, the scientific return is sensitive to the technique
used to analyze the catalogues. In this respect, the best procedure depends on the noise properties
on the survey. In theory, if the noise follows a Gaussian statistics, the Wiener filtering should
provide a minimum variance estimator of cosmological quantities (Seljak 1997a). However, it is
not obvious that this is the best approach, in particular on small scales where non-linear features
deviate significantly from gaussianity. For instance, Kruse & Schneider (1998) have explored a
strategy for an optimal extraction of the high density peaks present in surveys. It uses the aperture
mass densitometry for cosmic shear measurement proposed by Schneider et al (1997) which permits
to detect peaks of the projected mass density as function of the tangential shear, γt (Kaiser 1995).
This simple and rather robust approach which focuses on the most contrasted systems should pro-
vide in a simple way some constraints of the number density of high peaks, and therefore on the
cosmological scenarios. Schneider et al (1997) argued that the use of a compensated filter is an
optimal procedure to measure κ from γ without mass reconstruction because in contrast to the top
hat filter, it selects a sharp scale range which cancels the additional noise produced by the adjacent
wavenumbers. The merit of the two filterings has also been investigated in detail in the simulations
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of Van Waerbeke et al (1998). They found that the best choice is unclear: the compensated filter
is better for the variance, but is worse for the skewness.

4.4 Critical issues

The critical issues already discussed for the weak lensing and mass reconstruction of clusters of
galaxies are valid and even more critical for large scale structures. This will not be re-discussed
here, but we should mention that systematic effects are a real concern which could be an ultimate
limitation of the weak lensing capabilities, at least on ground -based telescopes.

4.4.1 Redshift of sources

Eqs.(27) and (28) show a strong dependence of the variance and the skewness of the convergence
on the redshift distribution of the lensed sources. As far as weak lensing is concerned, from the
investigations of the effect of redshift distribution of sources on cluster mass reconstruction, it
seems that only the averaged redshift of the galaxies and the width of their distribution are needed
(Seitz & Schneider 1997), even with a bad precision (say, ∆zs ≈ 0.5). This requirement is therefore
not severe and can be obtained using photometric redshifts. The work by Connolly et al. (1995)
demonstrates that galaxies brighter than I = 22.5 can easily be calibrated using spectroscopic
redshifts and that photometric information in 4 different filters constrain the redshift of these
galaxies with an accuracy of about ∆zs ≈ 0.4. The future surveys with 10-meters class telescopes
will calibrate photometric redshift up to I = 23.5, and even fainter by using Lyman-break galaxies
(Steidel et al 1998) and near-infrared photometry. This is deep enough for shallow wide field surveys
so one can be reasonably confident that the redshift distribution of the lensed galaxies will not be a
major problem. Conversely, this is another argument in favor of shallow rather than deep surveys
which would reach limiting magnitudes beyond the capabilities of spectrographs. Indeed, as shown
by Van Waerbeke et al (1998) the signal to noise ratio of the variance and the skewness does not
strongly depend on the redshift of the sources, so it is useless to reach very faint magnitudes.

4.4.2 Source clustering

Due to the intrinsic clustering of the galaxies the redshift distribution can be broad enough to mix
together the population of lensed galaxies and the galaxies associated with the lensing structures.
In particular an extended massive structure at high redshift can play simultaneously the role of a
lens and a reservoir of lensed galaxies. The average redshift distribution of the sources can therefore
be biased by the galaxies located within the massive structure, which can bias as well the estimated
value of the convergence in a similar way. Indeed, the variance of the convergence is not affected by
this clustering (Bernardeau 1998a). However, the skewness is much more affected, mainly because
the overlapping acts exactly as a non-linear evolution of the projected density. Bernardeau (1998a)
shows that most these effects are negligible on scales beyond 10 arcminutes. It would also be
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interesting to investigate more deeply how the source clustering may contribute to spurious signal
on small scales.
The apparent change of the two-point correlation function by magnification bias can also change the
local redshift distribution of lensed sources. This effect, though mentioned by Bernardeau (1998a),
has not been investigated in detail.

4.4.3 Lens coupling

When ray bundles cross, by accident, two lenses, the cumulative convergence is given by the product
of the magnification matrix, and not simply the sum of the two convergences. The resulting
convergence contains additional coupling terms that must be estimated. Fortunately, in the weak
lensing regime, this coupling appears to be negligible. It does not change the value of the variance,
and the skewness is only weakly modified (Bernardeau et al 1997; Schneider et al 1997).

4.4.4 Validity of the Born approximation

The effects of mass density fluctuations due to large scale structures on the deformation of the ray
bundles are computed assuming that the Born approximation is valid, that is the deformation can
be computed along the unperturbed geodesic. In the case of linear perturbations, this assumption is
valid at the lowest order. As discussed by Bernardeau et al (1997), the correction on the skewness
should be at the percent level. However, this is less obvious once lens couplings are taken into
account. The validity of the Born approximation has not been tested in detail, so far. This
certainly deserves inspections using high-resolution numerical simulations. The simulations done
by Jain & al (1998) or Wambsganss, Cen & Ostriker (1998) could provide valuable informations on
this issue.

4.4.5 Intrinsic correlated polarization of galaxies

It is possible that the intrinsic orientations of galaxies are not randomly distributed but have a
coherent alignment correlated to the geometry of large scale structures in which they are embedded.
If it is so, the coherent alignment produced by weak lensing will be contaminated by the intrinsic
alignment of the galaxies and a mass reconstruction based on the shear pattern will be impossible.
Such alignments could appear during the formation of large scale structures or could result from
dynamical evolution of galaxies within deep potential wells, like superclusters or clusters of galaxies
(see Coutts 1996; Garrido et al 1993 and references therein). However, the most recent numerical
simulations do not show such correlations. Many attempts have been done to search for signatures
of these intrinsic coherent patterns. So far, no convincing observations on nearby structures have
demonstrated that there are large-scale coherent alignments. This possibility has to be investigated
deeply, in particular in nearby large scale structures where a coherent alignment from gravitational
lensing effect is negligible. It would be valuable to have more quantitative estimates of possible
trends for alignments from future very high-resolution numerical simulations of structure formation.
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5 GALAXY-GALAXY LENSING IN FIELD GALAXIES

Evidence that galaxies have dark halos come from the kinematical and dynamical studies of galax-
ies. However, the geometry of the halos, and the amount and distribution of dark matter are
unknown and in practice difficult to probe. Gravitational lensing could provide valuable insight
in this field: since it works on all scales, in principle the halos of galactic dark matter should be
observed from their gravitational lensing effects on background galaxies. The first Einstein rings
and the other galaxy-scale lensing candidates have provided unique opportunities to measure the
mass-to-light ratios and to probe the mass profiles of a few galaxies (Kochanek 1991). In the case
of rings, the mass of the lensing galaxies can be very well constrained (see for instance Kochanek
1995), so the properties of the halos inferred from modeling are reliable. However, Einstein rings
are rare lensing events, so the sample is still very small.
A more promising approach consists in a statistical study of the deformation of distant galaxies by
foreground galactic halos. The galaxy-galaxy lensing analysis uses the correlation between the po-
sition of foreground galaxies and the position-alignment of their angular-nearest neighbors among
the background population. If the alignment is assumed to be produced by the gravitational shear
of the foreground halos, then it is possible to probe their mass, if the redshift distributions of the
foregrounds and the backgrounds are known. A statistical analysis is then possible, if one assumes
that all the foreground galaxies have similar halos, which can be scaled using the Tully-Fisher
relation and the photometric data (galaxy luminosity). The expected gravitational distortion is
very weak: for foregrounds at redshift < zl >= 0.1, backgrounds at < zs >= 0.5, and typical halos
with velocity dispersion of 200 kms−1 and radius of 100 kpc, |γ| ≈1% at about 20 kpc from the
center. But if the observations go to very faint magnitudes there is a huge number of background
lensed galaxies, so that the weakness of the signal is compensated by the large statistics. It is worth
pointing out that the signal-to-noise ratio depends on the number of galaxy pairs, and so either
very wide field shallow surveys or ultra-deep imaging can be used for the statistics (though they
will not probe similar angular scales).
A very first attempt was done by Tyson et al (1984) who used about 50,000 background and 11,000
foreground galaxies obtained from photographic plates. The 3 σ upper limit of the circular velocity
they found was 160 km.sec−1, with a maximum cutoff radius below 50 h−1

100 kpc. These values are
significantly smaller than theoretical expectations from rotation curves and dynamical analyses of
galaxies. However, despite a careful examination of possible systematics (Tyson et al 1984, Tyson
1985), there are two limitations to Tyson et al’s pioneering work. First, as emphasized by Kovner &
Milgrom (1987), the assumption that background galaxies are at infinite distance has considerable
impact on the constraints on the circular velocity and the cutoff radius. If one includes a corrective
factor which takes into account the distances of the sources, the upper limit for the circular velocity
is considerably higher (330 kms−1 for a L∗ galaxy) and no constraints can be put on the cutoff
radius (Kovner & Milgrom 1987). Second, the image quality of the photographic plate is bad and
may also affect the measurement of weak distortions.
The first attempt to use deep CCD subarcsecond images has been done by Brainerd, Blandford

& Smail (1996) using about 5,000 galaxies. The distortion was compared with simulations, based
on analytical profiles for the dark matter halos, and the Tully-Fisher relation, in order to relate
mass models to observations. After careful investigations of systematics, they detected a significant
polarization of about 1% , averaged over separation between 5” and 34” (see Figure 9). They con-
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Figure 9: Angular variation of polarization produced by weak lensing of foreground galaxies on
the background (lensed) sources in the Brainerd et al (1996) sample. The lines show theoretical
expectations for three models of halos having different velocity dispersion and scales.

cluded that halos smaller that 10h−1 kpc are excluded at a 2σ level, but the data are compatible
with halos of size larger that 100h−1 kpc and circular velocities of 200 kms−1. Similar works using
23,000 galaxies has been done recently using very deep images obtained with MOCAM at CFHT
(Cuillandre et al 1996) with seeing below 0.7”. They found remarkably similar results as Brainerd
et al for the polarization and its evolution with radius (Erben et al, in preparation).
The HST data look perfectly suited for this kind of program which demands high image quality
and the observation of many field galaxies. Griffiths, Casertano & Ratnatunga (1996) used the
Medium Deep Survey (MDS) and measured the distortion produced by foreground elliptical and
spiral galaxies. They found similar results as Brainerd et al (1996) but with a more significant
signal for foreground elliptical than spiral galaxies. The comparison with shear signals expected
from various analytical models seems to rule out de Vaucouleur’s law as mass density profile of
ellipticals. Ebbels, Kneib & Ellis (in preparation) are now extending the MDS work to a larger
sample, trying to simulate more carefully the selection effects. Dell’Antonio & Tyson (1996) and
Hudson et al (1998) analyzed the galaxy-galaxy lensing signal in the HDF. As compared with the
ground-based images or the MDS, the field is small but the depth permits to use many background
galaxies even on scale smaller than 5 arcseconds. Furthermore, the UBRI data of the HDF permit
to infer accurate photometric redshifts for the complete sample of galaxies. Dell’Antonio & Tyson
compared the lensing signal with predictions from an analytical model for the halo. They found
a significant distortion of about 7% at 2” from the halo center which corresponds to halos with
typical circular velocities of less than 200 km.sec−1. The results obtained by Hudson et al (1998)
are consistent with those of Dell’Antonio & Tyson (1996) and Brainerd et al (1996). However, their
maximum-likelihood analysis permits to take into account more accurately the collective effects of
large-sized halos (Schneider & Rix 1997). In contrast to previous studies, they made careful cor-
rections of images from the PSF and scaled the magnitude inferred from the analytical models of
the halos using the Tully-Fischer relation.
Galaxy-galaxy lensing is potentially a very valuable tool to study the dynamics of galaxies, com-
plementary of standards methods using photometry and spectroscopic data. Since the foreground
galaxies have an average redshift of about 0.1, it offers also an opportunity to look at the dynamical
evolution of galaxies by comparing local galaxies at redshift zero to intermediate-redshift galaxies
(Hudson et al 1998). However, there are still some limitations due to the rather small number of
galaxies used in each sample. As shown from the simulations by Schneider & Rix, it is rather easy
to constrain the velocity dispersion of the halos, but more difficult to put limits of their physical
scale (see Figure 10). There are also uncertainties coming from the models of halos (which are
assumed spherical) and the additional noise produced by cosmic shear which can contaminate the
galaxy-galaxy signal. Though these issues should be analyzed in more detail in the future, dra-
matic changes in the results are not expected (Schneider & Rix 1997). In particular, the weak
lensing induced by large-scale structures should indeed be cancelled by the averaging procedure of
galaxy-galaxy lensing.
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Figure 10: Simulations of galaxy-galaxy lensing done by Schneider & Rix (1997) for four samples
of galaxies: 795 (top left), 1165 (top right), 2169 (bottom left) and 3137 (bottom right). The O
symbol indicates the input parameters of the model and the X show the maximum of the likelihood
function. The likelihood isocontours shows that the velocity dispersion is recovered easily, in contrast
to the scale which requires many more galaxies.

6 GRAVITATIONAL TELESCOPE AND HIGH-Z UNIVERSE

6.1 Redshift distribution of galaxies beyond B=25

Gravitational lensing magnifies part of the distant universe and permits to explore the redshift
distribution of faint galaxies as well as the morphology and the contents of very distant galaxies.
As it was discussed previously, information on the distances of the sources are relevant for the weak
lensing inversion, since the mass reconstruction uses a grid of faint distant sources whose redshift
distribution is basically unknown. In particular, this hampers the mass estimates of high-redshift
lensing clusters which are very sensitive to the redshifts of the background sources (Luppino &
Kaiser 1997). Unfortunately, beyond B = 25, even giant optical telescopes are too small for spec-
troscopy and the redshift of a complete sample of B > 25 galaxies cannot be secured in a reasonable
amount of observing time. The possibility of using photometric redshifts is very promising, but ob-
servations as well as tests of the reliability of the method for the faintest galaxies are still underway
and deserve careful control. Moreover, since it is hopeless to calibrate the photometric redshifts of
the faint samples with spectroscopic data, a cross-check of the predictions of photometric redshift
and “lensing-redshift” is important.

6.1.1 Spectroscopic surveys of arclets

Spectroscopic redshifts of arc(let)s is a long and difficult task but which is definitely indispensable
for lensing studies. They permit to compute the angular distances DOL,DLS and DOS and there-
fore to get the absolute scaling of the projected mass density. These redshifts probe also directly the
positions of critical lines which eventually constrain the local mass distribution for some detailed
models (Kneib et al 1993, 1996; Natarajan et al 1998; Kneib et al, in preparation). The develop-
ment of the lensing inversion technique (see next section) also demands spectroscopic confirmations
of its predictions in order to demonstrate that this is a reliable and efficient method. Last but not
least, it is in principle also possible to obtain information on the cosmological parameters if one
could have enough redshifts to constrain both the mass distribution of the lens and the geometry
of the Universe.
Spectroscopic surveys of the ”brightest” arclets in many clusters are progressing well. Some ex-
tremely distant galaxies have been discovered, like the arc(let)s in Cl1358+6245 at z = 4.92 (Franx
et al 1997, see Figure 11), in A1689 at z = 4.88 (Frye & Broadhurst, private communication), in
A2390 at z = 4.04 (Frye & Broadhurst 1998), in Cl0939+4713, where three z > 3 arcs have been
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Figure 11: The giant arc detected in Cl1358+6245 is the most distant arc ever observed (z=4.92).
The strong magnification permits to detect some inner structures in a lensed galaxy at z ≈ 5. Many
bright spots are visible (Franx et al 1997). The brightest spot on the left is also visible in the Soifer
et al (1998) J-band observations and seems to be a dense core.

detected (Trager et al 1997), or the hyperluminous galaxy in A370 at z = 2.8 (Ivison et al 1998).
Extensive spectroscopic follow-up is also underway in A2390 (Bézecourt & Soucail 1996, Frye et al
1998) and in A2218 (Ebbels et al 1996, 1998). The spectroscopic observation by Frye et al (1998) is
a good example of what could be expected from redshifts of arc(let)s: from their Keck observations,
they show that the straight arc in A2390 is actually constituted of two lensed galaxies aligned along
the same direction, one at z = 0.931 (reported earlier by Pelló et al 1991) and the other one at
z = 1.033. These observations confirm the early conclusions from multicolor photometry (Smail et
al 1993) as well as from theoretical considerations (Kassiola, Kovner & Blandford 1992) that this
straight arc should be composed of two galaxies.
About 50 redshifts of arc(let)s have been measured so far. However, from this sample it is diffi-
cult to infer valuable information on the redshift distribution of B > 25 galaxies or to constrain
evolution models of galaxies because it is biased in an unknown way. Since most of these objects
are very faint, only arclets showing bright spots on HST images revealing star-forming regions are
generally selected. These features, which increase the probability to detect emission lines, optimize
the chance to get reliable redshifts but generate a sample of arclets where star forming galaxies
are preferentialy selected. Furthermore, due to the steep slope of galaxy counts beyond B = 25
the magnification bias favors observations of blue galaxies rather than red ones. So, even if the
spectroscopy of arclets is crucial for the lens modeling and eventually to obtain the spectral en-
ergy distribution of high-redshift galaxies, the spectroscopic sample of arc(let)s must be handled
carefully and need a detailed analysis of the selection function prior to statistical studies. In the
meantime, it is important to focus on getting a few spectra of extremely high-redshift galaxies
(z > 5) that could be observable thanks to high magnification.

6.1.2 Redshift distribution from lensing-inversion

When it is possible to recover the lensing potential with a good accuracy, the lensing equation can
be inverted in order to send the lensed image back to its source plane. The shape of the source
can in principle be predicted for any redshift beyond the lens position. The basic principle of the
lensing-inversion approach was initially discussed by Kochanek (1990) and refined latter by Kneib
et al (1994, 1996). If the shape of the galaxies sent back beyond the lens plane is parameterized
by the quantity τ = (a2 − b2)/2ab e2iθ, then it is easy to show that in the weak lensing regime, the
complex quantity τ I and its projection on a y-axis, τy, writes (Kneib et al 1994, 1996):

τ I = τ + τS ; τSy = τIy (37)

where the subscript I and S refers to the image and the source, respectively. Therefore, τy is an
invariant. The conditional probability of a source to be at redshift z, given the shape and the
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position of the image, and for a given mass model is

p(z|model) =
p(τSx; τSy)

p(τSy)
. (38)

For a simple distribution of the shape of the sources, it turns out that this probability is maximum
at the redshift where the deformation of the source is minimized. Therefore, the lensing-inversion
predicts that the most probable redshift, for a given model, is where the unlensed galaxies have
a minimum ellipticity. This intuitive assumption proposed in Kneib et al (1994) was established
on an observational basis by Kneib et al (1996) using the HST-MDF galaxies as a fair sample of
unlensed sources. The obvious interest of this method is that it does not depend on the magnitude
of the arclet but on its position and its shape in the image plane. Potentially, it provides the
redshift of any arclet up to the limiting magnitude of the observations.
The lensing inversion was first applied on A370 (Kochanek 1990, Kneib et al 1994), from the lens
modeling of the giant arc and some multiple images. Though the (unlensed) magnitude-redshift
diagram found for these arclets shows a good continuity with the faint spectroscopic surveys (Mellier
1997), some of the predicted redshifts are uncertain. In fact, as it is shown in Fort & Mellier (1994,
Figure 12), the X-ray isophotes and the arclet positions do not follow the expectations of the lens
modeling of the eastern region. This is an indication that while the modeling is excellent in the
cluster center, the mass distribution does not have a simple geometry beyond the giant arc and
therefore the lens model in this region is uncertain. Similar complex substructures could exist on
scales below the resolution of the mass maps and could also produce wrong redshift estimates.
Furthermore, the lensing inversion is also sensitive to the accuracy of the shape measurements of
each arclet, which in the case of very faint objects could be an important source of uncertainty.
There are two solutions to solve these issues: first, it is highly preferable to use HST images instead
of ground based images. The recent spectroscopic confirmations by Ebbels et al (1996, 1998) of
most of the redshifts predicted from the lensing-inversion in A2218 from the HST data (Kneib
et al 1996) are wonderful demonstrations of the capabilities of such a technique when used with
superb images. Second, it is important to focus on lensing-clusters with simple geometry in order
to lower the uncertainties on the lens modeling. In this respect, though A370 and A2218 are rather
well modeled, they are not the simplest, and clusters like MS0440, A1689 or MS2137-23 appear as
better candidates.

6.1.3 Probing source redshifts using various lens-planes

A more natural and simple way to infer the redshift distribution of the faint galaxies is to look for
arc(let)s or weak lensing signal through a set of different lensing clusters having increasing redshifts.
The ratio of lensed versus unlensed faint galaxies and the amplitude of the shear patterns as function
of redshift probe directly the spatial distribution of the galaxies along the line of sight. This idea
was tentatively explored by Smail et (1994) who analyzed the lensing signal in three lensing clusters
at redshifts 0.26, 0.55 and 0.89 respectively. They found that most I < 25 objects cannot be low-z
dwarf galaxies and concluded that a large fraction of I = 25 galaxies are beyond z = 0.55. The
absence of any significant lensing signal in the most distant cluster led to inconclusive results on
the fraction of these galaxies which could be at very large redshift. Fortunately, the distant clusters
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observed by Luppino & Kaiser (1996) and Clowe et al (1998) provided considerable insights about
the high-redshift tail of faint galaxies. The detection of weak lensing in three z > 0.75 clusters put
strong constraints on their samples of 23.5 < I < 25.5 galaxies, which must be dominated by a
z > 1 population. These three lensing clusters strengthen the conclusions obtained from the shear
detected around Q2345+007 (Bonnet et al 1993) which is also produced by a high-redshift cluster
(Mellier et al 1994, Fischer et al 1994, Pelló et al 1996).
The use of distant clusters is promising because it is a direct consequence of the detection of weak
lensing signal, regardless of the accuracy of the mass reconstruction. The shape of the redshift
distribution of the galaxies can be inferred if many clusters at different redshifts map the lensing
signal. Up to now, the number of clusters is still low, but it will continuously increase during the
coming years. It is however worth noting that the derived shape of the redshift distribution also
depends on the accuracy of the lens modeling, as well as on the dynamical evolution of clusters
with look-back time. At high redshift it is possible that the lensing signal decreases rapidly, not
only because of the absence of background sources, but also because clusters of galaxies are no
longer dense and massive to produce gravitational distortion. It will be important to disentangle
these two different processes.

6.1.4 The distribution of faint galaxies from the magnification bias

When the slope of the galaxy number count is lower than 0.3, a sharp decrease of the galaxy number
density is expected close to the critical radius corresponding to the redshift of the background
sources (see Eq.(23)). For a broad redshift distribution, the cumulative effect of each individual
redshift results in a shallow depletion area which spreads over two limiting radii corresponding to
the smallest and the largest critical lines of the populations dominating the redshift distribution.
Therefore, the shape and the width of depletion curves reveal the redshift distribution of the
background sources, and their analysis should provide valuable constrains on the distant galaxies.
Like the lensing inversion, this is a statistical method which also needs a very good modeling of the
lens; but in contrast to it, it does not need information on the shapes of arclets, so the “depletion-
redshift” could be a more relevant approach for very faint objects.
This method was first used by Fort et al (1997) in the cluster Cl0024+1654 to study the faint
distant galaxy population in the extreme magnitude ranges B = 26.5 − 28 and I = 25 − 26.5. The
(unlensed) galaxy number counts were first calibrated using CFHT blank fields and checked from
comparison with the HST-HDF counts. In this magnitude range, the slopes are close to 0.2, so these
populations can produce a highly contrasted depletion area, so they are best suited for this project.
In this cluster, the lower boundary of the depletion is sharp and the growth curve toward the upper
radius extends up to 60 arcseconds from the cluster center, as expected if the high-redshift tail is
a significant fraction of the lensed galaxies. Fort et al concluded that 60%± 10% of the B-selected
galaxies are between z = 0.9 and z = 1.1 while most of the remaining 40% ± 10% galaxies appears
to be broadly distributed around a redshift of z = 3. The I selected population shows a similar
bi-modal distribution, but spreads up to a larger redshift range with about 20% above z > 4.
There is no yet spectroscopic confirmation that the double-shape redshift distribution predicted
by Fort et al is real. Indeed, there are still uncertainties related to this method: in the particular
case of Cl0024+1654, the redshift of the arc used to scale the mass was assumed to be close to
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Figure 12: Redshift distribution inferred from lensing techniques. The top panel is the spectroscopic
sample of arc(let)s compiled from the literature. The bottom panel includes the spectroscopic sample
and the redshift predictions of arclets from lensing inversion. On both histograms, the plots of the
redshift distributions from the depletion curves in B (solid line) and I (dashed line) prediction by
Fort et al (1997) are shown. The maximum of each curve is arbitrary fixed to the maximum of the
histogram.

1. We know from recent Keck spectroscopic observation that it is at redshift 1.66 (Broadhurst
et al 1999), so the innermost calibration of the sources has to be re-scaled. The method is also
sensitive to the lens modeling of the projected mass density. In the case of Cl0024+1654, it is
rather well constrained from the subarcsecond ultra-deep images of Fort et al, and the predicted
velocity dispersion is very close to the measured values from the galaxy radial velocities (Dressler
& Gunn 1992).
This approach was recently generalized by Bézecourt, Pelló & Soucail (1998a), in order to predict
the number counts of arc(let)s with a magnification larger than a lower limit. The prediction need
first a model for galaxy evolution which reproduces some typical features of field galaxies, like the
observed galaxy counts and redshift distributions of spectroscopic surveys. The best final model
can then be used to predict the number of arc(let)s brighter than a lower surface brightness limit
and with magnification larger than a lower limit, for any lensing cluster whose mass distribution can
be modeled properly. Bézecourt et al (1998a,b) used this technique to build the best model capable
to produce the number of arc(let)s observed in A370 and A2218. They predicted also a bimodal
redshift distribution, but their expected number of giant arcs is overestimated by a factor of two.
This inconsistency is still difficult to interpret. Indeed, the method should be handled carefully,
because it both depends on the modeling of the lens and on the modeling of galaxy evolution.
In particular, fitting of counts and redshift distributions of galaxies produces models which have
degeneracies (Charlot 1999) that are potential limitations. Nevertheless, like the Fort et al method,
this is an interesting and original idea which can certainly be improved in the future using much
better data. As compared with the lensing-inversion, it does not depend on the shapes of distant
galaxies, and just needs very deep counts (the Bézecourt et al (1998a,b) method does need shapes
of lensed galaxies, but they only use reasonably magnified arc(let)s, so it is not a difficult, so it
is not a difficulty). In the “depletion-redshift” technique this is a great advantage for the faintest
(most distant?) objects, because, as the HDF images show, many of them have bright spots but
do not show regular morphologies, so the lensing-inversion procedure could be inefficient for these
galaxies. These very first attempts must be pursued on many lensing clusters in order to provide
reliable results on the redshift distribution of the faintest galaxies.

The redshift distribution obtained by these various techniques are summarized in Figure 12. The
distribution is broad and the comparison with Figure 9 of Fort & Mellier (1994) shows that the
median redshift and the width of the distribution increases continuously. The median redshift
distribution of giant arcs was close to 0.4 four years ago and has increased up to 0.7 but with a
more pronounced high-redshift tail. A significant fraction of the new redshifts exceeds 1.5, with
a visible trends towards very high redshifts (z > 2.5). The median redshift obtained from lensing
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inversions is close to 0.7, with a good correlation with other methods. It is surprising to see that the
redshift distribution obtained by the depletion curves predict two peaks which seem to be visible in
the redshift distribution of arc(let)s as well, both on the spectroscopic and lensing inversion samples.
Due to the somewhat different selections criteria used for these two samples, a resemblance was
not really expected, and it may be an indication that selection biases in the spectroscopic sample
of arc(let)s are not critical.
Since the observations of lensed galaxies use simultaneously magnification, color selection, shape
selection (elongation) and relative position with respect to the cluster center (deviation angle), it
is thus possible to select jointly drop-out galaxies with the radial-distance criterium of elongated
object in order to select extremely distant galaxies. Since this method seems to be efficient, it will
be certainly applied to select samples of z > 5 galaxies. This will probably be a main goal for the
next years.

6.2 Spectral content of arc(let)s

The strong magnification of giant arcs also permits to study the content and star formation rates
of high-redshift galaxies. Preliminary studies started with Mellier et al (1991) and Smail et al
(1993) who explored the spectral content of some arcs. These samples do not show spectacular
starburst galaxies and seem to be compatible with a continuous star formation rate. The HST
images confirm that many of these galaxies have bright spots with ongoing star formation. The
star formation rates inferred from new optical spectra of arcs in A2390 (Bézecourt & Soucail 1996),
in A2218 (Ebbels et al 1996), in Cl1358+6245 (Franx et al 1997) or in Cl0939 (Trager et al 1997)
range from 5 to 20 M�/yr and are consistent with other observations (Bechtold al 1998), but none
of the rates computed for arclets are corrected from dust extinction.
It is only very recently that the material of magnified arcs is being studied in detail. Trager et al
(1997) made the first attempt to estimate the metallicity of the arclets at z > 3 detected in Cl0939
with the Keck telescope and found that they are metal-poor systems, having Z < 0.1Z�. The very
first CO observations at IRAM of the giant arc in A370 (Casoli et al 1997: CO(J=2-1) detected)
and at Nobeyama Observatory in MS1512-cB58 (Nakanishi et al 1997: CO(J=3-2) undetected)
have demonstrated that (sub)millimeter observations are feasible thanks to the magnification and
can provide useful diagnoses on the molecular and gas content of galaxies at high redshifts. If,
as suggested by the Cosmic Infrared Background (Puget et al 1996; see also Guiderdoni 1998 and
references therein), a significant fraction of the UV emission of distant galaxies is released in the
submillimeter range, the observations of lensed galaxies in the submillimeter and millimeter bands
could be a major step in our understanding of the history of star formation in galaxies. Blain
(1997) emphasized that the joint submillimeter flux-density/redshift relation and the steep slope
counts make the observations of lensed distant galaxies in this waveband optimum, so a large num-
ber of bright (magnified) sources is expected. Both SCUBA (at 450µm and 850µm) and IRAM
(at 1.3mm) can therefore benefit from magnification of distant lensed galaxies. The large field of
view and the wavelength range of SCUBA at JCMT seem perfectly suited for this program. Smail,
Ivison & Blain (1997) are carrying out a long term program of observations of lensing clusters with
this instrument. They detected sources in A370 and Cl2244-02 with a success rate which implies
that the number density of these galaxies is about 3 times higher than expected from the 60 µm
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IRAS count. Their observations of a new sample of 7 lensing clusters (Smail et al 1998) show that
the energy emitted by these galaxies is much higher than the expectations from nearby galaxies.
Most of these galaxies are at redshift larger than 1, and probably less than 5.5 . The star forma-
tion activity of high-redshift galaxies is therefore important and for those which have an optical
counterpart, their morphology reveals signs of merging processes. Therefore, the star formation
activity seems frequently triggered by interactions (Smail et al 1998), which corroborates the recent
ISOCAM observations in some giant arcs, like in A2390 (Lémonon et al 1998). The star formation
rates measured from the various fluxes have a very broad range, between 50 to 1000 M�/yr, but
they are difficult to estimate accurately, in particular for the hyperluminous system in A370 (Ivison
et al 1998) because AGNs could contribute significantly to the flux.
The submillimeter observation is certainly one of the most promising tool for the next years. The
magnification and the shape of the continuum produced by dust make the “submillimeter gravi-
tational telescope” perfect to study the high-redshift Universe and the star formation history of
galaxies.

6.3 Morphology of highly-magnified galaxies

Though the coupling of gravitational telescopes with the high resolution images from HST is superb
to probe the intrinsic morphology of arc(let)s, no significant results raised from the last years
studies. It turns out that many HST images of arcs are constituted of two parallel elongated arcs,
like in A2390 (Kneib et al in preparation) or MS2137-23 (Hammer et al 1997; see Figure 2 of this
review, the arcs A and C in MS2137-23), which supports the idea that these distant galaxies are
interacting systems as it was reported in the previous section. Others show bright spots which
are interpreted as star forming regions, like Cl2244-02 (Hammer & Rigaud 1989), A2390 (Pelló et
al, in preparation) or Cl0024+1654 (Tyson et al). In the case of the giant arc in Cl1358+62 at
z = 4.92, the comparion of the visible and the near-infrared observations obtained with the HST
and the Keck telescopes (Soifer et al 1998) reveals that one of its bright spots already contains half
the stellar mass of the galaxy. It shows that at this redshift galaxies may already have dense cores.
Furthermore, the visible and near infrared imaging and spectrospic data show also that reddening
produced by dust is important, even at that redshift.
The detailed description of a z ≈ 5-galaxy done by Soifer et al strengthens the usefulness of image
reconstruction techniques of high-redshift lensed galaxies, as the one initially proposed by Kochanek
et al (1989). Some attempts have been done already in Cl0024+1654 (Wallington et al 1995; Colley,
Tyson & Turner 1996) or in MS2137-23 (Hammer et al 1997). They succeed to reproduce a single
image in the source plane, but the details of the morphology are still uncertain and do not provide
yet valuable information on distant galaxies. Therefore, it is still premature to present quantitative
results on the distant galaxies, first because this sample is poor and incomplete, second because
they are too much uncertainties in the source reconstruction.
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7 COSMOLOGICAL PARAMETERS

The potential interest of gravitational lensing for cosmography, already discussed by Blandford &
Narayan (1992) and Fort & Mellier (1994) for the particular cases of arc(let)s, is clear but also
challenging. The increasing evidence that the whole set of observations are compatible with a non-
zero cosmological constant for instance, motivated many new studies devoted to the constraints
on λ, following the early suggestions by Paczynski & Gorski (1981). One of the most promising
and reliable approaches explored by recent theoretical studies has been raised by Bernardeau et al
(1996) and Van Waerbeke et al (1998). These works clearly demonstrate that the determination
of the cosmological parameters (Ω0, λ) using future surveys of weak lensing induced by large-scale
structures should provide Ω with a high accuracy (see Figure 7 and Figure 13). Since it was already
pointed out in section 4.1 , I do not discuss it in more detail. In the following I focus on new and
more speculative investigations, which are still difficult to implement, but seem promising in the
future.

7.1 Constraints from cluster reconstruction

Following the early suggestion by Paczynski & Gorski (1981) for multiply imaged quasars, Breimer
& Sanders (1992) (see also Fort & Mellier 1994, Link & Pierce 1998) emphasized that the ratio of
angular diameter distances of arc(let)s having different redshifts does not depend on the Hubble
constant and therefore can constrain (Ω, λ). This ratio still depends on the mass distribution within
the two critical lines corresponding to redshifts z1 and z2, so it is worth noting that it is sensitive
to the modeling of the lens. It is only in the case of an isothermal sphere model that the radial
positions of the critical lines θ, where arcs at a given redshift are formed, only depend on the
angular distances D(zs,Ω0, λ):

(

θ1

θ2

)

=

(

DLS(z1,Ω0, λ)

DOS(z1,Ω0, λ)

)(

DOS(z2,Ω0, λ)

DLS(z2,Ω0, λ)

)

. (39)

Since cluster potentials are by far more complex than isothermal spheres, in practice the method
works only for very specific cases, like clusters with regular morphology, and if auxiliary independent
data, like high-quality X-ray images or additional multiple images, help to constrain the lens model.
So far, no case was found where the modeling of two (or more) arc systems at very different redshifts
is sufficiently reliable. However, the joint HST images and spectroscopic redshifts obtained with
new giant telescopes should provide such perfect configurations in a near future. A1689 or MS0440
seem good examples of such candidates because both show many arc(let)s and have a regular shape.
A similar approach has been proposed by Hamana et al (1997), using the arc cB58 observed in
the lensing cluster MS1512.4+3647. Assuming that the dark matter distribution is sufficiently
constrained by the ROSAT and ASCA data, the magnification and number of multiple images of
cB58 only depend on the cosmology. One should therefore use the detection of counter-image to
cB58 to constrain the domain (Ω0, λ) which cannot produce a counter-arc. This point was discussed
by Seitz et al (1997) who argue that in practice it cannot work because it depends too much on
the modeling of the lensing cluster. The variation of the lensing strength as function of cosmology
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is small, lower than 0.5% between an EdS universe and an Ω = 0.3, λ = 0 universe. Furthermore,
the use of independent X-ray data to model the dark matter demands a very good understanding
of the physics of the hot gas for each individual cluster considered.
More recently, Lombardi & Bertin (1998c) have proposed to use weak lensing inversion to recover
simultaneously the cluster mass distribution and the geometry of the Universe. The method assumes
that the redshifts of the lensed galaxies are known. In that case, for a given cosmology, it is
possible to compute the shear at a given angular position which is produced on a lensed galaxy
located in a narrow redshift range, from the observed ellipticities of the galaxies at that angular
position. Conversely, if the shear is known, then it is possible to infer the best set of cosmological
parameters which reproduce the observed ellipticities of the galaxies. Therefore, it is possible to
iterate a procedure, starting from an arbitrary guess for the set (Ω, λ), which at the final step will
procure simultaneously the best mass inversion with the most probable (Ω, λ). The key point is
the assumption that the redshift of each individual source is known. The method should provide
significant results if at least a dozen of clusters with different redshift are reconstructed using this
iterative procedure (Lombardi & Bertin 1998c). Indeed, this inversion is demanding in telescope
time since a very good knowledge of the redshifts of many lensed sources is necessary; but otherwise
the method seems promising.

7.2 Statistics of arc(let)s

Up to now, several tens of multiply imaged distant galaxies have already been detected in clusters
of galaxies and this number will probably increase by a large factor within the next years. Since
the fraction of rich clusters (and therefore lensing-clusters) strongly depends on the cosmological
scenario, we expect the number of arc(let)s to depend on cosmological parameters (Wilson, Cole &
Frenk 1996b).
It is well known that present-day statistical studies of clusters of galaxies are limited by the few
samples of cluster catalogs with well understood selection function. Wu & Mao (1996) analyzed
the statistics of arcs in the EMSS cluster sample (Gioia et al 1990) and show that the fraction is
twice the one expected for an EdS Universe, but compatible with a flat λ = 0.7 model (see also
Cooray 1998). Unfortunately, the geometry of the mass distribution and the substructures present
in the lensing cluster increase the shear contribution to the magnification and change dramatically
the expected number of arcs (Bartelmann, Steinmetz & Weiss 1995; Bartelmann 1995b; Hattori,
Watanabe & Yamashita 1997, Bartelmann et al 1998). The importance of accurate simulations of
clusters is clearly obvious from the recent studies. Bartelmann et al (1998) find a totally opposite
result to Wu & Mao, and conclude that an open model (Ω = 0.3 and λ = 0) is preferred to any
flat models to reproduce the number of arcs observed. The other models, including λ = 0.7 model
fail by about of factor of ten. This is a clear demonstration that the use of statistics of arc(let)s to
constrain cosmological scenario is very sensitive to the assumptions. The constraint on λ from the
fraction of arc(let)s is therefore rather weak and hopeless for the moment.
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7.3 Magnification bias

The depletion of the galaxy number density as function of radial distance from the cluster center
can potentially provide information on the cosmological constant. The reason for this is ultimately
the same as for giant arcs, namely, the ratios of angular distances which strongly depend on
the cosmological constant. Therefore, if the redshift distribution of the sources and the mass
distribution of the lensing cluster are known, the shape of the depletion curve, in particular, its
extension at large radius is constrained by λ.
Fort et al (1997) have used this property in order to constrain the cosmological constant. They
used ultra-deep images of the lensing clusters Cl0024+1654 and A370 which permit to have a good
signal to noise ratio of the depletion curves. These clusters have giant arcs with known redshift
so the mass at a given critical line can be scaled. The method provide jointly the redshift of the
sources, and the cosmological parameters. Fort et al (1997) found that the location of this high
redshift critical line rather favors a flat cosmology with λ larger than 0.6.
It is remarkable that from these two clusters only the method predicts a value of λ compatible
with other independent approaches (see White 1998 and references therein). Since it needs a good
model for the lens, this method has still many uncertainties and can be significantly improved with
a large sample of arc clusters, in particular by using a maximum likelihood analysis applied to the
probabilities of reproducing their observed local shears and convergences. A strong improvement
can come from the new possibility to use the redshift distribution found independently. This should
be possible using photometric redshifts.

All the methods described above do not yet provide convincing results on λ mainly because they
use simultaneously different quantities which are degenerate without external information: mass
distribution of the lensing-cluster, redshift distribution of the sources, cosmological parameters,
and evolution scenarios of clusters and of sources. The approach using statistics of arc(let)s looks
promising but demands very good simulations and a good understanding of selection functions of
cluster samples which are used for comparison with observations. The method using lens modeling
needs very good lens models and information on the redshift distribution of galaxies, in particular
for the most distant ones, since they contain the population which depends the most on λ. This
approach can use the redshift distribution obtained from photometric redshifts, and should focus
on regular lensing clusters containing giant arcs with known redshift. As emphasized by Fort et al
(1997) and Lombardi & Bertin (1998c), significant results cannot be expected until many clusters
have been investigated. This should be done within the next years, in particular using 10 meters
class telescopes. However, it is remarkable that the Fort et al limit corresponds to the value given by
Im, Griffiths & Ratnatunga (1997) from the measurement of strong lensing produced by elliptical
galaxies, and to the upper limit given by Kochanek (1996) from the statistics of lensed quasars.

8 LENSING the CMB

The measurement of CMB fluctuations is a major goal for cosmology in the next decade (see White,
Scott & Silk 1994, and references therein). The shape of the power spectrum over the whole spectral
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range contains a huge amount of information which permits to constrain the cosmological scenario
with an incredibly high accuracy. However, the reliability of the interpretation of the features vis-
ible on the spectrum needs a complete and detailed understanding of all the physical mechanisms
responsible for its final shape. Gravitational lensing induced by foreground systems along the line
of sight may play a role, so it is important to predict in advance whether it can modify the signal
from the CMB and, if so, what are the expected amplitudes of the effects.
Since surface brightness is conserved by the gravitational lensing effect (Etherington 1933), only
fluctuations of the CMB temperature maps can be affected by lensing. However, even for strong
lenses, no significant modification of the power spectrum is expected on large scales (Blanchard &
Schneider 1987) and therefore there is no hope to detect positive signals of the coupling between
CMB and gravitational lensing in the Cosmological Background Explorer (COBE) maps. Never-
theless, since the COBE-DMR experiment has demonstrated that fluctuations exist (Smooth et al
1992), the study of the lensing effect on smaller scales than COBE resolution is potentially inter-
esting and has some advantages with respect to weak lensing on distant galaxies. First, contrary
to lensed galaxies, the redshift of the source, namely the last scattering surface, is well known
and spreads over a very small redshift range. Second, with the on-going and the coming of high-
resolution ground-based and balloon observations as well as the two survey satellites MAP and
Planck-Surveyor, observation of low-amplitude temperature distortions on small scales will become
possible and will permit to investigate possible lensing effects.
Early theoretical expectations from Blanchard & Schneider (1987) or Cole & Efstathiou (1989)
show that the shape of the small-scale temperature fluctuations can be modified by lensing effects;
in particular they can redistribute the power in the power spectrum. In contrast, the amplitude
of the temperature anisotropy on medium and small scales has been a matter of debates during
the last decade (see the review by Blandford & Narayan 1992, and more recently Fukushige &
Makino 1994; Fukushige, Makino & Ebisuzaki 1994, Cayón, Mart́ınez-González & Sanz 1993a,b,
1994). The conclusions of these works showed strong discrepancies, depending on the assumptions
used to explore the deflection of photons and to model inhomogeous universes. Furthermore, the
expectation values also depend on the cosmological models. Indeed, the most recent critical studies
show that the effect of lensing on large scales is negligible (Seljak 1996, Mart́ınez-González, Sanz &
Cayón 1997). In particular, the non-linear evolution of the power spectrum does not increases sig-
nificantly the amplitude on these scales. On the other hand, the gravitational lensing effect reduces
the power spectrum on small scales, and eventually can smooth out acoustic peaks on scales below
l ≈ 2000 (Seljak 1996). Mart́ınez-González et al (1994) obtained similar conclusions as Seljak, that
is, the contribution of lensing is small but not negligible and should be taken into account in the
detailed analysis of future CMB maps. Furthermore, the transfer of power from large to small
scales induces an important increase of power in the damping tail, which results in a decrease of
very small scale amplitudes at a smaller rate than expected without lensing (Metcalf & Silk 1997,
1998). According to Metcalf & Silk (1997), 30% of the additional power at l = 3000 comes from
l < 1000 scales, and 8% from l < 500 in the case of a σ8 = 0.6 model.
Zaldarriaga & Seljak (1998) pointed out that gravitational lensing does not only smooth the temper-
ature anisotropy, but can also change the polarization. The polarization spectra are more sensitive
to gravitational lensing effects than the power spectrum of the temperature because the acoustic os-
cillations of polarization spectra have sharper oscillations and can be smoothed out more efficiently
by lensing than temperature fluctuations. The effect is small but can reach amplitudes of about
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10% for l < 1000 scales. More remarkably, because of the coupling between E−type and B−type
polarizations (Seljak 1997b), gravitational lensing can generate low amplitude B-type polarization,
even if none is predicted from primary fluctuations (for instance, for scalar perturbations).
Because the signal is weak and only concerns the small scales, temperature and polarization fluc-
tuations induced by gravitational lensing will be difficult to measure with high accuracy and seems
a hopeless task before the Planck-Surveyor mission. It is therefore valuable to explore alternatives
which could provide better or complementary information which couples lensing and CMB. An in-
teresting idea is to analyze the non-Gaussian features induced by the displacement fields generated
by gravitational lensing on the CMB maps (Bernardeau 1997, 1998b). As for weak lensing on distant
galaxies, the CMB temperature map can be sheared and magnified. The resulting distortion pat-
terns are direct signatures of the coupling between the CMB and the foreground lenses. Bernardeau
(1998b) argued that the distortion map produced by lensing can be decoupled from other fluctu-
ation patterns because it generates similar magnification and deformation on close temperature
patches, which therefore can be correlated. He also explored the consequences of the non-Gaussian
signal on the four-point correlation function. Unfortunately, the signal is very small, and it is even
not clear on which scale the signal is highest, in particular because the non-linear evolution of
the power spectrum was not considered by Bernardeau. The weakness of the signal, and the fact
that the four-point correlation function could be contaminated by other non-Gaussian features are
strong limitations of Bernardeau’s suggestion. Therefore, Bernardeau (1998b) preferred to focus
on the modification of the ellipticity distribution function of the temperature patches induced by
lensing. From his simulated lensed maps, a clear change of the topology of the temperature maps
is visible: the shapes of the structures are modified and their contours look sharper than for the
unlensed maps. However, the signal is still marginally detectable on a 10o×10o map, even with
Planck-Surveyor.
From these investigations it is clear that weak lensing on the CMB has small effects on the spec-
trum of the temperature and polarization power spectra and on the non-Gaussianity of the CMB
temperature maps. However, with typical amplitude of 1% to 10% percent they can be detected
with future missions, so they must be taken into account for detailed investigations of the CMB
anisotropy on small scales. This is an important prediction since the detection of gravitational
lensing perturbations of the CMB will be possible with Plank-Surveyor. Its high sensitivity and
spatial resolution are sufficient to permit to break the geometrical degeneracy expected from lin-
ear theory, and to disentangle different (Ω, λ) common models (Metcalf & Silk 1998; Stompor &
Efstathiou 1998). It is worth noting that these analyses can be used jointly with the weak lensing
maps of large scales structures on background galaxies which will also provide (Ω, λ) with a very
good accuracy.

9 FUTURE PROSPECTS

Though the use of weak lensing analysis and its applications in cosmology made spectacular progress
during the last five years, most of the astrophysical questions addressed by Fort & Mellier (1994)
in their conclusions are still pending. However, it seems that we are progressing quickly in the
right direction, even if some of these problems are complex and should be envisioned in a long-term
perspective.
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The HST images have dominated most of the results, in particular in the modeling of clusters
of galaxies. Thanks to the formidable work devoted to mass reconstruction, the projected mass
density of clusters of galaxies are now robust and reliable. It is now important to couple strong
and weak lensing features (Seitz et al 1998, AbdelSalam 1998b, Dye & Taylor 1998, Van Kampen
1998) in order to build consistent models for clusters. It is worth noting that for many of the issues
discussed in this review, it was emphasised that precise and reliable mass reconstructions of clusters
of galaxies are crucial and determine the reliability of many scientific outcomes. In this respect, it
is important to keep in mind that the redshift distribution of the sources is indispensable and that
the new giant telescopes will be the best tools for this purpose.
From the sample of clusters already analysed, there are converging results that Ω < 0.3 with a
high confidence level. However, complete cluster samples are necessary for deeper investigations
of cluster properties. They should come out rapidly from weak lensing studies of ROSAT samples
(Rosati 1999). Indeed, we have now a very good understanding of the mass distribution of each
component (dark matter, hot gas, galaxies) in clusters of galaxies and we are close to understand
the discrepancy between the lensing mass and the X-ray mass of clusters. During the next five years
one can reasonably expect significant improvement on our knowledge of the dynamics of clusters of
galaxies by using jointly weak lensing reconstruction, from HST and giant telescopes images, and
a full description of the hot gas, from AXAF and XMM observations.
In contrast, the investigation of galaxy halos from galaxy-galaxy lensing is still at its infancy and the
preliminary results presented in this review must be confirmed. A new generation of instruments
will contribute to the development of this hot topic. Below 10 arcseconds down to 2 arcseconds,
“wide field” HST observations with the new Advanced Camera devoted to deep galaxy-galaxy
lensing studies appear to be a promizing approach. Beyond this scale, the high image quality of
telescopes like Keck, GEMINI, the VLT or CFHT will be decisive to obtain valuable constraints
from galaxy-galaxy lensing analysis between 10 to 60 arcseconds.
In parallel to these studies, we can now envision to fully exploit one of the most valuable information
that gravitational lensing can provide, namely the relation(s) between light and mass distributions
in the Universe. Theoretical studies have demonstrated that in a near future the weak lensing
analysis coupled with the study of the galaxy distribution will allow to understand the evolution of
the biasing factor with scale and redshift. However, it is important to explore the case of non-linear
and stochastic biasing in order to understand what parameters can be reasonably constrained. The
possible existence of big dark halos around galaxies or in clusters of galaxies is also an unknow but
fascinating topic. In this respect, the dark cluster candidate discussed by Hattori et al (1997), or the
remarkable distortion field detected by Bonnet et al (1994) in the periphery of Cl0024+1654, which
does not seem to be correlated to luminous matter, should deserve more careful investigations.
The study of the contents and the past history of galaxies made formidable progress as well. It
is clear that using jointly magnification of cluster-lenses with the unprecedented image quality
of HST, or with the wide field and high sensitivity of SCUBA are highly competitive tools. In
the future, continuous developments are expected, but the observation of extremely high redshift
galaxies which could not be observed without magnification is certainly a major goal, in particular
in the submillimeter wavebands. As demonstrated by the recent study of Soifer et al (1998), the
coming of optical and near-infrared spectroscopic capabilities on the giant telescopes will permit
to study in detail their spectral energy distribution and the kinematics of their stellar and gas
components. The magnification permits to see a huge amount of details on the images of these
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Figure 13: Constraints on (Ω, λ) from a weak lensing survey covering 10×10 square-degrees. The
bright and dark regions refer to 1σ and 2σ level. The left strip is for an Ω = 0.3 universe, and
the right band for and Ω = 1 universe. The solid and the dot-dashed lines correspond to a zero-
curvature universe and to a fixed deceleration parameter, respectively (from Van Waerbeke et al
1998).

galaxies and we can envision to probe small details of these galaxies from image reconstruction “à
la Kochanek”. Unfortunately, though theoretical tools have been developed in order to recover the
morphology of these lensed galaxies, the quality of optical and submillimeter data are not good
enough to produce reliable details of the sources from inversion. This is probably a goal for the
Large Southern Array (LSA) which will have much better sensitivity and resolution.
With new instruments, like MEGACAM at CFHT (Boulade et al 1998) or the VST at the European
Southern Observatory (Arnaboldi et al 1999) in Paranal, we are now entering the era of wide
field subarcsecond imaging surveys which will produce the first shear-limited samples or, similarly,
the first mass selected catalogues of gravitational condensations. Their design are optimized to
investigate weak lensing induced by large scale structures in order to produce the first mass maps
of the Universe. They will permit to recover the detailed spectrum of the projected power spectrum
of mass density fluctuations as well as to measure (Ω, λ) with an accuracy better than 10% (see
Figure 13). There are still some theoretical issues (see sections 3.3 and 4.4) which must be addressed
in detail from both the theoretical and simulation points of views. For most of them, there are no
crucial conceptual difficulties, so they should be fixed rapidly. On the other hand, the control of
systematics which can affect weak lensing measurement, as well as the correction for an anisotropic
PSF could be critical and should be considered seriously in the future for very low shear amplitudes
(< 1%). Nevertheless, these cameras, as well as the very wide field surveys of the VLA-FIRST and
the SDSS, should provide a major breakthrough in weak lensing applications for cosmology.
On the longer term, after the crucial results expected for mass maps with wide-field CCD cameras,

the New Generation Space Telescope (NGST) and Planck Surveyor could be ultimate steps of this
area. The potential interest of NGST for weak lensing has been summarized by Schneider & Kneib
(1998) who argued that low-mass clusters and groups of galaxies, as well as very distant clusters
should be detectable with this telescope. In parallel, as reported by Stompor & Efstathiou (1998)
and Metcalf & Silk (1998), weak lensing on the CMB should be able to break the geometrical
degeneracy and therefore to provide ultimately the (Ω, λ) parameters. This coupling between
observations of CMB fluctuations and weak lensing analyses emerges as a consecration illustrating
the major roles played by these two complementary approaches to present-day cosmology.
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Borgne, P.-Y. Longaretti, G. Luppino, R. Pelló, M. Pierre, C. Seitz, S. Seitz, U. Seljak, I. Smail,
G. Soucail and G. Squires. I thank I. Gioia for providing me data prior to publication, and T.
Brainerd, B. Jain, P. Schneider and G. Squires, for giving me their authorization to publish figures
of their papers in this review. I thank especially, M. Dantel-Fort for her assistance and also for
the crucial work she does in order to have all these data set ready for our scientific objectives.
Part of this work was supported by the Programme National de Cosmologie which is funded by
the Centre National de la Recherche Scientifique, the Commissariat à l’Énergie Atomique and the
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Cayón, L., Mart́ınez-González, E., Sanz, J. L. 1993a. Ap. J. 403:471-75.
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Deltorn, J.-M., Le Fèvre, O., Crampton, D., Dickinson, M. 1997. Ap. J. Lett. 483:L21-L24.
Dolag, K., Bartelmann, M. 1997. MNRAS 291:446-54.
Dressler, A., Gunn, J. E. 1992. Ap. J. Supp. 78:1-60.
Dressler, A., Oemler, A., Sparks, W. B., Lucas, R. A. 1994. Ap. J. Lett. 435:L23-L26.
Donahue, M., Voit, M., Gioia, I.M., Hughes, J., Stocke, J. 199. Ap. J. 502: 550-57.
Dye, S., Taylor, A. 1998. MNRAS 300:L23-L28.
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