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Research done during the previous century establishedtand&d Cosmological Model. There are many details
still to be filled in, but few would seriously doubt the basiemise. Past surveys have revealed that the large-
scale distribution of galaxies in the Universe is far fromdam: it is highly structured over a vast range of scales.
Surveys being currently undertaken and being planned &néxt decades will provide a wealth of information
about this structure. The ultimate goal must be not only srdee galaxy clustering as it is now, but also to
explain how this arose as a consequence of evolutionanegses acting on the initial conditions that we see in
the Cosmic Microwave Background anisotropy data.

In order to achieve this we will want to describe cosmic stree quantitatively: we need to build mathematically
quantifiable descriptions of structure. ldentifying wheoaling laws apply and the nature of those scaling laws
is an important part of understanding which physical meidmas have been responsible for the organization of
clusters, superclusters of galaxies and the voids betwesn.t Finding where these scaling laws are broken is
equally important since this indicates the transition féedént underlying physics.

In describing scaling laws we are helped by making analogiés fractals: mathematical constructs that can
possess a wide variety of scaling properties. We must bewareever, of saying that the Univergea fractal

on some range of scales: it merely exhibits a specific kindatél-like behavior on those scales. We exploit
the richness of fractal scaling behavior merely as an inaporsupplement to the usual battery of statistical
descriptors.

We review the history of how we have learned about the stractd the Universe and present the data and
methodologies that are relevant to the question of discayeand understanding any scaling properties that
structure may have. The ultimate goal is to have a complederstanding of how that structure emerged. We are
getting close!

PACS numbers: 98.62.Py, 89.75.Da, 98.65.Dx, 98.65.-r, 98.62.Ve, 98.80.Es
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I. PHYSICAL COSMOLOGY

24
25 With the discovery of the Cosmic Background Radiation by
26 Penzias and Wilson (1965), cosmology became a branch of
27 physics: there was a well defined framework within which to
formulate models and confront them with observational data
Prior to that there had been a few important observations and

28 afew important solutions to the Einstein Field Equations fo
28 General Relativity. We suspected that these were somehow

connected: that the Friedman-Lemaitre solutions of the Ein

29 stein field equations described the cosmological redshift |
30 discovered by Hubble.

30 With the discovery of the background radiation we were
30 left in no doubt that the Universe had a hot singular ori-
31 9in a finite time in our past. That important discovery also

32 showed that our Universe, in the large, was both homoge-

32 neous and isotropic, and it also showed the appropriateness

33 of the Friedman-Lemaitre solutions.

33  The establishment of the “Big Bang” paradigm led to a

33 search for answers, in terms of known physical laws, to key
34 questions: why was the Universe so isotropic, how did the

34 structure we observe originate? and so on. Cosmologidits bui
35 models involving only known physics and confronted them

with the data. Cosmology became a branch of physics with

36 a slight difference: we cannot experiment with the subject

36 of our discussion, the Universe, we can only observe it and
36 model it.

With the current round of cosmic microwave background

37 anisotropy maps we are able to see directly the initial condi

37 tions for galaxy formation and for the formation of largeskec

38  structure. That observed structure is thought to refleettliy
38 the fluctuations in the gravitational potential that gawehidio

cosmic structure and it is a consequence of the physics of the
3g early universe. The goal is to link those initial conditiavigh

39 what we see today.

39  The aim of this article is to show how the “homogeneous
i% and isotropic Universe with a hot singular origin” paradigm
40 has emerged, and to explain how, within this framework, we
41 can quantify and understand the growth of the large scale cos
41 mic structure.
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A. Cross-disciplinary physics One major problem was how to describe this structure. By
1980, it was known that the two-point correlation function

Gravitation is the driving force of the cosmos and so Ein-looked like a power law on scafes: 10h~! Mpc. It was also

stein’s General Theory of Relativity is the appropriatd foo ~ known that the 3-point function too had a power law behavior

modelling the Universe. However, that alone is not enoughand that it was directly related to sums of products of pairs

other branches of physics have played a key role in buildingf two-point functions (rather like the Kirkwood approxima

what has emerged as a “Standard Model” for cosmology.  tion). However,N-point correlation functions were not really
Nucleosynthesis played an early role in defining how theevocative of the observed structure and were difficult to-mea

light elements formed_(Alphest al,, [1948): the abundances sure pasiV = 4.

of Helium and Deuterium play a vital part in confronting our Two suggestions for describing large scale cos-

models with reality. In following how the cosmic medium mic structure emerged: void probability functions

cooled sufficiently to enable gravitational collapse tonfor proposed by | White [(1979) and measured first by

galaxies and stars we need to understand some exotic moleitaurogordato and Lachieze-Rey (1987) and multifractal

ular chemistry. measures| (Jones all, 11988), the latter being largely mo-
Today, our understanding of high energy physics plays divated by the manifest scaling behavior of the lower order

key role: some even defined a new discipline and refer to it agorrelation functions on scales 10h~! Mpc. Both of these

“astro-particle physics”. We have strong evidence thattie descriptors encapsulate the behavior of high order cdivala

a substantial amount of dark matter in galaxies and clusfers functions.

galaxies. So far we have not been able to say what is the nature

of this dark matter. There is also growing evidence that fhe e

pansion of the Universe is accelerating: this would reqan'r_re C. Scaling laws in physics

all-pervading component of matter or energy that effeftive

has negative pressure. If this were true we would have to res-

urrect Einstein’s cosmological constant, or invoke someemo

politically correct “fifth force” concept such as quintesse.

The discovery of scaling laws and symmetries in natu-
ral phenomena is a fundamental part of the methodology of
physics. This is not new: we can think of Galileo’s observa-
tions of the oscillations of a pendulum, Kepler's discovefy
the equal area law for planetary motion and Newton’s inverse
B. Statistical mechanics square law of gravitation. Some authors claim that the &ctua
discovery of the scaling laws is attributable to Galileothie t
The statistical mechanics of a self-gravitating system is &ontext of the strength of materials as discussed in his book
totally nontrivial subject. Most of the difficulty arisesoln  Two New Sciencdetersdr, 2002).
the fact that gravitation is an always-attractive forcendifiite The establishment of a scaling relationship between physi-
range: there is no analogue to the Debye shielding in plasmgy quantities reveals an underlying driving mechanisnis It
physics. Perhaps the most outstanding success was the difie task of Physics to understand and to provide a formalism
covery by Jeans in the 1920’s of equilibrium solutions to thefy that mechanism.

L:couvnle ehquatlon forhthe dlstnbur:!or;]funlctéon of ar::old:ltwr(\j The self-affine Brownian motion is a good example for vi-
of stars (the Jeans Theorem). This has led to a whole industiy 5 jjjystration of a scaling process (see Elg. 1). In thisec
in galaxy dynamics, but it has had little or no impact on cos-

; . . , : scaling is non-uniform, because different scaling fachange
mology where we might like to view the expanding universe,,, e anilied to each coordinate to keep the same visual ap-
with galaxies condensing out as a phase transition in action

; ! ' pearance.
This has not deterred the brave from tackling the statisti- The breaking of symmetries and of scaling laws is equally

cal mgchanics or thermodynamics of self-gravitating syste important and has played a key role in 20th century physics.
but it is perhaps fair to say that so far there have been few OUG ale invariance is typically broken when some new force

standing successes. The discussion by Lynden-Bell and Woo(q, phenomenon comes into play, and the result can look far
(1968) of the so-called gravo-thermal collapse of a ste¥ar more significant than it really is._Dubrulle and Grarner, 1,994

tem in a box is probably as close as anyone has come. It W 2 norand Dubrulld, 1994 have suggested that this may be
only in the 1970's that cosmologists “discovered” the two-

. . ; . Lo the case for the Titius—Bode law (which is, of course, not a
point _clusterl_ng correlat|o_n function for the_ d's”'b“_"@f law, and can be traced back before Titius and Bode at least to
galaxies and it was not until the late 1980’s with the discpve ’

by lde | apparenét al (1986) of remarkable large scale cos- David Gregory in 1702). Their point is that, if the primordia

ic structure that K hat it .y proto- planetary disk had a power-law distribution of dgnsi
[?)I(Cjess::uricb:re at we even knew what it was we were tryingy ., 4 angular momentum then any process that forms planets

) will give them something like the Titius—Bode distributioh
The early work of Saslawr (1968, 1969) on “Gravithermody-
namics” predated the knowledge of the correlation function
Following the discovery of the correlation function we saw
the work of Fa_” _and Sevemne (1976), Kandrup (1982), _and Fry, The natural unit of length to describe the large scale sirads the mega-
(1984b), providing models for the evolution of the corrielat parsec (Mpc): 1 Mpc 206 pc~ 3.086 x 1022 m ~ 3.26 x 106 light
function in various approximations. years.h is the Hubble constant in units of 100 Mpt km s 1.
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FIG. 1 Scaling relations in one-dimensional Brownian motig¢). In successive zooms the vertical coordinatgi¢ multiplied by 2, while
the horizontal coordinate (the timis multiplied by 4 to properly rescale the curve.

orbit sizes. Thus the distribution cannot be used as a test f®. Some psychological issues
any particular formation mechanism.

Within cosmology, some of the examples of quan- Cosmology.presents physics with a formidable challengel.
tized redshifts reported over the yeafs (Burbidge, 1968The Universe is not a bounded and isolated system. The Uni-
Burbidge and Burbidgd, 1967;_Tifff,_1976) may have been’erseis far f_rom being in any f(_)rr_n of dynamical equilibrium.
analogous cases, where the “new phenomenon of physicé'?he gravitational force is of infinite range .and aIvyays attra
was observational selection effects resulting when strongve: Nor can we experiment on the subject of interest, we
emission lines passed into and out of the standard observéi€ mere observers. Thus the usual concepts from statistica

wavelength bands.

As we shall see, there are important scaling relationship
in the spatial distribution of galaxies. This scaling is akn
certainly a consequence of two factors: the nature of thiaini
conditions for cosmic structure formation and the fact that
gravitational force law is itself scale-free.

physics cannot be simply imported, they have to be redefined
to suit these special circumstances.

S This process of redefinition is apt to misdirect the struggle
for understanding the issues involved and is inevitablg-fru
trating to those who work in statistical physics or who seek
to use techniques from statistical physics. Indeed theve ha
been occasions where the notions of the standard model have

This scaling is observed to break down at very large disheen abandoned simply in order to exploit standard concepts
tance. This breakdown is a consequence of the large-scale hhat would otherwise be invalid (eg.: model universes hgvin
mogeneity of the Universe and of the fact that the Universe hagne spatial dimension or model universes that have zero mean
a finite age: gravitational agglomeration of matter has onlygensity in the large). Those papers may be interesting, but

been able to spread over a limited domain of scales, leavin
the largest scales unaffected.

they have little or nothing to do with the Universe as we know
it.

The scaling is also expected to break down for small ob-

jects where non-gravitational forces have played a rols: ga
dynamic processes play an importantrole in the later staiges
galaxy formation. There are important scaling relatiopshi

Il. THE COSMIC SETTING

among the properties of galaxies which provide clues to the The establishment of a definitive cosmological picture has
mechanisms of their formation. We do not deal with thesebeen one of the triumphs of 20th Century physics. From Ein-
in detail here, although the main scaling laws in the galaxystein’s first investigations into relativistic cosmologlienod-

properties are summarized in Sect. VII.A.5.

els, through Hubble’s discovery of the cosmic expansion, to
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the discovery of the Cosmic Microwave Background Radia-stituents of the Universe. It is true that we can observe @sm
tion in 1965, most physicists would now agree on the basistructure over an enormous range of the electromagnetie spe
ingredients of what might as well be called “the Standard-Costrum, but nevertheless we face the prospect that about 85% of
mological Model”. The astrophysics of the 21st century will what there is out there may forever remain invisible except
consist largely of filling in and understanding the detaifs o indirectly though its gravitational influence.
this model: a nontrivial process that will consume sub&ént  Fortunately, we can directly study the gravitational influ-
human, technical and financial resources. ence of the dark component in a number of ways. If it is uni-
While there are suggestions that the standard model mayrmly distributed it has an influence on the overall cosmic
not be complete, the data as a whole do not as yet demand agypansion and on the physics of the early Universe. We can
further parametrization such as “quintessence”. Of cq@se detect its influence by studying the cosmic expansion law, or
our understanding of fundamental physics deepens, the staby studying the nature of the spatial inhomogeneities seen i
dard model might be recast in a new wider, more profoundthe cosmic microwave background radiation. If it is not uni-
framework such as that offered by brane cosmologies. formly distributed it will influence the dynamics of the larg
scale structure as seen in the velocity maps for large sample
of galaxies and it may reveal itself through studies of geavi
A. Key factors tional lensing.
. Our numerical simulations of the evolution of structure can
_There are several important factors to support our curren, principle take account of several forms of matter. WHils t
view of cosmic structure formation: has been a successful program, the lack of detailed knowledg
e The discovery by Hubble in 1928 of the linear velocity- about the nature of the dark matter is nevertheless a serious
distance relationship for galaxies (Hubhle, 1929). Thisimpediment. Some astrophysicists would turn the problem
relationship was soon interpreted by Robertson (1928pround and argue that those simulations that best reproduce
as being due to the expansion of the Universe in thevhat is seen will provide important information about the na
manner described by the Friedman-Lemaitre cosmologture of the dark matter.
ical solutions of the Einstein Field equations for grav-
itation. These solutions described a homogeneous and
isotropic Universe emerging from a singular state of in-, e Ay IpEAS ABOUT THE GALAXY DISTRIBUTION
finite density: the Big Bang. Later on, Bondi and Gold
(1948) and H(_)y € (1948) prowded an alternatlve_homo-A. Cosmogony
geneous and isotropic expanding model that avoided the

initial singularity: the Steady State Theory. In the 4th. Century BCE, Epicurus taught that there are an

e The discovery in 1965 of the Cosmic Microwave Back- infinite number of worlds like (and unlike) ours, while Aris-
ground Radiation tells us the cosmological frameworktotle taught that there is only one. Neither hypothesis can ¢
within which we have to work. Our Universe is, in the rently be falsified, and indeed we may see the continuation of
large, homogeneous and isotropic; it was initially hotthis metaphysical battle in the so-called inflationary cosm
enough to synthesize the element Helium. This is thdogical models.

Hot Big Bang theory promoted early on by Gamow. Philosophers since Anaximander (Kahn, 1994) have long
This discovery signaled the end of the Steady State Thedebated the true nature of the Universe, presenting often re
ory. markably prescient ideas notwithstanding the lack of aay re

« The observation in 1992 by the COBE satellite of thedata._ Given the lack of data, theT onl_y_ba3|s for constructing
: . ~a Universe was symmetry and simplicity or some more pro-
large-scale structure of the Universe at very early time

. : . - IMeSund cosmological principle.
provides us with precise information about the initial Th ient ted alli h fitt "
conditions for structure formation. This is ongoing re- € ancients saw nested crystafliné spneres Titting neatly

search that will lead to detailed knowledge of the fun-into one another: this was a part of the then culture of think-

damental parameters of our Standard Model and to dend of mathematics (i.e. geometry in those Qays) as being
tailed knowledge of the initial conditions in the Big somehow a fundamental part of natdre_ater thinkers such

Bang that resulted in the currently observed structure. as Swedenborg, K_ant and D_escartes envisioned hlerarqmes 0
. . nested whirls. While these ideas generally exploited tle sc

We know a great deal about our Universe. Studies of cosentific trends and notions of their time, none of them were

mic structure must fall within the precepts set by our Stadda formulated in terms of physics. Many are reviewed_in_Jones

Model or they will simply be dismissed at best as being aca(1976) where detailed references to the classical works are
demic curiosities or at worst as being totally irrelevant. given.

B. Some caveats

. . .. 2 Einstein’s great intellectual coup was to geometrize theefaf gravity:
The mostimportant caveat in all of this is the fact that when e are governed on large scales by the geometry of spacevtanéesting

studying cosmic structure we observe only the luminous con- itself as the force of gravity.



Perhaps the first detailed presentation of cosmogonic ideabat galaxies were the building blocks of the Universe (eg:
in the modern vein was due to Poincaré in bégons sur les  IMcCrea (1964) and Abell in undergraduate lectures at UCLA
Hypotheses CosmogoniquéRoincargl 1894), some of which 1961-1963).
was to be echoed by Jeans in his texts on Astronomy and Cos- |n fact, most galaxies are clustered. This is implicit in im-

mogony (Jeans, 1928). Jeans’ work is said to have had a prages taken with smaller telescopes having larger fieldspSha
found effect on Hubble’s own thoughts about galaxy evohutio |ey often said that large telescopes were over-rated (8tapl
and structure formation (Christianson, 1995). 1932), perhaps in part because he had deliberately cut him-
self off from them by moving to Harvard) and explicit in
the remarks of Zwickyl (1938, 1952) who had begun to look
B. Galaxies as “Island Universes” at the Universe through Schmidt-coloured glasses. (The 18"
Schmidt telescope on Palomar Mountain came into use a cou-

Once upon a time there was a single galaxy. William andPl€ of years before).

Caroline Herschel had drawn a map of the Galaxy (Herschel,

178%) on the basis that the Sun was near the center of the

Galaxy, and this image persisted into the 20th Century with o _ .
the “Kapteyn Universe”l(Kapteyn, 1922) which depicted the®- Earliestimpressions on galaxy clustering

the Milky Way as a relatively small flattened ellipsoidal sys o ]
tem with the Sun at its center, surrounded by a halo of glabula ! the 19th century William Herschel and Charles Messier
clusters|_Trumplef (1980) recognized the role played barint noted that the amorphous objects they referred to as “nebula
stellar absorption; he provided a far larger view of the @ala Were more common in some parts of the sky than others and
and moved the Sun outwards from the center of the Galaxy t§! Particular in the constellation of Virgo.

a position some 30,000 light years from the Galactic Center. However, clusters of galaxies were not described in detail

Competing with this view was the hypothesis of Island until the work oflWolf '1924) who described the Virgo and
Universesi though at least some astronomers 100 years aé‘é)ma clusters of galaXieS. It was not known at that time that
thought that had been completely ruled out. Remember thdhe nebulae, as they were then called, were in fact extragala
100 years ago it was not known that the “nebulae” were extic systems of stars comparable with our own Galaxy.
tragalactic systems: they were thought of as whirlpoolbént  Hubble, using the largest telescopes, noted the remark-
interstellar medium. able overall homogeneity and isotropy of the distributidn o

The controversy between the Great Galaxy and Island Unigalaxies. The first systematic surveys of the galaxy distrib
verse views culminated in the great debate between Cudis artion were undertaken by Shapley and his collaboratorsrfofte
Shapley in 1920/ (HoskKin, 1976). Shapley, who had earlieuncited and under-acknowledged wealthy Bostonian women).
placed our Sun in the outer reaches of the Greater Galaxy byhis lead to the discovery of numerous galaxy clusters and
observing the distribution of globular clustrslefended the even groups of galaxy clusters.

Great Galaxy hypothesis and won the day for all the wrong
reasons.

However, it was left to Edwin P. Hubble to settle the is-
sue in favour of the Island Universes when he found Cephei
variables in the galaxy NGC6822 and the Andromeda nebula
(Hubblé ] 19254lb). The cll_Jstering to_gether of stars, galax_iesz and clusters of

There was one anomaly that persisted into the early 1950'§lalaxies in successively ordered assemblies is normalgdca
our Galaxy seemed to be the largest in the Universe. This wad hierarchy, in a slightly different sense of the dictionary
resolved by Baade who recognized that there were in fact tw§1€2ning in which there is a one-way power structure. The
populations of Cepheid variables (Bdade, 1956). This doutechnically correct term for the structured universes ohtKa
bled the distances to the external galaxies, thereby spitim ~ @nd Lambertis multilevel. A complete multilevel universesh
problem. three consequences. One is the removal of Olbers paradox

For Hubble and most of his contemporaries what had beeﬁhe motivation of John Herschel and Richard Proctor in the

found were “field galaxies” largely isolated from one anathe 19th century). The second, recognized by Kant and Lambert,

This was in part due to the sorts of telescope and their fieldt that the universe retains a primary center and is thezefor

of view that Hubble was usinfi (Hubble, 1934, 1936) and alsd!°nuniform on the largest cosmic scales. The third, recog-
in part due to the lingering effects of the phrase “Island uni nized by the Irish physicist Fournier d’Albe and the Swedish

verse” which evoked images of isolation. Indeed, as late aastronomer Carl Charlier early in the 20th century is thet th

the 1960's. astronomers who should have known better sai@tal amount of matter is much less than in a uniform universe
' with the same local density. D’Albe put forward the curious

additional notion that the visible universe is only one ota s
ries of universes nested inside each other like Chinesesboxe
3 We should recall that at about this tire_Linblad (1926) hndi @028) T_hIS IS n_Ot the_ same as multiple 4-dimensional universes in
showed that the stars in the Galaxy were orbiting about antistenter, ~higher dimensional space and does not seem to be a forerun-
thus clearly placing the Sun elsewhere than at the center. ner of any modern picture.

@. Hierarchical models



1. Charlier's Hierarchy

The idea that there should be structure on all scalesup e . ol e
that of the Universe as a whole goes back to Lambert (1761 ™ *-. 0 %7
who was trying to solve the puzzle of the dark night sky that is PR P B o e
commonly called “Olber’s paradox”. (It was not formulated | .. [
by Olbers and it is a riddle rather than a paradox (Harrison,. ..~ i Ry
1987)). Simply put: if the Universe were infinite and uni- .. C5 1 B Bt ¢
formly populated with stars, every line of sight from Earth o e S e
would eventually meet the surface of a star and the sky wouIc,.c R s
therefore be bright. The idea probably originated with John: JE‘-"-'-,,, R S ey

e S i Ay 11
Herschel in a review of Humboldt's Kosmos where the clus- §:; 2" %‘?:"E‘-Fd ‘-‘J"E}fﬁﬂ_’q_'f.. T B
tering hierarchy is suggested as a solution to Olber’s RParad f,',.-", _ﬁ ..1.;.1,_.-5:-‘&}%1-;. b g el g
as an alternative to dust absorption. et ‘"".“a:u_;,.g'* w F E"&
At the start if the 20th century, The Swedish astronomer“'s*- R = S !11 : P o
Carl Charlier provided a cosmological model in which the .r L Rl _:'IT-'E, ; R e TR
galaxies were distributed throughout the Universe in a-clus ™= =~ g e R

tering hierarchyl(Charlief, 1908, 1922). His motivationswa
to provide a resolution for Olber’s Paradox. Charlier shdwe
that replacing the premise of uniformity with a clusteririg h
erarchy would solve the problem provided the hierarchy had
an infinite number of levels (see FIg. 2).

Charlier’s idea was not new, though he was the first persor
to provide a correct mathematical demonstration that Gilber
Paradox could indeed be resolved in this way. It should be
recalled that he was working at a time before any galaxies ha

measured redshifts and long before the cosmic expansion W&G. 2 Hierarchical universes were very popular at the enthef

known. 19th century and the first half of the 20th century. Reprodioem
Itis interesting that the Charlier model had de Vaucouleurgiarisoh [2000), Cosmology, Cambridge University Press.

as one of its long standing supporters (de Vaucouleurs))1970

More recently still there have been a number of at-
tempts to re-incarnate such a universal hierarchy in termgecognize within its confines. This gave him a sample of 7
of fractal models. Fractal models were first proposedclusters with similar data, all from Mt. Wilson plates (5 in
by [Fournier d’Albe (1907) and subsequently championedhe Mt. Wilson director’s report for 1929-30 and one ther jus
by IMandelbrot i(1982) and_Pietronero_(1987).  Severafound by Lundmark). He was inspired to grajpf(N) vs
attempts have been made to construct hierarchical coshe linear sizes of the clusters (Carpenter, 1931) and found
mological models (a Newtonian solution was found bya straight line relation, that is, a power law M(diametey,
Wertz (1971), general-relativistic solutions were pragibby  nowhere near as steep As~ D? or N proportional to vol-
Bonnor (1972)] Ribeirol (1992); Wesson (1878)). All theseume. The then known globular cluster system of the Milky
solutions are, naturally, inhomogeneous with preferresl-po Way (with about 35 clusters withih0® pc) also fit right on
tion(s) for the observer(s), and thus unsatisfactory. %o thhis curve.
present trend to conciliate fractal models with cosmolsgpi Carpenter later considered a larger sample of clusters and
use the measure of last resort, and to assume that althoeigh found that a similar curve then acted as an upper envelope to
matter distribution in the universe is homogeneous on largeéne datal(Carpenier, 1938). If his numbers are transformed t
scales, the galaxy distribution can be contrived to be dtact the distance scale withl;, = 100 km s~! Mpc™!, then the
(Ribeiro,12001). Numerical models of deep samples contrarelations arel(de Vaucoulelirs, 1971)
dict this assumption.

log N(max) = 2.5 + 1.5log R(Mpc) Q)

or
2. Carpenter’s law

log N(max) = 2.19 + 0.5log V (Mpc?) 2)

Edwin F. Carpenter spent his early days at Steward Obser-
vatory (of which he was director for more than 20 years, fromand the maximum number density in galaxies per Mpalso
1938) scanning zone plates to pick out extragalactic nebulaproportional to0.51log(V'). De Vaucouleurs called this Car-
for later study. In 1931, he found a new cluster in the direcpenter’s law, though the discoverer himself had been some-
tion of Cancer (independently discovered by Hubble at abouivhat more tentative, suggesting that this sort of distiiyut
the same time.) He measured its size on the sky, estimatg@vhich we would call scale free, though he did not) might
its distance, and counted the number of galaxdshe could mean that there was no fundamental difference among groups,



clusters, and superclusters of galaxies, but merely a non- T T T T ,
random, non-uniform distribution, which might contain sem .
information about the responsible process. It is, with hind ok a
sight, not surprising that the first few clusters that Cateen
(1931) knew about were the densest sort, which define the up-
per envelope of the larger skt (Carpenter, 1938). The ideas o
number of other proponents, both observers and theorists, o
scale-free clustering and hierarchical structure aregmtesl
(none too sympathetically) in Chapter 2_of Peehles (1980).

log N (R) + const.
o
T
1

I
3. De Vaucouleurs hierarchical model 2r 7
De Vaucouleurs first appears on the cosmological stage 0 '2 - OL n é L

doubting what was then the only evidence for galaxy evolu-
tion with epoch, the Stebbins-Whitford effect, which he at-
tributed to observational error_(de Vaucouleurs, 1948). He
was essentially right about this, but widely ignored. He was
at other times a supporter of the cosmological constantifwhe

it was not popular) and a strong exponent of a hierarchical
universe, in which the largest structures we see would away
have a size comparable with the reach of the deepest surveys
(de Vaucouleurs, 1950, 1970, 1971). He pointed out that esti
mates of the age of the universe and of the sizes of the largest
objects in it had increased monotonically (and perhaps as a
sort of power law) with time since about 1600, while the den- er
sities of various entities vs. size could all be plotted astlaer

power law, o0 b— L TR S S
-2 all 0 | 2 3

log R (megaparsecs)

Clusters

Galaxies .*

Second-order clusters

log N (R) + const.
o
1

Third-order clusters

Pairs and multiplets

p(r) ~ r~% with « between 1.5 and 1.9 3)
FIG. 3 In this idealized diagram de Vaucouleurs shows tweo-hie

By putting “Carpenter’s Law” into modern units, de Vau- archical frequency distributions of the number of clumps peit
couleurs showed that it described this same sort of scale/olume. In the top panel there are no characteristic scaltidis-
free universe. A slightly more complex law, with oscillat® tT”hb”tt')O':t' This is tlhehmOdel proposed hpytKlatn% aTtd Saf. ael"?g-'%\?v
around a mean, falling line in a plot of density vs. size (seg € bottom panet Shows a more sophisticated afternativenio

. . L he overall decrease of the number of clumps per unit voluoes d
Fig.[d), could have galaxies, binaries, groups, clusterd sa-

L . s ' . . not behave monotonically with the scale, but it displays réeseof
perclusters as distinct physical entities, without vioigthis  |ocal maxima corresponding to the characteristic scalesftsrent

main point that what you see is what you are able to see.  cosmic structures: galaxies, groups, clusters, supgecijetc. Re-

De Vaucouleurs said that it would be quite remarkable if,produced from_de Vaucoulelils (1971), Astronomical Soaéthe
just at the moment he was writing, centuries of change in th&acific.
best estimate for the age and density of the universe should
stop their precipitous respective rise and fall and suddenl
level off at correct, cosmic values. Thus he seemed to be prés. The cosmological principle
dicting that evidence for a universe older than 10-20 Gyr and
for structures larger than 100 Mpc should soon appear. (He The notion that the Earth is not at the center of the Universe
held firmly to a value off, near 100 kms! Mpc~* for most  is generally referred to as the “Copernican Principle” o
of his later career, except for the 1960 paper where it was 75t traces its origins back to Aristarchus who thought that th
but thought of local measurements Hf) as being relevant Sun and the stars were in fact fixed, with the stars being at
only locally). great distances.

Remarkable, but apparently true. Instead of taking off The modern notion that the Universe on the very largest
again, estimates of the age of the universe made since 193&@ales should be homogeneous and isotropic appears to have
from radioactive decay of unstable nuclides, from the evolu originated with Einsteln (1917). At that time there couldéa
tion of the oldest stars, and from the value of the Hubble conbeen no observational basis for this assumption. Howewer, h
stant, increasingly concur. And galaxy surveys have now permogeneity is a consequence of the notion that we are notin a
etrated a factor 10 deeper in space than the Shane-Wirtanepecial place in the Universe and the assumptions of homo-
and Harvard counts in which de Vaucouleurs saw his supeigeneity and isotropy provide for easy solutions of the Eiimst
clusters. field equations. The first cosmological models of Einstein



and of de Sitter were based on this principle. Robertson anty. DISCOVERING COSMIC STRUCTURE
Walker derived their famous solution of the Einstein ecuragi
using only that principle. A. Early catalog builders

It was frequently stated in the years that followed that the
Universe in the large looked homogeneous and isotropic. ThSnces, is technology driven. With each new generation of

first systema_tic Stl.de was Hubb\e (1D26) who used a Sampl?elescope and with each improvementin the photographic pro
of 400 galaxies with magnitudes, the sample was thought 1, “agtronomers probed further into the Universe, atalo
be complete to magnitude 12.5. He found his counts fitted thﬁ]g it's contents '

relationship Early on, Edward Fath used the Mount Wilson 60" tele-
scope to photograph Kapteyn's selected areas. That survey
showed inhomogeneities that were later analyzed by Bok
(1934) and_Mowbrayl (1938) who demonstrated statistically,
using counts in cells, that the galaxy distribution was monu
form. About this time| Carpenier (1938) noticed that small

and concluded, importantly, that “The agreement between oliects tend to be dense while vast objects tend to be tenu-
served and computedg N over a range of more than 8 mag. 4,5, He plotted a remarkable relationship between scale and
is consistent with the double assumption of uniform luminos density ranging all the way from the Universe, through galax

ity and uniform distribution or, more generally, indicateat  jog and stellar systems to planets and rock, as it has been ex-

the density function is independent of the distance.” HSgoeplained in SecIILDR. This was perhaps the first example o
on to look at systematics in the residuals in this plot and con, scaling relationship in cosmology.

cludes that they may be due to “... clustering of nebulae in
the vicinity of the galactic system. The cluster in Virgorado
accounts for an appreciable part.”

Observational cosmology, like most other physical sci-

log N(< m) = 0.6m + constant 4)

By 1930, the Shapley/Ames catalog of galaxies revealed
the Virgo cluster as the dominant feature in the distributé
bright galaxies. It was already clear from that catalog that

Hubble only had data to magnitude 12. Anyone look-the Virgo Cluster was part of an extended and rather flat-
ing at the considerably fainter Shane and Wirtanen’s isofened supercluster. This notion was hardly discussed excep
plethic maps of galaxy counts based on the Lick Sky Surveyy de Vaucouleurs who thought that this was indeed a coher-
(Shane and Wirtankh (1967)), or the more recent Center fd?nt structure whose flattening was due to rotation.
Astrophysics (CfA-Il) slices datd (Geller and Huchra, 1989  The Lick Survey of the sky provided extensive plate mate-
might be forgiven for questioning the homogeneity conjec-rfal that was later to prove one of the key data sets for stud-
ture! ies of galaxy clustering. The early isoplethic maps drawn

) . o ~_bylShane and Wirtaneh (1954) provided the first cartographic

The first demonstration of homogeneity in the galaxy distri-yiew of cosmic structure. Their counts of galaxies in celisw
bution was probably the observation by Peebles that the (prag provide Rubinl(1954) arld Limbédr (1954) with the stimulus
jected) two-point correlation function estimated fromatise g introduce the two point clustering function as a desoript
catalogs probln_g the galaxy d|str|but|_on to d|_fferent dept  of cosmic structure.
followed a scaling law that was consistent with homogene- gt it was the Palomar Sky Survey using the new 48"

ity. The advent of automated plate-measuring machines prascnmidt telescope that was to provide the key impetus in un-
vided deeper and more reliable samples with which to congerstanding the clustering of galaxies. Zwicky and hisatl|
firm the uniform distribution number-magnitude relatiopsh o ators at Caltech systematically cataloged the positiah a
However, at the faintest magnitude levels, these counts shopighness of thousands of brighter galaxies on theseslate
significant systematic deviations from what is expectetfro creating what has become known as the “Zwicky Catalog’.
a uniform distribution: these deviations are due to theotdfe [apefl (1958) made a systematic survey for rich clusters of
of galaxy evolution at early times and their interpretaift  ajaxies and drew up a catalog listing thousands of clus-
pends on models for the evolution of stellar populations iners, This has become simply known as the “Abell catalog’.
galaxies. Recent, very deep studies (Metcatfal. (2001))  Fig. @ shows a modern image of the cluster Abell 1689 ob-
show convincingly “... that space density of galaxies maly NOained by the ACS camera aboard of the Hubble Space Tele-
have changed much betweer- 0 andz = 3". scope (HST). A catalog of galaxy redshifts noting the clus-

The first incontrovertible proof of cosmic isotropy came €rs_to which galaxies belonged was published in 1956 by
only as recently as early 1990s from the COBE satellitdHumasoret al (1956).
all-sky map of the cosmic microwave background radiation
(Smootet all, 11992). This map is isotropic to a high degree,
with relative intensity fluctuations only at the level td—5. 1. The Lick survey
With this observation, and with the reasonable hypothésis t
the Universe looks the same to all observers (the Coperni- The first map of the sky revealing widespread clustering
can Principle) we can deduce that the Universe must be loand super-clustering of galaxies came from the Lick survey
cally Friedman-Robertson Walker, ie: homogeneous as webf galaxies undertaken hy Shane and Wirtanen (1967) using
as isotropicl(Ehlerst al., [1968). large field plates from the Lick Observatory. This was, or
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decades and mdte

2. Palomar Observatory sky survey

The two main catalogs of clusters derived from the Palomar
Observatory Sky Survey (POSS) were that of Abell (1958)
and that of Zwicky and his collaborators_(Zwickyall,
1961-1968).

Abell went on immediately to say that there was significant
higher order clustering in his data, giving, in 1958, a state
superclustering of 24H,/180)~! Mpc. In 1961 at a meet-
ing held in connection with the Berkeley I1AU Abell published
(Abell, 11961) a list of these “super-clusters”, dropped the
Hubble constant to 75 knt$ Mpc~! and estimated masses of
1016 — 10'" M, with velocity dispersions in the range 1000-
3000 km s!'. At about the same timi, van den Bergh (1961)
remarks that Abell's most distant clusters (distance cBss
having redshifts typically around 50,000 km'$ show struc-
ture on the sky on a scale of sor2@®, corresponding to 100
Mpc, for his Hy = 180 km s~! Mpc~!, or about 300 Mpc
using current values.

FIG. 4 The cluster of galaxies Abell 1689 at redshift 0.18 seen Zwicky explicity and repeatedly denied the exis-
by the HST with its recently installed Advanced Camera fanv8ys  tence of higher order structure (Zwicky and Berger, 1965;
(ACS). The arcs observed amongst hundreds of galaxieswwoim®  [7wicky and Karpowidz[ 1966[ Zwicky and Rudnicki, 1963,
t_he cluster are multipl_e images_of far-away individual gi:éawhqse 196(3)T Some of his “clusters” were on the order of 80 Mpc
light has been amplified and distorted by the total clustesafais- across (forH, less than 100), had significant substructure,

ible and dark) acting as a huge gravitational lens, (imagetesy .
of NASA, N. Benitez (JHU), T. Broadhurst (The Hebrew Univer- and would to any other person have looked like superclus-

sity), H. Ford (JHU), M. Clampin (STScl), G. Hartig (STScG, ters! Herzog, one of Zwicky’s collaborators in the cluster

llingworth (UCO/Lick Observatory), and the ACS Scienceafie  Catalog, found large aggregates of clusters in the cataidg a
and ESA). had the temerity to say so publicly in a Caltech astronomy

colloquium. He was offered “political asylum” at UCLA
by George Abelll Karachentsev (1966) also reported finding
large aggregates in the Zwicky catalog.

anyhow should have been, the definitive database. It was the

subject of statistical analysis by Neymeaial. (1953), which

was a major starting point for what have subsequently becomg Analysis of POSS clusters

known as Neyman—Scott processes in the statistics literatu

Ironically, although these processes have become a diggipl  Up until about 1960 most of those involved seemed to
in their own right, they have since that time played only aenvisage a definite hierarchy of structures: galaxies (per-
minor role in astronomy. haps binaries and small groups), clusters and superduster

Scott in the IAU Symposium 15 (SAdit, 1962) mentionsthatK'ang remarked that the existing data were best described by

there are clearly larger structures to be seen in these @ast continuous, indefinite”, clustering: quite d!fferent.'fmthe
Shane and Wirtan=n (1954) had already noted. They Spol,(;justermg hierarchy as understood at the time (Kiang, 11961

p e L w " : Kiang and Saslavi, 1969). Kiang, incidentally, bridged &-cri
of “larger aggregations” or “clouds” as being rather geheracalI erain data processing, using “computers” (i.e., popaig

features. The Lick survey was later to play an important role
: ) : on-PhD labour, mostly women after the style of Shapley) and
in Peebles’ systematic assault on the problem of galaxy clu ater on real computers (Atlas). Flat al (1974) came inde-

tering. Peebles obtained from Shane the notes containéng t pendently to the same conclusion, and in his presentation at

original counts in 10'’x10’ cells and computerized them fisr h ! X :
analysis. The counts in 1 degree cells had been used first 3ﬁg|§g2&22'um 63 was scolded by Kiang for not having read

Vera Cooper-Rubin (as Vera Rubin was then known) to stud

galaxy clustering in terms of correlation functions, a task

by her adviser George Gamow. Rubin did this at a time when

there were no computers. It was Totsuji and Kihara (1969), . . . .

who first did this on a computer and published the first two- BJ “discovered” this paper at the time of writing his ReviefvModern
. . . p p L Physics article (Jones, 1976) while perusing the Pubdinatof the Astro-

point correlation functlon as we now know it with the power  nomical Society of Japan in the Institute of Theoreticarésomy Library

law that has dominated much of cosmology for the past three in Cambridge. There do not appear to be any citations prithvabtime.
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The later investigation by Peebles and Hauser (1974) usingount pairs of galaxies in some volume, normalise and plot a
the power spectrum of the cluster distribution showed supergraph!
clustering quite conclusively: clusters of galaxies areran- The prime goals of redshift surveys are to map the Universe
domly distributed and as they are correlated they are thenin both physical and velocity space (particularly the dégia
selves clustered. Later analyses revealed a variatiomsfesl  from uniform Hubble expansion) with a view to understanding
clustering with cluster richness. the clustering and the dynamics. From this we can infer thing
Nevertheless, there still remained mysteries to be clearedbout the distribution of gravitating matter and the lunsiiy
up: the level measured for clustering of clusters was fakin e and we can say how they are related. This is also important
cess of what would be expected on the basis of the measurethen determining the global cosmological density pararsete
clustering of the galaxies from which they are built. Many from galaxy dynamics: we are now able to measure directly
solutions have been proposed to explain this anomaly,daclu the biases that arise from the fact that mass and light do not
ing the argument that the Abell catalog is too subjective andhave the same distribution.
biased. However, the phenomenon still persists in clugter ¢~ Mapping the universe in this way will provide information
alogs constructed by machine scans of photographic plates.about how structured the Universe is now and at relatively
modest redshifts. Through the cosmic microwave background
radiation we have a direct view of the initial conditionsttieal

B. Redshift Surveys to this structure, initial conditions that can serve as theisg
point for N-body simulations. If we can put the two together
1. Why do this? we will have a pretty complete picture of our Universe and

how it came to be the way it is.

Those early catalogs simply listed objects as they appeared Note, however, that this approach is purely experimental.
projected onto the celestial sphere. The only indication ofe measure the properties of a large sample of galaxies, we
depth or distance came from brightness and/or size. Thése cainderstand the way to analyse this througtbody models,
alogs were, moreover, subject to human selection effects arand on that basis we extract the data we want. The purist
these might vary depending on which human did the work, omight say that there is no understanding that has grown out
even what time of the day it was. of this. This brings to mind the comment made by the math-

What characterizes more recent surveys is the ability t¢matician Russell Graham in relation to computer proofs of
scan photographic p|ates d|g|ta||y (eg: the Cambridge Auto mathematical theorems: he mlght ask the aII-knOWing com-
matic Plate Machine, APM), or to create the survey in digitalPuter whether the Riemann hypothesis (the last great uedolv
format (eg: |RAS’ Sloan Survey and so On)_ Moreover' it isprOblem of mathematiCS) is true. It would be immen39|y dis-
now far easier to obtain radial velocities (redshifts) farge ~ couraging if the computer were to answer “Yes, it is true, but
numbers of objects in these catalogs. you will not be able to understand the proof”. We would know

Having said that, it should be noted that handling the datdhat something is true without benefiting from the experéenc
from these super-catalogs requires teams of dozens of agained from proving it. This is to be compared with Andrew
tronomers doing little else. Automation of the data gatngri \Wiles” proof of the Fermat Conjecture (Wiles. 1995) which
does little to help with the data analysis! was m_erely a corollary of some far more important issues he

Galaxy redshift surveys occupy a major part of the total ef-Nad discovered on his way: through proving the fundamen-
fort and resources spent in cosmology research. Giving awal! Taniyama-Shimura conjecture we can now relate elliptic
hundreds of nights of telescope time for a survey, or even corfUrves and modular forms (Horgan. 1993).
structing purpose built telescopes is no light endeavour. W We may feel the same way about running parameter-
have to know beforehand why we are doing this, how we arédjusted computer models of the Universe. Ultimately, we
going to handle and analyze the data and, most importantlj}¢ed to understand why these parameters take on the particu-
what we want to get out of it. The early work, modest aslar values assigned to them. This inevitably requires ditaly
it was by comparison with the giant surveys being currentlyor Sémi-analytic understanding of the underlying processe
undertaken, has served to define the methods and goals f8Pything less is unsatisfactory.
the future, and in particular have served to highlight ptéén
problems in the data analysis.

We have come a long way from using surveys just to de2. Redshift distortions
termine a two-point correlation function and wonder at what
a fantastic straight line it is. What is probably not ap- Viewed in redshift space, which is the only three-
preciated by those who say we have got it all wrong (egdimensional view we have, the universe looks anisotropic:
Svylos Labiniet all (1998)) is how much effort has gone into the distribution of galaxies is elongated in what have been
getting and understanding these results by a large armyoef pecalled “fingers-of-god” pointing toward us (a phrase proba-
ple. This effort has come under intense scrutiny from othebly attributable to Jim Peebles). These fingers-of-god appe
groups: that is the importance of making public the data andtrongest where the galaxy density is largest (sedign8l), a
the techniques by which they were analyzed. The analysis ddre attributable to the extra “peculiar” (ie: non-Hubblejrc
redshift data is now a highly sophisticated process lealiting ponent of velocity in the galaxy clusters. This manifesslit
tle room for uncertainty in the methodology: we do not simply as density-correlated radial noise in the radial velocigpm



FIG. 5 A view of the three dimensional distribution of galesi

in which the members of the Coma cluster have been highlighte

to show the characteristic “finger-of-God” pattern, fromriStensen
(1996).

Since we know that the real 3-dimensional map should b
statistically isotropic, this finger-of-god effect can bligefied

out. There are several techniques for doing that: it has be-
come particularly important in the analysis of the vast 2dF
(2 degree Field) and SDSS (Sloan Digital Sky Survey) sur-

veys (Tegmarlet all, [2002). The earliest discussion of this
was probably Davis and Peebles (1983).

There is another important macroscopic effect to deal

with resulting from large scale flows induced by the
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can be observed at that distance, considering the flux
limit of the sample. Galaxies in the whole volume
fainter that this luminosity will be discarded. The re-
maining galaxies form a homogeneous sample, but the
price paid —ignoring much of the hard-earned amount
of redshift information— is too high.

. Using selection functions.For some statistical pur-
poses, such as measuring the two-point correlation
function, it is possible to use all galaxies from the
flux-limited survey provided that we are able to assign
a weight to each galaxy inversely proportional to the
probability that a galaxy at a given distangds in-
cluded in the sample: this is dubbtt selection func-
tion p(r). This quantity is usually derived from the
luminosity function, which is the number density of
galaxies within a given range of luminosities. A stan-
dard fit to the observed luminosity function is provided
by the Schechter functioh (Schechter, 1976)

H(L)L = 6. (Li) ex ). ®

whereg, is related to the total number of galaxies and
the fitting parameters ark,, a characteristic luminos-
ity, and the scaling exponentof the power-law domi-
nating the behavior of Ef] 5 at the faint end.

L
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The problem with that approach is that the luminosity
function has been found to depend on local galaxy den-
sity and morphology. This is a recent discovery and has
not been modelled yet.

large scale structure so clearly seen in the CfA-Il Slice

(de Lapparengt all, 11986). Matter is systemically flowing

out of voids and |nt0 filaments; this superposes a density-

dependent pattern on the redshift distribution that is aat r

dom noise as in the finger-of-god phenomenon. This distort;

the map l(Hamilton, 1998; Kaiser, 1987; Sargent and Turner.
1977). As this distortion enhances the visual intensity o
galaxy walls, which are perpendicular to the line-of-sjght
is called “the bull's-eye effect’ (Pratoet all, [1997).

3. Flux-limited surveys and selection functions

Whenever we see a cone diagram of a redshift survey (se
Fig.[d), we clearly notice a gradient in the number of galsxie

with redshift (or distance). This artefact is consequerfce o

the fact that redshift surveys are flux-limited. Such susvey
include all galaxies in a given region of the sky exceeding a

apparent magnitude cutoff. The apparent magnitude depen
logarithmically on the observed radiation flux. Thus only a

small fraction of intrinsically very high luminosity galees
are bright enough to be detected at large distances.

For the statistical analyses of these surveys there are
possible approaches:

4. Corrections to redshifts and magnitudes

The redshift distortions described earlier can be accalunte
for only statistically (Tegmarkt all,[2002); there is no way to
tJmprove individual redshifts. However individual measdir
redshifts are usually corrected for our own motion in the res
frame determined by the cosmic background radiation. This
motion consists of several components (the motion of ther sol
system in the Galaxy, the motion of the Galaxy in the Local
Group (of galaxies), and the motion of the Local Group with
respect to the CMB rest frame). It is usually lumped together
dinder the label “LG peculiar velocity” and its valueis® =
627422 km s~! toward an apex in the constellation of Hydra,
with galactic latitudé = 30°+3° and longitudé = 276°+3°
(see, e.gl, Hamiltdon (1998)). If not corrected for, thisoaéty
fauses a so- -called “rffect’ (Kaiser, 1987), an apparerdgldip
ggnsny enhancement in redshift space. Application of this
correction has several subtleties: see Hamiilton (1998).

Most corrections to measured galaxy magnitudes are usu-
ally made during construction of a catalog, and are specific

w9 a catalog. There is, however, one universal correction:

galaxy magnitudes are obtained by measuring the flux from
the galaxy in a finite width bandpass. The spectrum of a far-

1. Extracting volume-limited samplesGiven a distance away galaxy is redshifted, and the flux responsible for itaime
limit, one can calculate, for a particular cosmological sured magnitude comes from different wavelengths. This cor
model, the minimum luminosity of a galaxy that still rection is called the “K-correction’| (Humase@ all, [11956);
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the main problem in calculating it is insufficient knowledife  tinued. The Century Survey (Gellet all, [1997) covers the
spectra of far-away (and younger) galaxies. In additiorgadi  central 1° region of the famous CfA-II slice, but is much
tional corrections to magnitudes have to be consideredaue tdeeper, extending t& = 16.1 in the apparent magnitude and
the fact that the sky is not equally transparentin all dicewt.  to 450k~ 'Mpc in space. The final CfA catalog is the Up-
Part of the light coming from extragalactic objects is absdr  dated Zwicky Catalog (Falcet al., [1999) that includes uni-
by the dust of the Milky Way. Due to the flat shape of our form measurements of almost all (about 19,000) galaxies of
galaxy, the more obscured regions correspond to those of lothe Zwicky catalog (with the magnitude limit e z,, ~ 15.5)
galactic latitude, the so-called zone of avoidance, afinabe  in the northern sky. Nowadays catalogs are made public as
best way to account for this effect is to use the extinctiopsna soon as possible; the CfA redshift catalogs can be obtained
elaborated from the observations (Schlegtedll, 11998). from the web-page of the Smithsonian Astronomical Obser-
vatory Telescope Data Center (http://tdc-www.harvanded

C. The first generation of redshift surveys
2. SSRS and ORS
1. CfA surveys
The Southern Sky Redshift Survey (da Caosttall, 11991)

The first CfA redshift survey was undertaken by was meantto complement the original CfA survey, mapping
Huchraet all (1983) who mapped some 2400 galaxies downgalaxies in the southern sky. Itincludes almost 2000 réitsshi
to m ~ 14.5 taken from the Zwicky catalog. This survey was the followup survey, the extended SSRS_(da Cestll,
too sparse to show definite structure. 1998) with about 5400 redshifts mirrored the Second CfA

The first survey to truly reflect the cosmic structure was thesurvey for the southern sky. These catalogs were mostly
first CfA-1l slice of lde Lapparengt all (1986), the “Slice of ~used for comparison with the CfA survey results; they
the Universe” (the smallest wedge in Fijy. 6). The slice shibwe were made public at once and produced many useful re-
very clearly the “bubbly” nature of the large-scale struetu sults. Presently they are available from the Vizier databas
as the authors defined it. This important discovery generate(http://vizier.u-strasbg:fr).
a lot of publicity: cartoons appeared in newspapers deygjcti ~ The Optical Redshift Survey (Santiagball, [1995), had
females with their arms in a sink full of soap bubbles, and thea depth of 8@ ~'Mpc, similar to the first CfA survey, but
Encyclopaedia Britannicavas updated to include a picture of attempted a complete coverage of the sky (except for the
the slice. dusty avoidance zone around the galactic equator). They

Prior to that there had been smaller surveys, such ageasured about 1300 new redshifts, including about 8500
the Perseus-Pisces region survey_of Giovanelliand Hayng€dshifts in total. This survey was heavily exploited to
(1985) and the Coma-A1367 survey bf Chincashall  describe the nearby density fields, to estimate the lumi-
(1983). These surveys had revealed rich structures in the dinosity functions, galaxy correlations, velocity dispers
tribution of galaxies, similar to Zel'dovich's predictedup- ~ etc. The catalog and the publications can be found in
cakes and voids. But since they were restricted to a volumbttp://www.astro.princeton.edustrauss/ors/.
around a major cluster of galaxies they could not be thought
of as being representative of the universe as a whole.

At first glance it may seem that similar critique ap- 3. Stromlo-APM and Durham/UKST redshift surveys
plies also to the CfA surveys, since the first CfA slice
(de_ Lapparenet all, [1986) was indeed centered on the Coma The Stromlo-APM redshift survey (Lovedayall, [1996)
cluster. However, the breadth of the slice (some 120 degreds a sparse survey (1 in 20) of some 1800 optically selected
on the sky) samples a far greater volume, and it was very deegalaxies brighter than the apparent magnitude liBitz 17
for that time, extending to about 160'Mpc. The slice also taken from the APM survey of the Southern sky. As the APM
contains an unusual number of rich galaxy clusters. Subsesurvey (Maddo»et all, 11990) itself, the Stromlo-APM survey
guent surveys, the following CfA slices and the ESO Southernvas an important data source and generated several impor-
surveyda Costat all,[1991) amply confirmed the impression tant results on correlation functions in real and redslpifice,
given by the CfA slice. power spectra, redshift distortions, cosmological patanse

The main source for redshifts during those years was 'Zcat’bias and so on. It was eventually put into the public domain,
a heterogeneous compilation of galaxy redshifts by J. Haichr although rather too late to be of much use to any third party
But it took many years before the data from the CfA slicesinvestigators.
entered the public domain. This was unfortunate since many The APM survey was also used to generate a galaxy clus-
other groups would have liked to try their own analysis tech-ter catalog. The APM cluster redshift catalog (Daledrall,
niques on such a well defined sample. By the time that thA997) was the first objectively defined cluster catalog. tt no
data became available there existed already more suladtantonly provided important data on the distribution of cluster
surveys with publicly available data and much of the impe-it also provided an assessment of the reliability of the only
tus of the CfA slices, apart from the fine work done by thecluster source available before that, the Abell clustealogt
Harvard group itself, was lost. The Durham/UKST redshift survey (Ratclifés all, 11998)

The work to improve and extend the CfA surveys has conmeasured redshifts for about 2500 galaxies around the South
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Galactic Pole. The depth of the survey was similar to thanearby Universe was sufficient to describe more distant re-
of the Stromlo-APM survey, and it was also a diluted surveygions. The usual tests included the luminosity functionsge

sampling 1 galaxy in 3. were found to depend on galaxy density and morphology),
These catalogs can be found now at the Vizier site (sesecond- and third-order correlation functions, power spec
above). and fractal properties. A catalog of groups of galaxies was

generated. The survey results were quickly made public: the
general interest in the data was high and close to a hundred
4. IRAS redshift samples: PSCz papers have been published using these data.

The story of the IRAS (Infrared Astronomical Satellite) ,
redshift catalogs stresses the importance of having a gasel b D- Recentand on-going Surveys
photometric catalog before starting to measure redshifss.
galactic absorption in infrared is much smaller than in the o
tical bands, the IRAS Point Source Catalog (PSC) covers uni- o )
formly almost all of the sky. This catalog was used to select The 2dF multi-fiber spectrograph on the 3.9m Anglo

galaxies for redshift programs, which extended down to suc'-A‘.UStra“‘ij Telescope is capable of observing up to 400 ebjec

cessively smaller flux limits: the 2 Jy surveylof Straasall simultaneously over a field of view some 2 degrees in diam-

- N . = eter, hence the name of the survey. The sample of galaxies
(1992) with 2658 galaxies; the 1.2 Jy survey_of Fi L targeted for having their redshifts measured consists oeso

(199%) added 2663 galaxies; and the 0.6 Jy sparse-sampl . ) .
(1 in 6) QDOT survey of Lawrencet all (1999) with 2387 5 0,000 gaIaX|es.Iocated in extended reglons.around. thk nor

. ; : . nd south Galactic poles. The source catalog is a revised APM
galaxies. This culminated in the PSCz survey of some 1500 S .

: o . survey. The galaxies in the survey go down to the magnitude
galaxies by Saundees all (2000), which includes practically . . .
all IRAS galaxies within the 0.6 Jv flux limit by = 19.45. The median redshift of the samplezs= 0.11

g ©%y ' nd redshifts extend to about- 0.3. In mid-2001 the survey

b '{the IRf'?‘S redshllft C?tg!()gsbha'ﬁ _been. use(:jd fotr the_usuq am released the data on the first 100,000 galaxies, and pub-
attery of large-scale studies, but their main advantageis lished also an interim report on the analysis of some 140,000

full-sky coverage (about 84%). This_, allows using the Wiener galaxies| Peacoaht all (2001) and Percivadt al. (2001).

Itggi? rEZ%lStgﬁ'%n rgte::,oi?fjéo degve tthet?ruetder;?gy aﬁd_v The survey is already complete, and the resulting correla-
y ' 10 g¢ pendent estimate o eiasi jon functions, redshift distortions and pairwise velgatis-

parameter. The first fields to be studied were taken from the gersions (Hawkinst all, 2003) demonstrate the quality of the

\Ilyszurvey by YS ?Igtr::]éﬁﬁ:tgl thleglga:)st f|eldsé((:::;11rrrr11((a)|1:rif)tr2|the data set. The 2dFGRS currently provides us with the best esti
z Survey by - (1999) ang " mates for a large number of cosmological parameters describ

(1999). ing the population of galaxies. Not only can we determine
The PSCz survey has also been used for fractal studies. At g poputat ga axies. y W !

lustering properties of the sample as a whole, but the sam-
though the IRAS samples are not too deep (PSCz extends :
about 200~ 'Mpc), [Pan and Cole$ (2000) found that multi- Hle can be broken down by galaxy absolute brightness or by

fractal vsis Sh definit o h bt morphological type (Percivat al., 2004). The surveys’s web
ractal analysis Snows a definite crossoverto NOmogeneity a, ;e ¢ http://www.mso.anu.edu.au/2dFGRS/.
ready before this scale.

1. 2dF galaxy redshift survey

2. Sloan digital sky survey
5. ESO Deep Slice and the Las Campanas redshift survey
Hot on the heels of the 2dF survey is an even larger survey:

The ESO Deep Slice_(Vettolaat all, 11998) measured red- the Sloan Digital Sky Survey (SDSS). The survey team has
shifts of 3300 galaxies down to the blue magnituge = close to two hundred members from 13 institutions in U.S.,
19.4 in the By, R, I photometric system| (Gullixsoet all, Europe, and Japan, and uses a dedicated 2.5 m telescope. The
1995). The surveyed region is & x 22° strip of depth initial photometric program is measuring the positions &nRd
about 600~ 'Mpc. The most interesting discussion that this minosities of about0® objects inr sterradians of the North-
data caused was about the fractal nature of the large-scadgn sky, and the follow-up spectroscopy is planned to gide re
galaxy distributions. While_Scaramekbsall (1998) found  shifts of aboutl0° galaxies and0® quasars. Good descrip-
the correlation dimensio® = 3,Joyceet all (1999) showed tions of the survey can be found.in Loveday (2002) and on the
that a more reasonable choice of the K-correction (redshiftsurveys’s web pagé (http://www.sdss.org/).
dependent apparent dimming of galaxies) gave a clearly frac The first official data release was done in 2003, but the as-
tal D = 2 correlation dimension. tronomical community had already have the chance to see

The Las Campanas Redshift Survey (Shectetadl, and use the data from a preliminary Early Data Release
1996) had a similar geometry, six thin parallel slice${ x (Stoughtoret all, [2002). These data and the data from the
90°) with the depth about 730 'Mpc (z ~ 0.25). The commissioning phase of the project have served as a basis for
survey team measured redshifts of about 24000 galaxies imore than one hundred papers on such diverse subjects as the
these slices. This was the first deep survey of sufficient volstudy of asteroids, brown dwarf stars in the vicinity of thmS
ume that it could be used to test if our knowledge of theremnants of destroyed satellites of our Galaxy, star faonat
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2dF Galaxy Redghift Survey
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FIG. 6 The top diagram shows two slices45fwidth and depth: = 0.25 from the 2dF galaxy redshift survey, fram Peacetlall (2001).
The circular diagram at the bottom has a radius correspgridimedshiftz = 0.2 and shows 24,915 galaxies from the SDSS survey, from
(Loveday| 2002)). As an inset on the right, the first CfA-Itslfromide Lapparerst all (1986) is shown to scale.

rates in galaxies, galaxy luminosity functions, and, ofrsey  17.77. This causes considerable differences in galaxy mor-
on the statistics of the galaxy distribution. phologies of the two surveys. Also, while the depths of the
L main surveys are similae (=~ 0.25), a part of the SDSS sur-

The main difference between the 2dF and the SDSS Sugey including about0° luminous red galaxies, will reach

veys, apart of their data volume and sky coverage, is the faghqshiftss ~ 0.5.

that they are based on different selection rules. While tte 2

survey is a blue-magnitude limited survey with,, = 19.45,

the limiting magnitude of the SDSS survey is reg, =
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3. 2MASS and 6dF ies.
The recent project named the ALHAMBRA-survey (Ad-
The Two Micron All Sky Survey (2MASS) has scanned thevanced Large, Homogeneous Area Medium Band Redshift
whole sky in three different near-infrared bands. The Ex-Astronomical survey) is being carried out by Moles and col-
tended Source Catalog (XSC) is the 2MASS galaxy catalogaborators using the 3.5m Calar Alto telescope. The pho-
(Jarreit! 2004) and contains more then 1.5 million galaxiestometric survey will cover an area of eight square degrees.
mapping rather well the zone of avoidance, The view of ounmaging will be performed using 20 optical filters plus three
local universe provided by 2MASS is shown in Hijy. 7. standard bands in the near infrared. It is expected to ¢ollec
The 6dF galaxy survey (Jonesall, [2004) targeted on the about 600,000 photometric galaxy redshifts with an acgurac
2MASS galaxy catalog (XSC) will encompass twice the vol-of Az < 0.015(1 + z). This photometric survey, midway
ume of the PSCz and will contain ten times more galaxiesbetween the wide-angle spectroscopic surveys and themarro
allowing combined knowledge of galaxy masses and redshifimaging surveys, is deep enough and wide enough to be ex-
It will be the best sample for studies of the peculiar velpcit tremely useful for all kind of studies involving cosmic evel
field, allowing a better understanding of the relation obgal  tion.
clustering with mass, and hence providing important cloes t
understand how bias depends on the scale.

E. The radio, X-ray and ~-ray skies

4. Deep spectroscopic and photometric surveys The 1950’s was a great era for cataloguing radio sources,
much of the work being done at Cambridge in England (with
Deep spectroscopic surveys such as the Canadian Netwotfie 2C, 3C, etc. surveys) and at Parkes in Australia. The sur-
for Observational Cosmology (CNOC2)_(Yeeal, 2000), veys were done at considerably different frequencies anel ga
DEEP2 [(Daviset all, 12003), and the Visible Imaging Multi- disparate views of the source counts. This had a strong influ-
Object Spectrograph (VIRMOS-VLT) survey (Le Feweall, ence on the Steady State versus Big Bang debate, each survey
2003) have allowed the study of the evolution of clusteringbeing used to support a different cosmological hypothesis.
with redshift and with various morphological properties of The sources in early surveys were randomly distributed
galaxiesl(Carlberet all,[2000] Coil and DEEP2 Teaim, 2003). over the sky (for instance, Holden, 1966 on the Third Cam-
Nevertheless, it is extremely difficult to measure redstoft  bridge Catalog and_Paynk, 1967 on the southern counter-
very faint objects. The present limit reached making use opart). This remained true for later surveys at low fre-
the largest ground-based telescopes is albatt24. An al-  quencies, which found, for the most part, intrinsically ywer
ternative to spectroscopy, is the poor mammachine (Koo, bright sources at somewhat larger distances (for instance,
1985), provided by multi-wavelength imaging. Webster| 1976 analyzing the Fourth Cambridge and Green-
Following the pioneering work df Baum (1962) and Koo bank surveys, and_Masson, 1979 on the Sixth Cambridge
(1985), Fernandez-So#t all (1999) have shown that it is pos- Catalog). Indeed it remains true down to the present day
sible to reliably estimate redshifts using CCD images dedif  (Trimble and Aschwandep, 2001), for the low-frequency sur-
ent wavebands —the so called photometric redshifts—. Thigeys that pick out large, bright, steep-spectrum, extedded
technique is particularly useful when mapping the very dis-ble sourcesi_Artyukh (2000); Ventet all (2000) reported
tant universe because galaxies in deep surveys could not ltlkeat they did not even identify the Shapley concentration).
spectroscopically observable. Bayesian techniques heae b What this means is that, on average, there is only one of these
introduced to improve the accuracy of the photometric riftlsh sources in each of the largest-scale structures to be found i
estimationl(Benitez, 2000). the local universe. The absence of clustering is, therefore
Different surveys reaching extremely large depths are prosome sense evidence for the existence of “largest strig;ture
viding us with the possibility of analyzing the evolution of though Artyukh and Venturt al. note that mergers of small
clustering with cosmic time. We can mention the COMBO?17groups into large clusters and superclusters may well tfirn o
survey (Classifying Objects by Medium-Band Observationsyainter radio sources that would otherwise reveal interiated
which lists photometry in 17 passbands_(Welfal, [2004),  structure.
the Calar Alto Deep Imaging Survey (CADIS), used by In contrast, higher frequency surveys that yield intrinsi-
Phleps and Meisenheimer (2003) to show how the clusteringally fainter radio galaxies find that they are clusteredyver
strength grows from = 1 to the present epoch and its depen-much like radio-quiet galaxies of the same Hubble types
dence on morphological type, and the recently releasedtGreéCresset all, 11996 on the Faint Images of the Radio Sky
Observatories Origins Deep Survey (GOODS) described it Twenty-cm (FIRST) survey from the Very Large Array
Giavaliscoet all (2004). The SDSS provides also photometric(VLA), and IMagliocchettiet all, 11998 a further analysis of
information in five bands allowing the measurement of photo+IRST, showing that the distribution of those radio souines
metric redshifts for a volume-limited sample containingreno  space is consistent with their having grown by gravitatioma
than 2 million galaxies within the randgel < z < 0.3. An-  stabilities from Gaussian initial conditions). Returntoghe
alyzing the angular two-point correlation function of teig-  Shapley concentration. Ventugi al. (2002) found no fewer
vey,|Budavaret all (2003) have found an interesting bimodal than 124 radio sources there.
behavior betweered elliptical-like galaxies andlue galax- Distant radio sources (of which quasars are an important
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FIG. 7 The near-infrared view of the local universe providgdhe 2MASS survey. Beyond the Milky Way lying at the Gala&quator,
more than 1.5 million galaxies are depicted using a greleszmade based on their photometrically deduced redshifin farrett!(2004).

sort) are rather sparsely distributed throughout the Use&ve mate the full 3-D power spectrum of density fluctuatiét(g)

and are consequently not good indicators of large scale-strufrom the (one-dimensional) Ly-flux power spectrum. This

ture. It is therefore not surprising that radio source cagtal is extremely important, as it allows us to check for theereti

provide little evidence for the large scale clustering. cal predictions at large redshifts &2—4). It also allows us

Galaxy clusters are prominent features of the X-ray skyto recover the linear (post-recombination) power specfiaum

that can provide a good measure of the large scale clustegmall scales, which have turned nonlinear by now.

ing. X-ray selected samples of clusters are less prone to Lines of sight to quasar pairs, be they optical pairs or pairs

bias than catalogs for clusters selected from maps of ththat are a consequence of gravitational lensing, provide ad

galaxy distribution. One problem, however, is that thesele ditional clues to the clustering transverse to the line ghsi

tion criteria for galaxy clusters selected from X-ray sywe (Wu et all,|1999).

(Barganiand Guzzo, 2001) are quite different from the selec The statistical analysis of the distribution of quasars and

tion criteria for clusters selected from optically scanpdd-  Ly-a clouds has provided additional evidence for the large

tographic plates (Daltoet all, [1997) and it is not so easy to scale homogeneity in the universe_(Andreainall, 11991;

relate studies based on the two sources of data. Carbone and Savaglin, 1996).

The REFLEX (ROSAT-ESO Flux Limited X-ray) cluster

survey contains 449 clusters, covering an areaf steradi-

ans in the southern hemisphede< 2.5°). Itis complete at  G. The cosmic microwave background

> 90%, down to a nominal flux limit of x 10712 erg s°!

cm=? in the 0.1 — 2.4 keV band. REFLEX, as other clus-  The importance of the CMB anisotropy measurements can-

ter samples, shows unambiguously very large-scale inhomgrot be over-emphasized and would warrant an entire review by

geneities that appear when the clustering power is measure@elf. From the point of view of this article we are concetne

and compared with that of galaxies at the same scales (Guzz@jith knowing the initial conditions for galaxy formation @n

2002). the parameters of the cosmological framework within which
galaxy formation takes place. Given that data, the task is to
derive the currently observed clustering properties cdixjak

F. Distribution of quasars and Ly- « clouds in the Universe.

The spectra of quasars are populated by narrow absorption
lines from intervening gas clouds along the line of sighe(th 1. Structure before our eyes
Ly-« forest). Owing to the great redshift of most quasars these
absorption clouds provide an important probe of clustesing ~ Arguably the most important observation in the study
large distances and at times long in our past. of clustering is the recent measurement of the struc-
Wu et all (1999) used the large-scale uniformity of the Ly- ture in the cosmic microwave background radiation at
« forest to argue against fractal distribution of matter. Re-the time of recombination.  This structure was pre-
cently,| Croftet all (2002) showed that it is possible to esti- dicted independently by Silk (1967) and by Sachs and Wolfe
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for a flat universe witlf2,,, +Q, = 1 (Vittorio and Silk,199P).
The range of-values covered by current experiments range
over about two decades:

VSA
@ WMAP
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S ol & %’,j]. & ) ; b i N v_vith the limit of higherl—values being pushed upward all the
{ : ¢4 _gi D 1 time. The low resolution end is from the COBE and WMAP
‘ ‘ ‘ ‘ *J ‘ . ' 1 datal(Bennettt all,11996] Bennetét all,2003) and reveals in-
¢ 200 400 9 yunipdld) 1000 12001400 homogeneities on scales in excesg @i ! Mpc.

FIG. 8 The agreement between the estimated power spectrum %f Notice that the highest resolution data still only coveedin

i -1
the CMB anisotropies from four different experiments withnigar cales In excess o_f_arouﬁdh Mpc and so we do noF yet
sensitivity, fron! Dickinsoret all (2004). see the initial condition for the scales over which the tveaap

galaxy clustering correlation function is significantlyegter
than zero. We are just seeing the scales where rich cluster
(1967), although the phenomenon is generally referred telustering may be significant. The prominent peak in the spec
as the “Sachs-Wolfe” effect. Understanding the detailstrum atl ~ 250 corresponding to scales of aroutth ~* Mpc
of how the structure in the microwave background arisess intriguing. We must not forget, however, that this is akpea
in any of a vast number number of cosmological mod-in a normalized spectrum; in the real mati&it) these peaks
els has been a cosmic folk-industry spanning some 3@re much less pronounced. There is evidence of oscillations
years. The results are encapsulated in a run-it-yourselfi the observed power spectra of clusters and galaxies, but
computer program of Zaldarriaga and Seljak, 2000 (se€urrent surveys are not able yet to detect such structute wit
http://physics.nyu.edu/matiasz/CMBFAST/cmbfast. jitml confidencel(Elgaragt all, 12002] Miller et al., 20024).
The structure was first seen at ab@@tin angular reso-
lution in the data of the COBE satellite DMR experiment
(Bennett et al, 1996). Smaller structure has been detested p. Defining the standard model
recent high angular resolution experiments with names like

DASI (Leitchet all, [2002;| Prykeet al, 2002), MAXIMA-1 The presence of significant peaks in the angular distrinutio
(Balbiet al,, 2000; Hananet al,, [2000; Leeet ali, 2001) and  of the cosmic microwave background strongly constrains the
BOOMERANG-98 (de Bernardistal, 2000; Langeetal,  global parameters that describe our Universe. If theseatata
2001; | Netterfieldet all, [2002), and in the WMAP first-year combined with data from other sources, such as local determi
full-sky data (Bennetet all, 2003). An analysis of the cosmo- nations of the Hubble constant and observations of very dis-
logical conclusions to be drawn from the combination of éhes tant supernovae_(Perimutteral, [1999;[Ries®t al,, [1998),

is given bylJaffeet al. (2001) and by Sperget al. (2003);  we arrive at the so-callezbncordance mod¢Tegmarket all,

an example of present data sets and the curves fitted to thepno1). We hasten to add that this is not a term we invented: it
is shown in Fig[B where, in addition to the WMAP power- might have been OK to use the testandard modelbut the
spectrum, several other recent experiments are shown (VSRjgh energy physicists got there first. The actual valuebef t
analyzed by Dickinsoet all (2004), CBI (Masoret al,i2008)  parameters in the concordance model depends on whose paper
and ACBAR [Kucet al, 2004)), having similar sensitivity, we read: there is a little disaccord here, though it wouldrsee
but being differentin the frequency range and observinigtec to be relatively minor. It all depends on what prior knowledg

niques. _ _ is assumed when making fitting the model to the data. The
Here we observe unambiguously the structure in the graverror bars are impressively small.

itational potential that will lead to the birth and clustegiof
galaxies and clusters of galaxies as we see them today. We

also observe structure on scales far larger than can bedtracg_ Initial conditions for galaxy formation
by galaxies.

The units in Fig[B could use a little bit of explanation. As
the sky we see can be thought of as a surface of a sphere, tB
distribution of temperature on the sky is analysed intoescal
using Legendre polynomialg™ (6, ¢). A polynomial of or-
der! picks out structure on an angular scale that is roughly,

One of the best determined parameters is the stopiethe
Bwer spectrum of the pre-recombination inhomogeneities.
was suggested by Harrison and by Zel'dovich that 1 on
. the grounds that (a) the spectrum had to be a power law (what
bise could it be?) and that (b) this value of the slope was the

degrees, value that did the minimal violence to the geometry of space-
o 180° time on either the large or small scales. Following on Guth’s
0° ~ I (®)  brilliant notion of inflationary cosmology (Guth, 1981), ma

subsequent revisions of the inflationary model and theéoies
the origin of cosmic fluctuations gave physical reasons why
_ 2mc 190009*0'4h*1M c 7 we should haves = 1 (e.g.:LlGuth and P| (1982), Starobinskii
T HAr T T pC. (1982)[Lindk (1994, 198p,1983)).

This corresponds to structure on a linear scale today of

L
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The DASI experiment (Pryket all, [2002) gives of Bright Galaxies, the Zwicky catalog, the Lick catalog
+0.08 and later on the very deep Jagellonian field (Peebles, 1975;
n = 10175 (9  [Peebles and Grdth, 1975; Peebles and Halser, 1974). All this

work was done on the projected distribution of galaxiesesinc
little or no redshift information was available.
eThe central discovery was that the two-point correlation
t?unction describing the deviation of the galaxy distributi
from homogeneity scales like a simple power law over a sub-
n = 0.99 & 0.04 (10)  stantial range of distances. This result has stood firm tfrou
numerous analyses of diverse catalogs over the subsequent
(Spergekt all, 12008). (This latter value comes from the decades.
WMAP data alone, no other data is taken into account.) The amplitudes of the correlation functions calculatedtro
Other similar numbers come from_Wangall (2002) and  the different catalogs were found to scale in accordande wit
Miller et al. (2002b). _ o the nominal depth of the catalog. This was one of the first di-
It is perhaps appropriate to point out that this fit comesrect proofs that the Universe is homogeneous. Before that we
from data on scales bigger than the scale of significant galaxknew about the isotropy of the galaxy distribution at diier

power law continued in the same manner to smaller scales. Wyere not at the center of the Universe.

fact, more complex inflationary models predict a slowly vary

ing exponent (spectral index) (see, €.g., Kasowsky andelurn

(1995)); this is in accordance with the WMAP data. Thep, The correlation function: galaxies

scales which are relevant to the clustering of galaxiesteste j

those scales where the effects of the recombination process Definitions and scaling

on the fluctuation spectrum are the greatest. We believe we

understand that process fully_(tall, [2001,01997) and so  The definition of the correlation function used in cosmol-

we have no hesitation in saying what are the consequences ey differs slightly from the definition used in other fields.

having an initialn = 1 power spectrum. That, and the successcosmology we have a nonzero mean field (the mean density

of the N-body experiments, provide a good basis for the beliefof the Universe) superposed on which are the fluctuatiorts tha

thatn ~ 1 on galaxy clustering scales. Anyway, it is probable correspond to the galaxies and galaxy clusters. Since the Un

that the Sunyaev-Zel'dovich effect (Sunyaev and Zel'dbyic verse is homogeneous on the largest scales, the corralation

1980) will dominate on the scales we are interested in so wend to zero on these scales.

may never see the recombination-damped primordial fluctua- On occasion, people have tried to use the standard definition

tions on such scales. and in doing so have come up with anomalous conclusions.
We therefore have a classical initial value problem: the dif =~ The right definition is: In cosmology, the 2-point galaxy

ficulty lies mainly in knowing what physics, subsequent tocorrelation function is defined as a measure of the excess

recombination, our solution will need as input and knowingprobability, relative to a Poisson distribution, of findingo

how to compare the re;sults of the consequent numerical S!ﬁgalaxies at the volume elements; anddVs separated by a
ulations with observation. CMB measurements can also giv@ector distance:

us valuable clues for these later epochs in the evolutiohef t

universe. A good example is the discovery of significantdarg dPyy = n?[1 4 £(r)]dVidVa, (11)

scale CMB polarization by the WMAP tearn (Kogeitall,

20038) that pushes the secondary re-ionization (formatfon owheren is the mean number density over the whole sample

the first generation of stars) back to redshifts 20. volume. When homogeneftyand isotropy are assumé(r)
depends only on the distanee= |r|. From Eq. [IL), it is
straightforward to derive the expression for the condaion

V. MEASUREMENTS OF CLUSTERING probability that a galaxy lies atV at distance- given that
there is a galaxy at the origin of

where the error bars ag8% confidence limits. This result
comes from fitting the DASI data alone, making typical prior
assumptions about such things as the Hubble constant. T
recent WMAP data gives a value

A. The discovery of power-law clustering
dP = n[l 4+ &(r)]dV. (12)
The pioneering work of Rubin and Limber has already been
mentioned. These early authors were limited by the nature dfherefore£(r) measures the clustering in exce§&{ > 0)
the catalogs that existed at the time and the means to analypein defect £(r) < 0) compared with a random Poisson point
the data — there were no computers! distribution, for which¢(r) = 0. It is worth to mention that in
It was [Totsujiand Kihara | (1969) and, independently,statistical mechanics the correlation function normatigdis
Peebles [(1974b) who were first to present a computerg(r) = 1+£(r) whichis called theadial distribution function
based analysis of a complete catalog of galaxies. Tot-
suji and Kihara used the published Lick counts in cells
from|Shane and Wirtaneh (1967), while Peebles and cowork-
ers analysed a number of catalogs: the Reference cataloyrhis property is called stationarity in point field statsti
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(McQuarrie, 1999). Statisticians call this quantity thair  [Peeblées|(1993) has shown that the analysis of the deep cata-
correlation function(Stoyan and Stoyvan, 1894). The numberlogs of galaxies on the basis of the scaling law {Ed. 15) aggue
of galaxies, on average, lying at a distance betweandr +  strongly against an unbounded self-similar fractal distibn
dr from a given one isig(r)4nr2. of galaxies. In the 1970’s and early 1980’s a nhumber of cat-
A similar quantity can be defined for projected catalogs:alogs going to a variety of magnitude limits were available
surveys compiling the angular positions of the galaxieden t and analysed by Peebles and his collaborators. Because of th
celestial sphere. The angular two-point correlation fiomct ~ way the galaxy luminosity function works, most of the galax-
w(#), can be defined by means of the conditional probabilies in a catalog fall within a relatively narrow range of diste
ity of finding a galaxy within the solid angléQ lying at an  that depends on the limiting magnitude of the catalog: cata-
angular distancé from a given galaxy (arbitrarily chosen):  logs reaching to fainter magnitudes are probing the Unévers
at greater distances.
dP = N1 + w(9)]d, (13) As the distance increases, the angular scale subtended by
a given physical distance decreases. Hence, if the Universe
Now, V' is the mean number density of galaxies per unit areds homogeneous, the two-point angular correlation fumctio
in the projected catalog. Since the first available cataloggf one catalog should look like a rescaled version of the two
were two-dimensional, with no redshift informationy(¢)  point angular correlation function of a deeper catalog (see
was measured before any direct measuremerg(of was  Eq.[I5), i.e., for catalogs with varying characteristidalice
possible. Neverthelesg(r) can be inferred from its angular ,, D! at a given angular separati®tD,; or, in other
counterpartw(¢) by means of the Limber equation_(Limber, \ords, if we calculate the angular correlation functionwn t
1954;| Rubin, 1954) which provides an integral relation be-samp|es, with characteristic depm and D;, Eqm im-
tween the angular and the spatial correlation functionfwls  plies thatw'((D,/D’.)0) = (D, /D.)w(0). The scaling rela-
angles, tionship can be predicted precisely, though for catalogs th
o o probe to very great depths it is necessary to be careful of
w(h) = / v 62 (y) dy/ ¢ (\/m) dr. (14) K-corrections and geometric effects due to the cosmoldgica
0 0 model [Colombo and Bonometio, 2001).
The earliest catalogs available were the de Vaucouleurs
catalog of Bright Galaxies, the Zwicky catalog, the Shane—

Wirtanen catalog and the Jagellonian Field. Matching their
follows a power lav£ (r) = (r/r¢) 7, it is straightforward to g 9 g

. S correlation functions provided the first direct evidence fo
see that the angular correlation function is also a power IaV‘L’;lrge scale cosmic homogeneify_(Groth and Peebles | 1977,

w(f) = A6~ (Peeblés. 1980). Totsujiand Kihata (1969)[7986) The scaling relation has been confirmed with more

\t/)verg thfe r:ﬂrst o (ljen(\j/e a pohw_er-law m_odlel ff)(rr)fon rt]he ecent catalogs, in particular, the APM galaxy survey has po
asis of the angular data. Their canonical value for the- scal e one of the strongest observational evidences supgort

ing exponenty = 1.8 has remained unaltered for more than ..« |aw Baudh! 1996- Maddaet al. [1996: Maddoet al
30 years. EJ14 provides the basis for an important scalingggm))' T ' ’ ' '

relation. [ Peebleg (1980) has shown that, in a homogeneous
universew(#) must scale with the sample depth as

Herey is the comoving distance anfly) is the radial selec-
tion function normalized such thgt¢(y)y?dy = 1. If £(r)

Now we can do much better since we have bigger and better
catalogs with partial or complete redshift information.cBu
1 catalogs can be divided into magnitude slices and the sane te

w(f) = —W(6D.) (15) performed on the two point angular correlation functionhef t

D. slices. The resuli(Connollgt all, [2002) reproduced in Fif 9

where the functioV is an intrinsic angular correlation func- 1S s good a vindication of the homogeneity of the Universe as
tion which does not depend on the apparent limmiting magni©ne could wish for. More data will be forthcoming from the
tude of the sample. The characteristic depthis the distance  2dF and SDSS surveys. _ _
at which a galaxy with intrinsic luminosity.., is seen at the The scall_ng properties of the corrglatl_on function are usu-
limiting flux density f, which is in the Euclidean geometry ally shown in the form of the correlation integral. For a goin

(neglecting expansion and curvature), distribution the integral expresses the number of neighbor
on average, that an object has within a sphere of radiitss
I given by
D, =|—, (16) r
Anf N(<r) = n/ 4ms®(1+&(s))ds (18)
0

or, in terms of magnitudes, The distribution is said to follow fractal scaling if withim

large range of scales the behaviodf< r) can be well fitted

D, =10%2(mo=M)=5p "I Mpc, (17) {0 a power law

where mq is the apparent limiting magnitude of the sam- N(<r) ocrP2, (19)
ple. The scaling relation in EqC{IL5) can be deduced fromor alternativel
the Limber equatior{14) assuming that distribution of gala ' y

ies is homogeneous on average and therefdrex D2. 1+ &(r) oc P23, (20)
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FIG. 9 The angular correlation function from the SDSS as &fun
tion of magnitude from Connollgt all (2002). The correlation func- ) )
tion is determined for the magnitude intervd8 < r* < 19, 1998): The averages of the number of neighbors at a given

19 < 7* < 20,20 < r* < 21l and21 < r* < 22. Thefitsto  distance are taken omitting those galaxies lying closeh¢o t
these data, over angular scales of 1 to 30", are shown bydfi¢ s border thanr. At large scales only a small fraction of the
lines. galaxies in the sample enters in the estimation, increasing
the variance. To make full use of the surveyed galaxies, the
) ) _ _ estimator has to incorporate an edge-correction. The most
yvhereD2 is the so-called correlation dimension. The Sca"widely used estimators in cosmology are the Davis and Pee-
ing range has to be long enough to talk about fractal bep|es estimator (Davis and Peebles, 1983), the Hamilton esti
havior. However, the term has been used very often for demator [Hamiltoh, 1993b), and the Landy and Szalay estimator
scrib_ing scaling behaviors within rather limited scaleges ~ (Landy and Szalay, 1993). Here we provide their formulae
(Avnir et al, 11998). In SecCVE]l4 we show recent determi- when applied to a complete galaxy sample in a given volume
nations of D, for several galaxy samples at different scaleih N objects. A Poisson catalog, a binomial process with

ranges. N.q points, has to be generated within the same boundaries.
~ Nya DD(r)
2. Estimators §pp(r) = N DR(r) -1, (21)

The two-point correlation functiog(r) can be estimated
in several ways from a given galaxy sample. For a dis-
cussion of them see, for example, Kerschiall (2000); Gani(r) = DD(r) - RR(r) (22)
Martinez and Saai (2002); Pons-Bordesfial. (1999). At [DR(r)]? ’
small distances, nearly all the estimators provide verylaim
performance, however at large distances, their performanc
is not equivalent any more and some of them could be bi-
ased. Considering the galaxy distribution as a point pmces gLS (r)=1+ (
the two-point correlation function at a given distances
estimated by counting and averaging the number of neigh-
bors each galaxy has at a given scale. It is clear that theehere DD(r) is the number of pairs of galaxies with sepa-
boundaries of the sample have to be considered, because rasion within the intervalr — dr/2,r + dr/2, DR(r) is the
no galaxies are observed beyond the boundaries, the numbeumber of pairs between a galaxy and a point of the Pois-
of neighbors is systematically underestimated at larger di son catalog, an®R(r) is the number of pairs with separation
tances. If we do not make any assumption regarding the kinth the same interval in the Poisson catalog. At large scales
of point process that we are dealing with, the only solut®n i the performance of the Hamilton and Landy and Szalay es-
to use the so-called minus—estimators, the kind of estireato timators has been proved to be betier (Kersehaitl, 2000;
favored by Piertonero and co-workels (Sylos | algirll, Pons-Borderiat al,, [1999).

2
Nrd) DD(r) N, DR(r) (23)

N ) RR(r) ° N RR(r)
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3. Recent determinations of the correlation function

103 TTT T T TTTTTT T T TTTTIT T
Earlier estimates of the pairwise galaxy correlation fiorct

were obtained from shallow samples, and one could suspect
that they were not finding the true correlation function. The
first sample deep enough to get close to solving that prob-
lem was the Las Campanas Redshift Survey (LCRS). The
two-point correlation function for LCRS was determined by
Tuckeret all (1997) and by Jingt all (1998) (see Figi_10).
Jingel al. get slightly smaller values for the correlation length
(ro = 5.1h~'Mpc) than Tuckert al. (ro = 6.3h~'Mpc).
When making comparisons, it is necessary to take care that
the length scales have been interpreted in the same unugrlyi
cosmological model. Older papers tend to &et 0 whereas 10
more recent papers are often phrased in terms of affatis
COIddarkmattercosmOIOgy' IIII| 1 11 IIIII| 1 11 IIIII| 1 _I
Analyzing data from the first batch of the SSDS, 0.1 1 10
Zehaviet all (2002) analyse 29300 galaxies covering a 690 h-1M
square degree region of sky, made up of a number of long o ( pc)
narrow segments (2.5 - 5 degrees). They arrive at an average
real-space correlation function of

102

w,(r,) (h~'Mpc)

Flux—limited Sample

FIG. 11 The (projected) real space two point-correlatiamcfion
, —1.7540.03 of the SSDS data froin_Zehaet al. (2003). The two straight lines
e = ( )

T, (24) show different fits corresponding to different weightingemes
. .2h—tMpc

for 0.1»~! Mpc < r_< 16 h~! Mpc. This comes close 10 gehechter galaxy luminosity functioh (Schechfer, 1976) is
the LCRS result of Tuckest ?l- (1997). More recently, the  (aren as a reference point (being a “typical” galaxy luminos
same group.(Zehawit al, 2003) has updated the result, using i, \vhatever that means). For galaxies with absolute magni
a more complete sample with 118,149 galaxies (sedFHlg. 1), des centered ofl, — 1.5 the scale length igy ~ 7.4h—

and the best power-law fit is Mpc. For samples centered di, the scale length isq ~
~1.80 6.3~ Mpc. And for samples centered oW, + 1.5 the
(r) = ( r > (25) scale length iy ~ 4.7h~! Mpc. The slope for these sam-
5.77h~'Mpc ples is essentially the same. A similar strong dependence of

o ] ) the correlation function on the color, morphology, and red-

This is a remarkable scaling law covering some 3 ordlers O&hift of galaxies was found before, in the Canadian Network
magnitude in distance. The smallest scale measu&h( for Observational Cosmology Field Galaxy Redshift Survey
kpc) is barely larger than a typical galaxy. Interestingys (CNOC?2) by . Shenheret all (2001).
Iower scale is set, in the Zehaa_mi a_I. (2002) analysis, by the The angular correlation function for the SDSS
requirement that, at the outer limit of the survey (corre&bo  (Connollyet all, [2002) is independent of redshift distor-
ing to a radial velocity of 39,000 km's), pairs of galaxies tions and agrees well with the value inferred from the reftishi
should be no closer than can be reached by two neighboring,yey. This encourages one to believe that the redshift
fibers on the multifiber system. There would be some interygrrections are being handled effectively.
est ir_1 looking at nearer galaxies and tracing the correfatio  powever, the latest careful analysis of the (almost) full
function to even smaller scales to see whether the old and reyr sy ryveyi(Hawkinst all, 2003) gives the correlation length
markable extrapolation of Gott and Turnker (1F7@)valid in ro = 5.05h—'Mpc, substantially smaller than the SDSS re-
this newer daﬁtla set (see also Infaetal (2002)). The largest gt [Hawkinset all (2003) ascribe this to the different galaxy
distance {6h~" Mpc) is larger than the size of a great cluster. content of the two surveys: the SDSS is a red-magnitude se-

It should be emphasized that this is a real space correlatiogcted survey and the 2dFGRS is a blue magnitude selected
function: the finger-of-god effects have been filtered. survey.

There is a substantial luminosity effect seen in the scale
length. The absolute magnitudd, of the “knee” of the

4. Correlation dimension

] _ _ _ Recently, many authors have measured the correlation di-
Gott and Turner estimated the small-sc_:alg end of the gunal@nctlon mension of the ga|axy distribution at different scales us-
down to a scale of 30~ kpc from the distribution of projected distances ina all available redshift cataloas.) Véial (1999) and
between isolated galaxy pairs (double galaxies). As s&asgt may seem, 9 ; . gs. - ( . )
this correlation function fitted neatly the general galamyrelation func-  Kurokawaet al. (2001) summarized these results in a table. A

tion. more completed and updated version of a similar table, éhclu
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9 . . . . . . . C. Galaxy-galaxy and cluster-cluster correlations
s | 4 Having re-discovered the power of the two-point correla-
tion function as a tool for measuring clustering, it was ev-
7L % % %}_ ident that the Princeton group would go on to analyze ev-
% % % ery available catalog of extragalactic objects they coaid |
o6l % | their hands on. One of these catalogs was the Abell catalog

of rich galaxy clusters identified on the Palomar Sky Survey
(Hauser and Peebles, 1973). The technique used was power
spectrum analysis since it was felt this would give a better
% method of dealing with the incomplete sky coverage.
4 - — - .
It came as somewhat of a surprise to discover (a) that these
. . . . . . . Abell clusters were themselves clustered and (b) that, on a
335 40 45 50 55 60 65 70 75 given scale, they were more clustered than the galaxies. The
Rs (W™ Mpc) former was a surprise because serious doubts had previously
been expressed about the reality of superclustering. Hase w
direct evidence that clusters were likely to be found in pair
and even in groups. The latter was a surprise because it had
been (naively) expected that clusters identified from a et o
points would necessarily have the same correlation functio
as the set itself. The galaxy clusters were themselveeckdt
d scales where the galaxy-galaxy correlation was so small a
t0’ be immeasurable.

FIG. 12 The correlation length as a function of the samplettdep
for the CfA-Il catalog, from_Martinert all (2001). The observed
plateauargues against the fractal interpretation of the galaxiridis
bution.

ing more references and new catalogs is presented here (
Tabldl). The estimates of the correlation dimension haembe Both th | dcl lation f .
performed using different methods depending on the authors oth the galaxy and cluster correjtmn unctions are ap-
preferences. It is worthwhile to mention the elegant teghai  ProXimately power lawg(r) = (r/ro)™" with the same ex-
introduced by Amendola and Pallagino (1999) based on radidonent ~ 1.8, but the correlat|0r_1 amplitudes for clusters are
cells that maximizes the scale at which the minus-estimato'?]u%h Iargerthe_m tkllose for gala;]qesr.] | | I
can be applied. The table shows unambiguously that the co[.- There IS a simple reason why the cluster-cluster correla-
relation dimension is a scale dependent quantity, inangasi ion function m_|ght havg an amphtudg_exc_eedmg the galaxy-
gradually from value, ~ 2 for scales less thaz0 — 3041 galaxy correlatlon func_t!on amplltgde. it arises becausb® _
Mpc (and even larger values @, in IRAS based redshift way clusters are identified as regions where groups of points

: have a substantially higher than average density. Sucbnegi
surveys) to values approachinly ~ 3 for larger scales. X . . 7
ys) bp g = 3 9 contain most of the close pairs that go into defining the value

of the galaxy-galaxy correlation function. Moreover, elim
inating the points which are not in such clusters biases the
5. Correlation length as a function of sample depth expected number of pairs that would have been found had
this been a Poisson distribution containing the same number
The first indication that correlation length might depend onf Peints. The boost in the value of the correlation function
the sample depth was found in the CfA-I data (Einatal, achieved from such_censorshlp depends directly on the vol-
1986). The correlation length increased, when deeper san¥Mme Of space occupied by these clusters.

ples were chosen. Although the authors explained the ef- I NiS_entirely obvious point was made in a preprint by
fect by the specific geometry of the mass distribution inshalones.and.Jores (1985): the paper was never published. As
low samples, this paper motivated the early campaign to ex2ith many useful ideas, it became common knowledge and
plain the galaxy distribution as fractals (Calzeftal, [1988; Moved into the realm of folklore. _

Pietronerb, 1987), because for a fractal increases pro- | Nere remained some important questions:

portionally with the sample depth (Coleman and Pietranero, _ .
1992 Guzza, 1997). The Ruffini group realized from the be- a: Does the Abell catalog provide a sufficiently good sam-

ginning that fractal scaling cannot extend to large scahes a ple for this purpose: is it free from systematic biases
started to look for crossover to homogenelty (Calzsttall, that may prejudice the result? Abell identified clusters
1991), but the Pietronero group has continued the fractal wa by eye, a procedure which would lack the objectivity of

until now, fighting for an all-fractal universe. Their staizd an automatic plate scanning machine.

summarized i Sylos Labimit all (1998). b: If in the cluster sample we reject the least impressive
The deep samples now at our disposal have solved this  gnes, would this change the correlation function? This

problem once and for all — the galaxy correlation functions corresponds to selection by cluster richness.

may depend on their intrinsic properties (luminosity, mor-

phology, etc.), but not on the sample size (Kerscher, |2003; c¢: How would changing the selection threshold affect the

Martinezet al., I2001). As an example, FifL112 shows the re- correlation function? This is not quite the same as se-

sults of a recent study. lecting by cluster richness: less rich clusters are still



TABLE | The correlation dimension estimated on differerdgkift surveys at different scale ranges.
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Reference Sample Range of scales{* Mpc) D
Martinez and Jones, 1990 CfA-I 3-10 1.15 —1.40
Lemson and Sanders, 1991 CfA-I 1-30 2
Dominguez-Tenreiret al., 1994 CfA-| 1.5—-25 2
Kurokawaet al., 1999 CfA-Il 727 1.89 + 0.06
Guzzoet al.,, 1991 Perseus-Pisces 1-35 1.25 £+0.10
Perseus-Pisces 3.5 —27 2.21 +0.06
Perseus-Pisces 27 — 170 ~3
Martinezet al., 1998 Perseus-Pisces 1-20 1.8—-2.3
Martinez and Coles, 1994 QDOT 1-10 2.25
QDOT 10 — 50 2.77
Martinezet al., 1998 Stromlo-APM 30 — 60 2.7—29
Hatton, 1999 Stromlo-APM 12 — 55 2.76
Amendola and Palladino, 1999 Las Campanas <20 - 30 2
Las Campanas > 30 — 3
Kurokawaet al., 2001 Las Campanas 5—32 1.96 4 0.05
Las Campanas 32 —-63 ~3
Pan and Coles, 2000 PSCz <10 2.16
PSCz 10 — 30 2.71
PSCz 30 — 400 2.99

included, though they would appear as smaller objectd is already apparent (as in the Shephetdll (2001) study of
on increasing the discrimination threshold. the CNOC2 sample, for Zehagt al. (2002) study of the Early
SDSS Data, and fdr_ Madgwiak al. (2003);INorberget all
d: If clusters were selected other than by virtue of their(2001) correlation analysis of the 2dFGRS) that talkinguabo
contrast with the background, eg: from identifying clus- thegalaxy-galaxy correlation function is somewhat of an over-
ters in an X-Ray survey, would we still see enhancedsimpilification in the first place: the galaxy-galaxy cortia
clustering? depends strongly on the absolute magnitude, galaxy colour

_ , 7and galaxy spectral type. Galaxies are clearly not unbiased
e: What does the galaxy-cluster cross correlation tell Us?.o ~ars of the underlying mass distribution.

It was well known that there were systematic biases in the In automated cluster searching, clusters are generally dis

Abell Catalog. The subsample of low richness clusters waSC S'€d Via @ nearest-neighbour, friends-of-friendse tgp
; 9. p . %nalysis. They are discovered by virtue of their centralcon
incomplete, and the more distant clusters were systentigtica

. ; .~ centration and so catalogs contain clusters that are defined
richer than than nearby counterparts. This was not in it- - . ”

o i in terms of a “distance to your nearest neighbour” threshold
self enough to remove the “discrepancy” between the galaxy;;

alaxy correlation function and the cluster-cluster datien length. If the threshold length is increased the catalog con
galaxy N . ; : tains more clusters: the number of poorer, less centraligele
function, but it might prejudice conclusion about richndes : : S .
: clusters increases. It is not a priori obvious how the mean
pendence of the discrepancy.

It was not until 1992 that a sufficiently good alternative to density of galaxies within a cluster so found relates toets-c

. ) tral density: there will clearly be a correlation. It mighellv
the Abell Catalog became available: this was the APM clus ; X .
ter catalogl(Daltort al, 1992/ 1997) derived from the Cam- be that selecting clusters by virtue of their mean galaxyden

. ; i sity rather than their peak density would yield differentaca
brl_dge APM Galaxy Survey (Automatic Plate Measur!ng Ma- Iogs and lead to differ%nt conclugons aboﬁt the systematfic
chine) of UK Schmidt Telescope plates. Now we await results luster-cluster clustering
from the large 2dF and SDSS redshift catalogs which have aIC— '
ready provided detailed information about the galaxy-gala
correlation function.

2. Theoretical expectations
1. Analysis of recent catalogs It is easier to build theoretical (analytic) models based on
selection by mean cluster density, ie: clusters selecte@vi

Currently the best data on galaxy cluster clustering comedensity threshold, than it is to build models based on ciaste
from redshift surveys of clusters identified in machine gene selected by peak density. The latter requires an undeiisnd
ated galaxy catalogs and of clusters observed in X-Ray suwf how the cluster dynamics works to produce the density pro-
veys. The 2dF and SDSS surveys will undoubtedly settle thidile of the galaxy distribution. This may contribute to sonie o
matter once and for all since they contain a large number athe confusion that exists when looking for trends in the clus
clusters that can be selected on the basis of redshift. Hawvev tering of clusters.
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The earlier theoretical models_(Bahcall and West, 1992;
Jones and Jories, 1985; Kaliser, 1984) for the clustering of
clusters were based on threshold selection. The same is 100
true of more recent hierarchical models based on multi-
fractal models for the distribution of galaxies (Martirezll,
1990);| Paredest all, 11995). Most of the conclusions about 10
superclustering in which the clusters are defined via the
peak density excursion comes frof-body simulations
of various sizes and sophisticatian_(Bahcall and Cen, 11992; o
Colberget all,[1998; Croft and Efstathiolu, 1994). e 1

Since clusters found in X-ray surveys are found by virtue =
of their gas temperature, that is total potential, theseeysr
should agree rather well with the conclusions basedVen 0.1
body experiments.

T T T \ T T T
©X-ray Clusters

mOptical Galaxies
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3. Richness dependence of the correlation length F 3
L | I | ‘ | ]
The seminal paper on the effect of cluster richness 10 100
on the cluster—cluster correlation function was that of 1
r, (h= Mpc)

Szalay and Schramm (1985). They suggested that the scaling

length for clustering should itself depend on the cluster-de

sity. Which cluster density, peak or mean, was never stated. FIG. 13 The two-point correlation function for the X-ray eeted
The formula for the cluster two-point correlation function clusters from the REFLEX survey (circles) and for the Las €am

LN ; d(Kaiddr. 1984): panas galaxy redshift survey (squares). The solid and déstes
§(r;v) is usually written as (Kaiser. 1984) are the expected results for an X-ray similar survey in a LCDM

V2 model with different values for the cosmological paranstérom
§(ryv) = —&(r), (26)  Borganiand Guzra (2001).
g

wherev is the height of the peaks in units of the rms ewor

of the galaxy density field, ar@lr) is the correlation function the correlation length the values go fron3h~—! Mpc to

of the galaxy field. 40h~* Mpc (Bahcall and West, 1992; Borgani and Guzzo,
The empirical determination of the the cluster—clustei2001; Daltoret al., 11994 Nicholet al., [1992; Postmagt all,

correlation function,£..(r), is much more uncertain than [1992). Fig[TH illustrates this variability displaying tdifer-

the galaxy—galaxy correlation functiot,, (). The selec- ences between the correlation function of the Abell and APM

tion effects associated with the cluster identificationhmet  cluster samples.

(Ekeet all, 1996) are the major source for this uncertainty. Rich clusters have many members and are rare, there-

The possible dependence of clustering properties on clust§yre the distance between theh — ngl/S is larger.
richness makes the issue still more difficult. Neverthelesgahcall and We's{ (1952) derived a linear relation between th
£cc(r) is usually fitted to a power law cluster correlation length. and the mean intercluster separa-
Yo tiond,, r. = 0.4d. from power-law fits (constrained to have
Coo = (L) ) (27)  afixed value ofy. = 1.8) to correlation functions calculated
Te on cluster samples with different richness. IEg. 15 shows th

this relation is not confirmed by the new data. In fact, atdarg
values ofd, the relation must level off, and a weaker depen-
ﬂ{ance ofr. versusd, agrees better with the observations, for
’egamplerc = 2.6+/d, as shown in the figure (Bahcait al.,

Eq. holds ify. = ~, where~ is the exponent of the
power-law galaxy—galaxy correlation function. As already
mentioned, this seems to be the case, see for example
Fig.[13, the remarkable agreement between the slopes of t 5003
correlation function of the REFLEX cluster catalog and the=~-" )- _ .

Las Campanas galaxy redshift survéy (Borganiand Guzzo, SINcer. andy. are not independent, the slope is usually
2001:[GuzZol 2002). ~ Nevertheless, depending on the arfonstrained to a fixed valug. = 1.8. Dependence of. on

alyzed cluster sample and cluster identification procedureCIUSter richness has been proposed (Marteiedt, 11995), al-

the scatter of the reported values for the slope of the corthoudh this dependence is better parametrized by the eerrel

; SRS ; ; _ tion dimension — the exponent of the power law fitting the
relation function is very high withy, = 1.6 to 2.5. For e :
y hd Py correlation integralV (r) = ArP2 (see Eq. 16). Multiscal-

ing is the term used for scaling laws in whiéh, displays a
slowly varying behavior with the density threshold thatreha
7 As the correlation functions and are defined for the density contrast aCtenzeS the richness of clusters. The hlgherthe Fhr_dsﬂmj
§ = (p — p)/p, all quantities in[[26) are dimensionless; there is no di- r|chgrthg clusters, and the smalle_zr the valu®ef Within the
mensionality conflict. multiscaling framework, the relatior versusd,. gets a more
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FIG. 14 The two-point correlation functions for the Abelusters
and two subsamples of the APM survey. The best power-lawrfits a

: Abell data from Postman, Huchra, & Geller 1992
[~ APM data from Dalton et al. 1994
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shown in the plot, from _Postman (1999).
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FIG. 15 The correlation length of different cluster samples func-
tion of the intercluster distance. The solid line shows thlation
r. = 2.64/d. that fits well the observations and the LCDM model,
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from|Bahcallet all (2003).

complicated form flattening for large values &f as the ob-

servations confirm_(Martinez all, |1995).

D. The pairwise velocity dispersion
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radial component of the velocity, and that is biased by large
density inhomogeneities than a linear theory can handle.
The following short argument shows how the velocity dis-
persion relates to the fluctuations in the density field. The
non-Hubble component of a galaxy velocity through the Uni-
verse, (itgpeculiarvelocity), is due to the acceleration caused
by clumps in the matter distribution. This is easy to estenat
during the phase of linear evolution of cosmic structureein
linear perturbation theory applies.
A particle that has experienced a peculiar acceleragjon
for a timet¢ would have acquired a peculiar velocity ~ gpt.
If this acceleration is due to a mass fluctuatédd at distance
r, we have

gp = GOM/r? = (47/3)Gépr = 0.5Q0 Hyvgr (28)
which leads to
vpfom = (1/3)(Q)5,  [(R) = (3/2)Hot = Q°F. (29)

For a more general approximation including the cosmologi-
cal constant see Lahat all (1991). As one can see the ratio
of the peculiar to Hubble velocity is the quantity that giees
direct measure of the amplitude of primordial density fluctu
ations on a given scale for a given value(af If we have a
scaling law for the density fluctuations we should also see a
scaling law in the peculiar velocity field.

A more detailed calculation, still using linear theory, &gv
a direct relation between thens amplitude of the peculiar
velocity and the power spectrum of primordial density fluctu
ations (Strauss and Willick, 1995):

2 r2
(up(R)?) = T01

/ P(k)W?(kR)dk (30)

whereW (kR) is the Fourier transform of a spherical window
function of radiusk, W (R). This equation also works quite
well for rather highd, well beyond the linear regime. The
main problem then becomes dealing with the redshift distor-
tion of the observed velocity field.

This equation, however, contains information only about
the rms magnitude ofv, on a given scale. More informa-
tion about peculiar motions in different cosmological smen
ios can be obtained from other types of the velocity coriatat
functions that can be estimated from data sets.

As direct data on peculiar velocities of galaxies are hard
to obtain, the pairwise galaxy velocity dispersion is meagu
from ordinary redshift surveys by modelling its effect o th
redshift space correlation function. This modelling is ety
certain, as it depends on the choice both of the adopted mean
streaming velocity model and of the model for the pairwise
velocity distribution itself. The latter is usually modsdl as

The pairwise velocity dispersion of galaxies is a measure oan exponential distribution (Peehles, 1980).
the temperature of the “gas” of galaxies. By energy conserva The first determination of the pairwise velocity disper-
tion, the kinetic energy of this gas has to be balanced by itsiono?, was made by Davis and Peeblzs (1983), who found
gravitational energy, which depends mainly on the mean mass;» ~ 340 kms™'. Subsequent determination from the IRAS
density of the Universe. Thus, measuring the pairwise velocdata (Fisher,_199%; Fishet all, [1994) gave a similar value
ity dispersion gives us a handle on the density. This is, howfo1, ~ 317kms™'). These values were much lower than
ever, more easily said than done since we measure only thbose predicted for the Standard Cold Dark Matter (SCDM)
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model 12 ~ 1000 kms™!), and served as an argument for by the paper df Sommer-Larsenall (2003).
discarding the model.
Later determinations have given larger values for this dis-
persion: the estimates of Jimfall (1998); [Marzkeetal. 1. Mass distribution and galaxy distribution: biasing
(199%);(Zehavet all. (2002) all converge at the valug, ~
550-600kms’; not enough for the SCDM model, but in  The concept of biasing was introduced [by Kaider (1984)
concordance with the present standard A@DM model. in order to explain the observed relation between the crrel
In the stable clustering model the pairwise velocity disper tion functions of galaxies and galaxy clusters. Using tlgghhi
sion should scale with pair distanceds?; this scaling has peak approximation to a Gaussian density field, he obtained a
not been observed. Also, it is well known that the value offormula [Z8) showing that the two correlation functions gver
012 IS sensitive to the presence of rich clusters in the sampleproportional.
Daviset al. (1997) and_Landet al. (1998) propose alterna-  The same idea was later applied to galaxy distributions: as
tive schemes for estimating the pairwise velocity dismersi different types of galaxies have different clustering @ndies,
which again lead to small values of,. they cannot all follow directly the overall density field. 0
The galaxy velocity field is also rather inhomogeneous; ave normalize the correlations by writing
well-known fact is the extreme coldness of the flow in our
neighbourhood, out t62~'Mpc, wheres;, = 60kms™* Toar = V207l (32)
(Schlegekt all, [1994).
(note thato? = £(0)), and callb the bias factor. As baryonic
matter comprises about four per cent of the total matter plus
E. Light does not trace mass energy content of the universe, we can also say that the above
relation connects the galaxy and dark matter distributions
It has long been realized that there is a difference between Bias cannot be measured directly, and indirect observa-
the distribution of light in the Universe and the distrimurti  tional determinations of bias values have not yet converged
of mass. The first clues came with the apparent systemati® a single value for a given type of galaxies. Moreover,
increase of mass-to-light ratios with scale determinedhfro IDekeland Lahav (1999) showed that bias is, in general, non-
galaxies, binary galaxies, groups and clusters of galaxieéinear and stochastic. And later determinations have found
this was later made more explicit by Finastoal (1974), thatbias is also scale-dependent (Hamikoal, [2000). Such
Joeveer and Finabtb (1978) and Ostrikeall (1974). It was  bias can easily destroy scaling relations that could ber@rite
also known that galaxy morphology is related to the clusteri  in the matter distribution.
environmentl(Abelll_1958; Davis and Geller, 1976; Dressler
1980; Einast@t all, 1980; Guzzaet all, 1997;{ Hubble, 1936;

Zwicky, |1937). 2. Mass and light fluctuations
The recognition that clustering depends on galaxy
luminosity is more recent | (Benaistal, [1999; An alternative measure of the scale dependence of cluster-

Dominguez-Tenreiro and Martinez, 1B89; Hamllton, 1988;ing is to plot the variance of the mass or light density fluc-
Kerscher/ 2003; Lovedast all, 11995;| Martinezt all, 11993;  tuations on a variety of scales. This is little more than what
White et all, 11988] Willmeret all, [1998). Carpenter had done in the 1920’s, and was first formalized by
It is not difficult to understand why this should be so. WelPeeblés (1965) in his remarkable paper on galaxy formation.
may be even surprised that the results were in any way sufttis relatively easy to calculate a density fluctuation speu:
prising! There was early work of Bahcall and Soneira (1983);sample the density field in windows of different sizes, fatea
Bardeeret al. (1986); | Melott and Fiy[(1986). However, it window size calculate the mean and variance of the contents
has not been easy to model these luminosity— and typesf the window and plot the result. This works equally well in
dependent phenomena since we have only the barest undéwo or three dimensions. Some important technical question
standing of the galaxy formation process and it is probablyarise: what to do at the boundaries and what the shape and
fair to say that our knowledge of what causes galaxies to haverofile of the window should be. By the profile it is meant
vastly different morphologies is still rather incomplete. what weight is attached to an object falling at a given |arati
The recent advances in augmentiny-body simu- inthe window. The “top hat” profile counts a weight of one if
lations with semi-analytic models and computationalthe objectis in the window and zero outside: this is the sim-
hydrodynamics is promising, though at a relatively plest choice, though not a particularly good one. Fuzzy édge
early stage |(Bensoetal, 12000; |Blantoret al, 11999;
Cen and Ostrikel, 1992; Colft all, 11999;| Katzet all, [1992;
Kauffmannet all, 11999; |Pearcet all, [1999; | Whiteet all,
2001;1 Yoshikawaet all, [2001). Modelling the formation of 8 Several things are remarkable about Peebles’ 1965 papeas|Peebles’
individual galaxies shows just how many physical processes first paper on galaxy formation and its submissi_on to the (mttysical
. . . . Journal preceded the the announcement of the discoverg ehitrowave
mus_t be taken into account, qU|t_e apart from trying to fold iN" hackground. In that paper we see the entire roadmap for fhmviog
our ignorance of the star formation process (and that is what gecades of galaxy formation theory, albeit in terms of ahitsothermal
gives rise to the luminosity). A brave attempt is exemplified fluctuations.
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windows are to be preferred since they reduce the effects gdroviding immediate gratification in terms of visualizatiof
shot noise. the process, but they are often difficult to relate to any kihd

This process is analogous to two other methods of anadynamical process.
lyzing a density field: counts in cells and wavelet analysis. If we knew all higher order correlation functions we would
Counts in cells statistics do precisely what has just been dénhave a complete description of the galaxy clustering pces
scribed, using various coverings of the data set, and aré mobklowever, calculating an estimate of a two point functiomfro
often hard-edged. The wavelet analysis does the same,ebut th sample ofV galaxies requires taking all pairs from the sam-
choice of analyzing wavelet determines how “hard” the sample of IV, while calculating a three point functions requires
pling volume is. Simple Haar wavelets are a bad choice sinctaking all triples from/N. The amount of computation esca-
they too are hard-edged, but there are many fine alternativekates rapidly and restrictions have to be imposed on what is
This an an area which requires more research since waveledstually being calculated.
are particularly good at sniffing out scaling relationships Nevertheless, calculating restrictddpoint functions may

The density fluctuation spectrum is in some sense a halfbe useful: these functions may be related to one another and
way house towards the power spectrum: the variance of thiave interesting scale dependernice. Gaztafagal (19923lhas ¢
mass fluctuations are referred to a physical variable, massulated restrictedV-point functions and showed that these
scale, rather than thiespace wavenumber (which is itself an have power law behavior over the range of scales where they
inverse length scale). The problem with the mass spectrum isan be determined.
that its amplitudes are correlated and depend on the adopted
mass profile filter; the conventional power spectrum (spéctr
density) has independent amplitudes as it will be explained B. Three-point correlation functions
Sect. VI.C.

The simplest high-order correlation function is the 3-poin
correlation functior((x;, x2, x3). It appears to be simply re-
VI. FURTHER CLUSTERING MEASURES lated to the two-point function through a Kirkwood-like ael
tionship (see Peebles (1980)):
A. Higher order correlation functions
H _ ation function ue descr C(x1,%2,x3) = ((r12,723,731) = (32)
e two-point correlation function is not a unique descrip- —
tor of cIusteFr)ing, it is merely the first of an infinite ﬂierh;oof P = Q[E(riatlras) +&(rzs)e(ran) + £(rs)éma)],
such descriptors describing the galaxy distribution o&B#@ls  \here Q ~ 1 is a constant, and the first equality is due
takenN at a time. Two quite different distributions can have to the usual assumption of homogeneity and isotropy. This
the same two-point correlation function. In particulag fact  scaling law is called “the hierarchical model” in cosmol-
that a point distribution generated by any random walk (€.9.ogy, and it agrees rather well with observations. The full
as a Léevy flight as proposed by Mandelbrot (1975) has thjrkwood law(lchimarli[ 1992) would require an additional
correct two-point correlation function does not mean mucherm on the right-hand side of Eq_J32), proportional to
unless other statistical measures of clustering are tested ¢ (;1,)¢(rg3)¢ (151 ).

The present day galaxy distribution is manifestly not a  aAs observations sho (Meikset all, [1992{ Peebik5, 1980,
Gaussian random process: there is, for example, no symmetf}593), there is no intrinsic 3-point term, either Kirkwogge
about the mean density. This fact alone tells us that there |§r more general' If this term were present the 3_p0int fuomcti
more to galaxy clustering than the two-point correlationdu  ould be enormous at small scales. Therefore it makes no
tion. contribution. The absence of such a 3-point term is probably

So what kind of descriptors should we look for? General-a consequence of the fact that gravity is a two-body inteact

izations of the two-point functions to 3-, 4- and higher arde and is the only force that plays a role in the clustering psece
functions are certainly possible, but they are difficultaca-

late and not particularly edifying. However, they do the géb
providing some of the needed extra information and throughe the power spectrum
such constructs as the BBGKY hieraréhey do relate to

scribe the observed scaling of the 3-point correlationfionc  terms of wavenumbersthat separates the effects of different

below. o _ _ scales. IfF (k) is the Fourier transform of a random field, then
One alternative is to go for different clustering modelsz-an

thing but correlation functions. These may have the virtue o
P(k) =E {F(k)F(k)} (33)

9 _ _ whereE denotes the statistical expectation value.
The BBGKY hierarchy, (after Bogolyubov, Born, Green, Kitbad and The Fourier modes of a Gaussian random field (our basic
Yvon), is an infinite chain of equations adapted from plasrhgsjzs

(ichimari [199P) to describe self-gravitating non-linelrstering (see for model for the matter distribution in the universe _at eal‘rye:i;.) .
example_Falland Sevelrle (1D76). Peétles |1980)_and {2aaM).) are independent, and the only function that defines the feld i
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the power spectrum. As the initial fluctuations from the infla As an example, for the Einstein-de Sitter cosmological rhode
tion period are described naturally in terms of Fourier ngpde a(t) ~ /3, the scale-free power spectrum can be writ-
the power spectrum is the best descriptor of the matteridistrten asP(k,a) = a2k™, and the nonlinearity wavenumber
bution for these times. knrz ~ a—2/("*+3) Numerical experiments confirm that scal-
Inflationary models predict a power-law power spectrum,ing solutions exist.
P(k) ~ k™ (seelPeebles and Ratia (2003) for a recent re- The latest real-space power spectrum of the SDSS sur-
view), with the most popular exponent = 1. This sim-  vey (Tegmarket all, 2004) shows clearly curvature, departing
ple scaling is, however, broken, once the wavelength of drom a single power-law, providing, as the authors say, “an-
mode gets smaller than the horizon; interactions betwedn maother nail into the coffin of the fractal universe hypothésis
ter, radiation and gravity deform the power spectrum in a
computable, but complex manner_(Eisenstein and/Hu,11998,
1999). D. The bispectrum
Nevertheless, if we restrict ourselves to a smaller scale in
terval (say, two orders of magnitude), the power spectrum re  The power spectrum (EQ.133) is a quadratic descriptor of a
mains close to a power law. For the scales of the observe@ndom field: it contains information about the amplitudés o
structure the exponent of this power law is negative, raggin the Fourier components, but not about any phase relatipgshi
fromn = —1 for larger scales ta > —3 for galaxy scales. that might have evolved through nonlinear processes. The
If we combine a scale-free power spectridtn~ k™ with power spectrum characterizes fully a Gaussian field. Since
a scale-free expansion law(t) ~ t* we should get a per- the present-day high-amplitude fluctuating density fieldadt
fect scaling regime for evolution of structure. Unfortuelgt ~ Gaussian (there cannot be any region with negative depsity)
this is not true, as there are two completely different regim the power spectrum by itself is provides only a partial dgscr
of evolution of gravitating structures: the linear regiméaen  tion. There are several ways of providing further inforroati
every Fourier mode grows at the same rate, and the nonlineéit Fourier space, one of which is to look at higher order cor-
regime, when we can assume that objects are virialized aniglations among Fourier components.
their physical structure does not change. The latter assump The next order descriptors are cubic, the three-point cor-
tion is called “stable clusteringl (Peebles, 1974b). relation function and its Fourier counterpart, the bispeuot
The linear regime is characterized by small density ampli-The bispectrum is the third moment of the Fourier amplitudes
tudes and large scales (small wavenumbers), the stable clugf @ random field, depending on three wavenumbers. If we
tering regime has large density amplitudes and occurs dt smalenote the Fourier amplitudes of a random fieldAik), the
scales (large wavenumbers). The scaling solution for the cobispectrum of the field is defined as
relation function in the stable clustering regime was fobpd
Peeblés (1974b¥ (r) ~ 7=, wherey = (9 + 3n)/(5 + n). Bk, k2, k) = E[F(ki) F(ke) F(ks)]
The first attempt to get a solution that would interpolate be- - .
tween the two regimes was made by Hamileimll (1991). \r/]vhere E denotes the statlstlcal expectation vglue. For
; . omogeneous random fields the bispectrum is non-zero
For that they rescaled the distaneeassuming no shell cross-

. . . ) - only for closed triangles of vectork,, ks, ks (see, e.g.,
ing during evolution of objects, and found an empirical rela >

. . . ; .~ |Martinez and Saar (2002)). Consequently, for real-vaheed
tion between the nonlinear and linear correlation funjon

using N-body models. This is known as the HKLM scaling mogeneous random fields the bispectrum can be calculated by

solution.| Peacock and Dodds (1996) found a similar relation
for power spectra. These results have been used frequently f
likelihood search in large volumes of cosmological parame- ) _ ) _
ter space, which could not be covered by time-consuming yvhere the overlllne denote; conjugation. In the signal m®ce

body modelling. ing world the bispectrum is known as the bicoherence spec-

However, nowadays it seems that the stable clustering hyfUm and it is used to measure the phase coherence among
pothesis does not describe well either the observed strudliPI€s Of spectral components that arises as a conseqoénce

ture, or present-day numerical simulations, mostly begafis "onlinear wave coupling. _
merging of objects in the later stages of evolution of strtet The hierarchical ansatz that we wrote for the three-point
A scaling solution in terms of a nonlinearity wavenumbet tha COrrelation function can be written also for the bi-spectru

does not assume stable clustering is described by Shéh o
(2003). Let us define the nonlinearity wavenumbgy, by Blki ko, ks) = Q[P(ki)P(ks) + P(ka) P(ks)+
+ P(k2)P(ks)].

B(ki, ko) = E |F(k1)F(ka)F (ki + k2|,

knr
o (kni,a) N/ P(k,a) k*dk = 1; A similar expression is predicted by perturbation theory
0 (Ery,11984Db), but with different coefficients for every term
it separates the linear regine < &y, from the nonlinear It is not easy to determine the bi-spectrum from observa-
regimek > kyz. One then expects the scaling solution totions, as its argument space is large (the set of all triagle
have the form and it is strongly modified by galaxy bias. The estimates so

far have confirmed that the bispectrum follows approxinyatel
P(k,a) = F(k/knL). the predictions of the perturbation theoky (Bernardetzail,
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2002). As it depends on the bias parameters, it can be usewnlinear regimes. We expect to see this as the transition to
to estimate galaxy bias. An example is provided by a recenhomogeneity that must occur on large scales.
study [Verdeet all, [2002) that found that the bi-spectrum of  There is no way out of this: the COBE results tell us that
the 2dFGRS galaxies is compatible with no bias; these galaxhere will be large scales where the Universe is almost homo-
ies seem to faithfully trace the total matter distribution. geneous.
In the second case there is absolutely no indication that any
thing more exotic than the force of gravitation is involved i
E. Fractal descriptors of clustering the growth of clustering. On the contrary, the manifest suc-
cesses of gravitation&-body experiments testify to the ade-
None of the previous descriptors is motivated by the re-quacy of gravity. We are not observing a critical phenomenon
quirement that the galaxy distribution should, in some egns nor are we on the verge of some marginal instability.
be scale free, which might be expected on the grounds that the
gravitational force which drives the clustering is scaleefr
What one would like to do is to generate a set of scaling in2. Structure from counts in cells
dices that describes, say, the scaling of the moments of the
galaxy counts distribution with cell size. The first analyses of galaxy sky maps were done by divid-
This was in a sense achieved lby Gaztanaga (1992 199#)g the sky into cells and counting the cell occupancy. As
when he determined the scaling laws of restrictéepoint  mentioned earlier,_Bok (1984) and Mowhbrdy (1938) estab-
correlation functions. However, one might argue that tra-sc lished the non-uniformity of the galaxy distribution by cdu
ing of some high order correlation function has less immedia ing galaxies in cells, and later Rubin (1954), Limker (1954)
intuitive appeal than the scaling of the moments of cell ¢ésun and Totsuji and Kihara (1959) used the Lick catalog pubtishe
There is a formalism for describing moments of cell countsas cell counts ini° cells. Peebles used the unpublished higher
that is commonly used when describing fractal point setsesolution data from the original notes of Shane and Wirta-
that was adopted as a clustering descriptar by Martéhed. ~ nen. Today, cell counts still provide an important mechanis
(1990). Ifit is possible to determine a set of such scaling in for analysing point distributions since they are easieraald
dices we can turn the argument around and say that, over thvth than the raw, unbinned, data.
range of scales where scaling is observed, the galaxy cluste
ing can be represented by a fractal of a given type.
One should be aware that having a power law correlatiors. Scaling properties of counts in cells
function is not necessarily an indication of scale invac&n
Conversely, the fractal description implies no particular Whether we evolve a model numerically or make some an-
derlying physical process: it is merely a statement of howalytic approximation it is necessary to characterize thisl
moments of counts in cells behave as a function of cell size. tering that develops in a quantitative manner. Conventigna
It is an interesting question of physics to formulate thethis is done by presenting the two-point correlation fuoati
physical process that might generate this distributiorcaf-s  ¢(r) for the mass distribution. However, by itself this does
ing indices. This has been attemptediby Jones (1999) for aot fully characterize the distribution of points. An impamt
simple nonlinear gravitational clustering model. alternative is to look at the distribution of counts in cellsa
function of cell size.
The relationship between the probabiligy; (V') of finding
1. A cautionary word N galaxies in a sample volunié and the correlation func-
tions of all orders was given by White (1979). The expres-
There is a considerable difference between using the corsion is not of any real use unless all correlation functiars a
cept of fractal measure to describe a statistical processire ~ known, or if there is a known relationship between theml Fry
particular regime and saying “this distribution is sucldan (19844) and Balian and Schaefier (1989a) computed the prop-
such a fractal”. There has been a set of papers observirgyties of the counts-in-cells distributid?y (V') on the hypoth-
scaling of a low order correlation function and jumping to esis that the correlation functions of all orders form aipart
the conclusions that (a) this scaling law holds at all scalear scaling hierarchy in which thgth order correlation func-
(Sylos Labiniet all, [1998) and (b) this scaling law must be tion £(4) based on g-agon of points; scales as
a consequence of some exotic phenomenon (Bak and Chen,
2001). ED(ry, . rg) = N@DED (Nry L Ar). (34)
In the first case scaling laws can only be expected to hold
over scales where nonlinear gravitational clustering lemb The hierarchy is described by a single scaling indexThe
at work. In the linear regime we merely see a reflectiondata available at the time, the CfA survey, appeared to stippo
of the initial conditions: these have been revealed to us byoth the form ofPy (V') and this scaling hypothesis.
the COBE experiment and by other microwave background The special case dfy (V) is the “Void Probability Func-
anisotropy measurements. Indeed, it is a prediction of-gravtion” (VPF), that is the probability of a volumE containing
itational clustering theory that there should be a breaké t zero galaxies. One can construct the probability distigout
scaling laws that reflect the transition between the linedr a for having a void of a given siz€ in a distribution of galaxies
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with given correlation properties (Fadt all,[1976). Itis given It has been argued that the observed galaxy distribution and
bylWhite: (1970) the distribution of particles in an evolvéd-Body simulation
exhibit multifractal scaling.

Py(ngV) = e Ve (35) There is a slightly different way of getting at the scaling ex
ponentsD(q): via thepartition functionZ (¢, 7). Z(q,r) is re-
lated to thejth statistical moment of the distribution of points

oo _ as viewed in cells of size. Suppose the sample is drawn
a=1+ Z(—no)“l /widvl c.dViq. (36)  from a probability distributiorp(n; r) for finding n galaxies
i=2 in a randomly chosen cell of scate The ¢th moment of the

. . . cell occupancy is defined as
Hereng is the mean space density of galaxies (or clusters), pancy

andw; is thei-point correlation function ofi —1) coordinates s

and is determined on linear scales by (among other things) th me = Zp(n; r)n? (39)

power spectrum of the primordial density fluctuations. For n=0

purely Gaussian fluctuations the sumdiris cut off beyond  The partition function is then defined as

the second term. However, gravitational evolution destroy

the Gaussian character of fluctuations and we are thus forced Z(q,r) = &mq_ (40)

to make aransatzregarding the relationship between second Na

and higher order correlation functions either through BBGK  If n,;(r) denotes the occupancy of titl cell in a partition of

hierarchiesi(Ery, 1984b) or by pure guess. the sample space int, cells of scale, the sample estimate

White: (1979) shows the relation betweéh(1') and the  for the partition function is

cell count probabilitiesPy (V). Different clustering mod- N

els have been proposed based on particular choices for - S [ni(r)
Zar =3 | "

=1

with

] q (41)

the counts in cells|.(Bargani, 1993; Coles and Johes, 11991,
Saslaw| 2000). A particular —and rather popular— way of
analyzing the statistical properties of point sets is tgiou whereN is the total number of point$( n;(r)). Note that the
the possible scaling of the moments of the counts in cell®rdering of the cells is notimportant and so the information
as it is explained in next section. Alternatively, one canthe relationship between neighbouring cells appears girou
consider the scaling of moments of counts of neighborsher-dependence of (g, r).
(Martinez and Coles, 1994). The situation of interest is where, for all values; 0¥ (q, r)

is found to scale as a power lawsin

4. Quantifying structure using multifractals Z(q,r) o< r(a=DP@) o TT(Q)a (42)
: . wherer(q) is the scaling index of the partition function; see,
Given a model for the development of galaxy clustering Wee.g., Martinezt all (1990). The functiorD(q) defined in this

”?ight Iike to p(edict the rgsulting distribution of cell quts way is a measure of some generalised dimension of grider
since this provides a straightforward way of confronting th the distribution. This is simply a restatement of E@. 38.c8in

model with data. :
Denote byp(X; L) the probability that some quantity SEgm%D tell usZ oc my, Bq.[31 and BQ.39 are essentially the

:ja.“;ter.sbo?otze Z::]u?e Vgﬁgpaggfsgéeg 'qsargglr:qg;?g_[e The D(q) is the logarithmic slope of the moment generating
Istributionp 12 yi ' function and of the partition function:

mq(L) = X;L)X1 37 1 dlogmg(r
cells (g—1) dlogr
If for some monotonic functio (q) the moments scale with _ 1 dlog Z(q,7) 1 a4
. ; aF (44)
cell sizeL as (g—1) dlogr
Z p(X; L)X 1,(a=1)D(a) (38) In computingD(q) for a sample we would therefore expect to

be able to see a reasonably straight line of data points in plo
of eitherm,, or Z(¢, r) againstr. Several aspects of finite-size
the point distribution is said to have scaling propertiearab-  data sample mitigate against this.
terized by dimension®(q). The exponent is written in this It should be noted that, technically, EG](42) needs be valid
way since the case = 1 corresponds to the total number of only in the limitr — 0. This limit is impossible to take in the
particles in the sample volume, which is obviously indepen-case of a discrete sample which is dominated by shot noise
dent of the cell size. The cage= 2 is related to the variance at distances much smaller than the mean particle separation
of the cell counts and to the two-point correlation function  We can only ask for scaling over some well observed range.
Eq.[38 does not describe arbitrary point distributions,ibut Likewise, we are unable to reliably compufel(41) for large
does describe a large and important set of such distrilaitiong since at large values gfthe sum is dominated by whatever
that have the property of multifractal scaling(Borgani9a®  happensto be the single largest cluster of points in the Eamp

cells
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5. Intermittency if n(r) o< r® then rescalingg — s = Ar recovers the same
power law behaviom(r) « s*. Only the amplitude and scale
An important feature of many statistical distributionstist  of the function have changed, the shape is the same.
phenomenon known astermittency Mathematically this de- This kind of scaling can be expressed mathematically in
scribes a situation where the higher moments ofgpatial a way that is particularly relevant to the current discussio
distribution of some quantity dominate over the lower mo-Suppose thagt(X, L) is the probability of measuring a value
ments in a special way: there is an anomalous ratio betweeRN for some property of a system when the sample volume has
successive statistical moments as compared with a Gaussiaeen binned into cells of size. Then the propert is said
characterize the galaxy distribution via its two-point and X
manifestations of the fact that the higher order moments ofhe quantityX is distributed on a fractal with a single scaling

7z (48)

p(X,L)—L_ﬁg<

It is important to realize that, although we traditionally
voids, walls and filaments. These macroscopic features af@r some functiony(z). In the jargon of fractals we say that

process. The physical manifestation of this is that the tityan to exhibit “simple or finite scaling” when for some constants
three-point correlation functions, these have little othirg
the density distribution are dominant: the statisticatribs-

becomes spatially localised. 8 andv
to do with the visual appearance of the clustering pattern:
tion of galaxies is intermittent.

index.
Following |IKadanoffet al. (1989) we can define a more

Intermittency can be quantified through a simple non-complicated kind of scalingnultifractal scaling in which we

dimensional function involving higher order statisticabm

have

ments of the distribution. Consider some random function of

position(x) having a non-zero mean and a statistical dis-

tribution whose momentg/?) are known . Théntermittency
exponeni, is defined in terms of the scaling properties of the
{¥9)

moments by
Hq
(¥)? ”( ) ’

wherel is some fiducial length scale. Thepatial intermit-
tency pattern is characterized by thdependence of this ratio
of moments. It is well known that a quadratie dependence
of u, corresponds to a lognormal distributionwfeg. Jones
etal., 1993).

Notice that(x)?) is simply the moment generating function
for the process(x), and so the property of intermittency is a
feature of the underlying statistics.

L

l

(45)

lo X
log p(X, L) & X,

= (49)

lo £ log —

g Lo g Lo
Here Xy and Ly can be thought of as physical units in which
the quantitiesX andL are to be measured.

Itis, at first glance, not easy to comprehend what this equa-
tion is telling us about how the the distribution &f looks!.
Define alocal scaling indexx by the equation

log ~
_ OgXo

o=

N T (50)
g Lo

Sincea depends on the realization of the value’in a cell

The assumption that the individual moments scale as peof scaleL, « is a possibly random, function of position. This

Eq. (38) guarantees the existenceigfand in this case we
have

g = (¢ —1)D(q).

Since the quantity:)?) for ¢ = 1 has no scale dependence
(it is the mean value for the field), Eq9_145) ahdl (46) pro-
vide the scaling law of the moments in the case of multiflacta
scaling:

(46)

(17 o l(q—l)D(q)’ (47)

{tq 1S the standard notation for the intermittency expongpt.
is also calledr(g) in the multifractal literature; as in EqQ_{42).

6. Multifractality

People are generally familiar with the notion of simple scal
ing in which a function of one variable is independent of the
scale of the variable. A power law is the prototypical exaenpl

is why it is referred to as bbcal scaling index. With this, the
probability of finding a valueX in a cell of sizeL is just

L

—f(a)
)

. (51)

p(X, L) = p(Xo, Lo) (

We have power law scaling with cell size, but the scalinginde
« is an arbitrary function of the quantity¥ and the cell size
L.

These two forms EqL{48) and Ef.149) of scaling agree only
wheng(z) is a power law and'(x) is linear.

If we look only at points such that in Eqg. [&1) has some
specific value, the distributiop( X, L) has the form[{48): the
set of points withn = constant is a simple fractal of dimension
f(a). Since the set consists of a range of values d@f can
be called amultifractal, a set of intertwined simple fractals
having different dimensions (see Figl 16).

Note, however, this cautionary tale. A set of points dis-
tributed in power-law clusters is not necessarily a muatifal.
Itis only a multifractal if the scaling indices are themselves
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FIG. 16 A multifractal mass distribution over a square ofsig. The distribution has been generated following a multgilie cascade
process[(Martineet all, [1990). The gray scale represents the quantity of m&3sr( each pixel. Successive enlargements of two different
regions of the original plot illustrate the inhomogeneifythee mass distribution.

constant on homogeneous fractal set. Thus not all point-dist VIl. CLUSTERING MODELS

butions are multifractals, even if they are distributed anvpr

law clusters. A modified version of the scaling indices for-A. Cosmological simulations

malism, the “weighted scaling indices”, has been recently i

troducedl(Rat—Im%.ﬂ, [2002). This method allows us to statisti- 1. Aarseth

cally quantify the local morphological properties of théegsy

distribution. The simplest way to explain the observed clustering is to
do nonlinear numerical simulations of the galaxy clusigrin
process. Although such simulations provide no deep expla-

I . ... nhations for what is going on, the ability to reproduce cosmic
It_ca}n be shown that the de.scr|pt|or!s qf a point set via Itsclustering simply by using a distribution of particles muyi
statistical momentd(88) or via the distribution of its scal under their mutual gravitational interactions is quiténg.

ing indices [[BIL) are totally equivalent. The functiof .

andr(q) are related to one another via a Legendre trgz)sform N-body models have ;erved to disprove several popular hy-

m, 1992): p_otheses on the evolution of Iarg_e—scale structure, and mo-

tivated to introduce new assumptions. The downfall of the

“Standard Cold Dark Matter Model” (SCDM) started witf
body models that gave top-heavy large-scale structurecand t
large pairwise velocity dispersion compared to the observa
tions. Another example is the present controversy ovencusp
centers of dark halos, which were found in high-resolufion
body simulations, but which are not observed. This motivate

alq) = dr intensive study of Warm Dark Matter models.

T =aq— (o), .
@ ¢~ 1) dq The origin of N-body experiments as we know them today
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is the work of Sverre Aarseth at Cambridge England (Aarseth,
1978). Aarseth was a student of Fred Hoyle whose vision-
ary insight foresaw as long ago as 1965 the role that com-
puters would play in astronomical research. Aarseth nat onl
developed series aV-body codes tailor-made for different
problems, he made these codes available to all and never even
asked to be named as a collaborator.

The particle-particle codes developed by Aarseth were orig 00
inally aimed at simulating problems in stellar dynamicseTh '
particles were point masses and integrating of tight basari
was through two-body regularization. This was adaptedéo th
cosmological problem by making the particles soft rathanth
point-like, and so dropping the need for the time-consuming
calculation of binary encounters. The first papers using thi
modified codel(Aarsetat all, [11979;| Gottet all, [1979) used
a mere 1000 equal mass particles and simple Poisson initial
conditions. Yet they were able to reproduce a power-law cor-
relation function for the clustering of these points.

2. Subsequent developments

During the 1970’s the application aV-body codes to
the problem of gravitational clustering mushroomed. Faste
computers and improved numerical techniques drove particl
numbers up. Following on from that work there has been a
gradual growth in the number of particles used in simulation
30,000 by the 1980s (Efstathiet all, 11985), 1,000,000 by
Bertschinger and Gelh (1991) in the 1990s (see also the re-
view [Bertschingerl (1998)) arld Couchmetrall (1995), and
now more than 1000,000,000 by the “Virgo Consortium”
(Evrardet all, [2002).

The N-body models cover a wide range of cosmic param-
eters and have enough particles to be used in trying to dis-
criminate the clustering properties of the different madel
We show in Fig[Il7 a recerin®-point lightcone simulation
of the “Virgo Consortium”, a deep wedge #0'Mpc thick
and 3.%~'Gpc deep, extending to= 4.8 (the universe was
then about one eleventh of its present age). The upper sec- —2.0
tor of the “tie” shows a picture that we hope to get from the
SDSS survey, a wider wedge reaching- 0.25. Progressing
in time from the largest redshift until present, we see haav th
structure gradually emerges. This simulation is described
Evrardet all (2002).

— 1.0

redshift

— 3.0

3. Confronting with reality

Sometimes we might get the impression thaBody sim-
ulations are better than the real thing, as in the game of ‘Bet 4.0
ter Than Life’ played by some of the characters in the BBC
TV programRed Dwarf In the early 1970’s people were en-
thusiastic about a mere 1000 particles (which reproduced th 4.8
correct two-point correlation function so “it had to be ri9h
They got even more enthusiastic with a million particlesia t FIG. 17 A deep simulated wedge of the Universe. Figure by Gus
1990's and now it is indeed better than life, especially withg, 414 and Andrzej Kudlicki, courtesy of the “Virgo Consarh’”;
reality enhancing graphics, and ready-to-play in your Rewe getails in text.

Point presentation movies.
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Is this enthusiasm justifiedV-Body simulations are cer- NFW profile for a halo of given mass is the concentration ratio
tainly a success story, and they certainly make a huge eontre = ryg0 /7.
bution to our understanding of cosmology. The models are There have been many studies with differing conclusions
nevertheless extremely limited simply because they lagk anon the exact properties of dark halo profiles; we shall réfer t
real gasdynamics, and star formation which must be imporreader to the latest accurate analysis_(Navatid, [2004).
tant or other things that we know little about (such as mag-The main difficulty is in eliminating a multitude of possible
netic fields, which one hopes are not important). There ar@umerical artifacts, but nobody seems to doubt that ur@ers
some salutary lessons, such as the effects of discretemessgrofiles exist. Concentration ratios depend on the mass of a
pure N-Body modelsi(Splinteet all (1998)), but there is lit-  halo, but this seems to be the main difference.

tle or no response to such points from fkieBody community In connection with observations, the main problem has been
at large. So maybe we should not worry and just bask in whaghe existence of a density cusp in the center of a halo, and
is after all better than life. the value for the logarithmic slope. As this demands probing

Up until now, most comparisons between the results of nuthe very central regions of galaxy clusters and galaxies, th
merical experiments and the data have been made simply isvoblem is still open.
terms of the galaxy clustering correlation function. Evieis t
is fraught with difficulty since the observed data concehes t
distribution of light whereas the numerical models mostirea 5. Scaling in galaxy properties
ily yield the clustering properties of the gravitating neait
most of which may well be dark and invisible. The key ingre-
dient that has to be added is star formation, and it is perha
true to say that attempts at doing this have so far been simp d galaxy-sized objects have observational origin. The
heuristic first steps. '

. ... best established law is called the Fundamental Plane
. Another popular mOdEI result, the mass function (d'St”bu'(FP). This scaling law was discovered simultaneously by
tion of masses) of rich galaxy clusters, depends less on stai

formation problems, but knowledge of formation of galaxies-fb‘iOrgOVSki and Davis.(1987) and Dresstdral, (1987). Itis
and clusters is certainly necessary to compare the sintulat [ather complex, meaning that elliptical and SO (early-Jype

and observed mass functions. egaIaX|es form a plane in the 3-space(tfg L, log 1., log o),

S h as the distribut £ velocity di wherelL is the total luminosity of the galaxy., is its charac-
OME measures, such as the distribution ot Velocity ISPy qtic radius and? its stellar velocity dispersion. (A5 and

sion of galaxies and the distribution of halo masses are-inde : : :
X o can be combined to givf)., the mean surface brightness
pendent of the mass-to-light problem, but it is only recentl re gV 9

that the large scale redshift surveys and surveys of reat gra of the galaxy, the latter is frequently chosen as one of treeth

oo ; ; -variables.) These properties of elliptical galaxies agétti
|tat|o_naclj lenses have begun to yield the kind of data that '%orrelated), and aregho%ghtto descr?be thegprocessagﬁdt’tlleleir
required.

mation. Similar correlations have been discovered fongala
clustersi(Lanzonet all, I2004). Their existence demands spe-
cial scaling for the mass-luminosity ratio of cluster gadex
with the mass of the cluster.

N-body simulations have revealed fascinating scaling prob- As the f_undamental plane rela_t|0n.conta|ns.the size of
a galaxy, it can be used for estimating the distance to a

lems of their own, mostly for smaller scales than those de< I . o . di le th
scribed in this review. As the initial power spectrum of pert galaxy. HIaV|_ng af |starllce efstlmatﬁ, Wefc%n Asigﬁanﬁ e the
bations is almost a power law for comoving scales less thaR"QPEr velocity of a galaxy from that of the Hubble flow.

10h~'Mpc, and cold dark matter and gravitation do not bring greSSIem dalll @ d98.‘7) (“thle ISeven |Sa.mura'”21 used fthe rr:ev;/.Iy
in additional scales, the evolution of structure on theséesg Iscovered fundamental plane relation to derive for the firs

and the final structure of objects should be similar. time the nearby large-scale galaxy velocity field. In thiywa

; ; ; ; the “Great Attractor”, a large supercluster complex pahnttl
As a proof of this conjectureéy-body simulations show that ; ; — {
dark matter halos have well-defined universal density @®fil ](cjen by tr;e .M'Ilkyl Wa|V' wasl prefd|ct|ed .hy L”?;l' (198())d b
There is slight disagreement between the practitionerten t Lrorr(; a r(;altllve)I 01c§8§samp €o ?a axies an | |sf(:0\|/|¢r(_a | y
exact form of this profile, but the most popular density peofil nden-Belletal (1988) using a larger sample of elliptica

by far is that found bV Navarret all (1996) (the NEW pro- galaxies. A recent example of a similar project is the NFP
ﬁé): I N L ( ) ( P Survey (NOAO Fundamental Plane Survey), a survey of 100

rich X-ray selected clusters with200~ ', where the funda-
mental plane of early-type cluster galaxies is used to deter

While the notion of the universal density profile arose
Tom N-body simulations, other scaling laws for cluster-

4. Scaling in dark matter halos

p(r)/pe = ma y=r/rs, (52)  mine cluster distances and, therefore, large scale cliletes
(Nelanet all (2003)).
wherep, is the critical cosmological density, a character- When talking about scaling laws at galaxy and clus-

istic density contrast, and, is a scale radius. The massester scales, one cannot bypass the well-known Tully-

of N-body halos are usually defined as that contained withirFisher  (Tully and Fisher, | _1977) and Faber-Jackson

the “virial radius” o9, the radius of a sphere of mean den- (Eaber and Jackson, 1976) scalings, which declare that
sity contrast 200. Then the only parameter describing théhe luminosities (or masses) of galaxies are tightly catesl
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with their velocity spread. These scalings can be written as 2. Simple fractal models

L~Va ., Tully-Fisher, spiral galaxies There has for a long time been a strong interest in the the-
L~ %, Faber-Jackson, elliptical galaxjes ory of random processes which has had a strong impact on
many fields of physics (see for example the collection of-clas
where V.. is the maximum rotation velocity of a spiral Sic papers by Wax (1954)). Among the simplest of random
galaxy, ands? is the stellar velocity dispersion of an ellipti- processes is the so-called “Random Walk” in which a particle
cal galaxy (in fact, the fundamental plane relation presipu continually moves a random distance in a random direction
explained is a refinement of the Faber-Jackson relationd. Thsubject to a set of simple rules. The collection of points at
power-law exponent ~ 4, which can be easily explained, if which the particle stops before moving on has a distribution
there are no dark matter halos around galaxies, and is difficuthat can often be calculated.
to explain for the CDM paradigm. This difficulty has been Many random walks result in distributions of points that
of strong support for the MOND theory_(Milgrom, 1983). are clustered. The character of the clustering dependseon th
This theory substitutes the Newtonian theory in the limit ofconditions of the walk. It did not take long before someone
small accelerations by an empirical formula, which exgain suggested that the galaxy distribution could be modeled by a
the flat rotating curves of galaxies without invoking the no-random walkl(Fournier d’Albe, 19D7; Mandelbrot, 1975).
tion of dark matter, and explains naturally the Tully-Fishe =~ What was of interest in these random walk models is that
scaling. MOND does not fit into the present picture of funda-they could be characterized by a single parameter: a power
mental physics, as the CDM assumption does, but it has founldw index that related to the mean density profile of the point
a number of followers. A critical (but well-meant) assesaime distribution.
of MOND can be found in a recent review by Binhey (2003). It should be noted that these simple fractal models have lit-
tle direct interest in cosmology: they are merely partidyla
simple examples of clustering processes among many. In par-
B. Statistical models ticular they do not show the transition to cosmic homogeneit
on large scales and have no relevant dynamical content.

The earliest models of galaxy clustering were based on Thatis not to say that one cannot construct relevant fractal
Charlier's simple notion that the system of galaxies formedmodels. By 'relevant’ we mean that the model should at least
some kind of simple hierarchy. There was little or no obserbe consistent with or derived from some dynamical theory for
vational basis for such models. Later on, in the 1950’s wherthe clustering: anything else is merely descriptive. Soete r
galaxy clusters were seen as objects in their own right, thevant ones are described below.
clustering process was seen as aggregates of points (e clu
ters) scattered randomly in an otherwise uniform backgdoun

It was not until the systematic analysis of galaxy catalogss. More complex clustering models
and the discovery of that the two-point clustering coriefat
function is a power law that the distribution of galaxies was It was clear at an early stage that the two-point correlation
seen as being a consequence of gravitational aggregation fumction for galaxy clustering was by itself an incompleee d
all scales. Galaxy clustering was a general phenomenon arggriptor of the galaxy distribution: quite different poifistri-
rich galaxy clusters were seen as something rather rare arfgditions can have the same two-point correlation function.
special, but nevertheless a part of the overall clusteriog p  The obvious step was to compute 3-point and higher order
cess. correlation functions and to seek a more complete descrip-

tion of the clustering that way. The key discovery was that

the higher order functions could all be expressed as sums of
1. Neyman-Scott processes products of two-point correlation functions alone. Thiade

to a quest to build clustering hierarchies that embodiedehe

One of the most important of the early attempts to modeimportant scaling properties.
the galaxy clustering process came from the Berkeley statis It was evident at the outset that such models would have
ticians.Neyman and Scott (1952). They sought to model théo be more sophisticated than the simple fractal hieraré¢hy o
distribution of galaxy clusters as a random spatial superpoMandelbrot. The first such model was the clustering hierar-
sition of groups of galaxies of varying size. The individual chy (a bounded fractal) of Soneira and Peebles (1978) . This
groups were to have their galaxies distributed in a Gaussiamodel produced a galaxy distribution looking remarkakig li
density distribution and they found evidence of superelisst the observed galaxy distribution.

(Neymarnet all, [1953). The observation that the galaxy distribution was a cluster-

Whereas the model in that early form had limited applica-ing hierarchy in which all orders of correlation functiorutd
tion for cosmology, the Neyman-Scott process became a dide related to the basic two-point function could be desdribe
cipline in its own right. It remains to be seen whether a genin another way. Instead of using just one power law index, as
eralization of these processes might be resurrected feepte in a simple fractal, to describe the clustering processijghin
day clustering studies. A recent program in a similar vein isbe possible to use a distribution of power laws. This gave
called the halo model; we shall describe it below. rise to the multifractal model af Jonesall (1988) in which
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round void regions. If in the Voronoi model we regard
the original seeds as the centers of expansion of cosmic
voids, this model becomes a dynamically plausible non-
linear model for the formation large-scale structure forma
tion (van de Weygaert and Icke, 1989). The resulting galaxy
distribution has many interesting features that seem to ac-
cord with the distribution of galaxies in redshift surveys
(Goldwirth et all, 11995).
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5. Lognormal models and the like
"""""""""""""""""" A rather simplistic yet effective model was presented by
Coles and Jones (1991) who postulated that the originally
Gaussian density field would evolve into a log-normally dis-
tributed density field. The motivation for this was simply
that the hydrodynamic continuity equation implied that p
would be normally distributed if the velocity field remained
0.01 Cvnnl vl S Gaussian. The counts in cells of various size ftbody
0.01 0.1 1 models and for catalogs of galaxies are indeed approxignatel
r/A, log-normal for a variety of cell volumes.
Clearly, the contours where the density equaled the mean
FIG. 18 The scaling of the two-point correlation functiorsiown  would remain fixed: there is no dynamics in such a model.

for different subsamples of a Voronoi vertices model. Thesam-  Sych a naive approach could never reproduce the structure we
ples have been selected according to given “richnessnitethat  gae today.

mimic that of the real galaxy cluters, frdm van de Weygae®0D(®.

0.1

T
4
|

There are several relatively simple generalizations of
the lognormal distribution, notably the Poisson lognor-

L . . mal (Baorgani, 1993) and the negative binomial distribution
lthe distribution could be generated by a set of simple sgalin (Betancort-Rijbl 2000; Elizalde and Gaztafnaga, 1992).
aws. : =

6. Saslaw-Sheth models
4. Voronoi tesselations
_ ) A novel set of distribution functions was introduced by

The Voronoi tessellation, and the related Delaunay tessell [Szslaw and ShétH (19 93) ahd_Sheth and Shdlaw 1(1996) de-
tion, provide well-known tools for investigations into eter-  rived from a thermodynamic description of the clustering-pr
ing in point processes. The construction of such a tes&rllat cess. The distribution functions describe the probatiitiat a
starts from a set of seed points distributed randomly aecorqandomw chosen sample volume contains precidélyalax-
ing to some rule (often Poisson distributed). A set of walls i jes, There is only one free parameter in terms of which the
constructed around each point defining a closed polyhedrorount distribution for arbitrary values of the volume can be
Every point in the polyhedron has the original seed point agitted. The resulting fit is quite remarkable for batbody
its nearest point among the set of all seeds. _ experiments and for the data sets that have been analysed

The polyhedron effectively defines a volume of influence(Saslaw and Crahk, 1991).
for each seed point. The vertices of these polyhedra define a The distribution function has some interesting scalingpro
set of points that is also randomly distributed, butinavwett erties that are discussed.in Saslaw (2000).
is quite different from the distribution of the original skse Given the quality of the fit to the data, this is clearly a model

These tessellations were introduced into astronomy byn which the underlying physical motivation deserves more
Icke and van de Weygaelt (1987) as a model for the galaxgttention.

clustering process. Detailed description of two- dimenaio

Voronoi tessellations can be found.in Ripley (1981). The bes

sources of information on 3-dimensional tessellationsein-g 7. Balian and Shaeffer
eral and in cosmology are van de Weygaert (1991,12002).

What is remarkable is that the two point correlation func- An alternative approach is to create a model for
tion for the Voronoi Vertices generated from Poisson dis-the evolution some statistically important quantities.
tributed seeds is a power law that is close to the observeBalian and Schaeflell (1969a) selected the Void Probability
power law of the two-point galaxy correlation function (see Function: the probability that a volurmié chosen at random
Fig.[I8). This tessellation thereby provides a possibleehod would contain no points (galaxies). This can be generalized
for the observed galaxy distribution. to discuss the probability distributions of volumes comnitag)

Galaxies appear to form on filaments and sheets that suf, 2 or N galaxies.
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Balian and Shaeffer were able to express many of the de2. BBGKY hierarchy
tails of the clustering hierarchy in terms of the Void Prob-
ability function, in particular they found a bifractal beka Cosmic structure grows by the action of gravitational ferce
ior for the galaxy distribution_(Balian and Schaefler, 1689 on finite amplitude initial density fluctuations with a given
Scaling of voids as a test of fractality has been studied byower spectrum. We see these fluctuations in the COBE
Gaite and Manrubia (2002). anisotropy maps and we believe they are Gaussian. This
The mass (luminosity) function was also derived from sim-means that the initial conditions are described as a random

ilar scaling arguments by Bernardeau and Schaeffer {1991process with a given two-point correlation function. Thare
who found the scaling between the galaxy and cluster lumil© other higher order correlations: these must grow as a con-

nosity functions to support the theorylof Balian and Scheeff Sequence of dynamical processes.
(1989D). Given that, it is natural to try to model the initial

y . growth of the clustering via a BBGKY hierarchy of equa-
Vergassolat al (1994) attacked the problem of gravita tions which describe the growth of the higher order cor-

tional evolution of hierarchical (fractal) initial condins. relation functions. The first attempt in this direction

They choose the adhesion approximation to describe the
o . ; was made by Fall and Severrie (1976) though the paper by
gravitational dynamics and demonstrated (with much greate\Davis and Peebles (1977) has certainly been more influential

rigour than usual in cosmological papers) that the massfunurhe full BBGKY theory of structure formation in cosmology
tion has two scaling regimes, defined by the scaling exponent

of the initial velocity field. This is the only paper that expl IS described in_Peebles (1980) and in a series of papers by

itly describes the evolution of structure on all, even inégi- Y (F1¥:119821.19842). Fry (1985) predicted the 1-pointden
y ' sity distribution function in the BBGKY theory. He also de-
mally small scales.

veloped the perturbation theory of structure formationi(Fr
1984Db), which has become popular again (see the recent re-
view by|Bernardeast all. (2002)).

In the perturbative approach, the main question is how
C. Dynamical models many orders of perturbation theory are required to give sen-
sible results in the nonlinear regime.

1. Stable clustering models

The earliest attempt to explain the apparent power law na3- Pancake and adhesion models
ture of the two point galaxy correlation function was due to
Peeblds[(19744,b) and[to Gott and Rées (1975). These mod-Very early in the study of clustering. Zel'dovich (1970) pre
els were based on the simple idea that a succession of scag@nted a remarkably simple, yet effective, model for the evo
would collapse out of the expanding background and then setution of galaxy clustering. In that model, the gravitatbn
tle into some kind of virial equilibrium. The input data for Potential in which the galaxies moved was considered to be
the model was a power law Spectrum of primordia' imhomo_knOWn at all times in terms of the initial conditions. The-par
geneities and the output was a power law correlation functio ticles (galaxies) then moved kinematically in this fieldtvaitit
on those scales that had achieved virial equilibrium. Therénodifying it. They were in effect test particles with no self
would, according to this model, be another power law ongravity. The equations of motion were arranged so as to give
larger scales that had not yet achieved virial equilibrium. ~ the correct initial, small amplitude, linear approximatice-

For a primordial spectrum of the for®(k) « k=" the sult

slope of the two-point galaxy correlation function would be . The Zel'dovich model provided a first glimpse of the pos-
+ = (3n +9)/(n + 5), which forn — 0 gave a respectable sible growth of large scale cosmic structure and led to the

+ = 1.8, while n = 1 gave an almost respectable- 2. predi_ction that the galgxy distributipn would cqnsist of—na
row filaments of galaxies surrounding large voids. Nothing
The apparent success of such an elementary model gayg the sort had been observed at the time, but striking con-
great impetus to the field: we saw something we had somgrmation was later achieved by the CfA-Il Slice sample of
hope of understandlng. However, therg were several fund@te | apparenet all (1986) whose redshift survey revealed for
mental flaws in the underlying assumptions, not the least ofhe first time remarkable structures of the kind predicted by
which was that the observed clustering power law extended t9e'dovich.
such large scales that virial equilibrium was out of the ques |, order to make further progress it was necessary to cure
tion. There were also complications arising out of the use of e problem with the Zel'dovich model: the filaments formed
spherical collapse models for calculating densities. at one specific instance and then dissolved. The dissolafion
Addressing these problems gave rise to a plethora of papetie filaments happened because there was nothing to bind the
on this subject, too numerous to detail here. A fine modermarticles to the filaments: after the particles entered méiat,
attempt at this is_Sheth and Tormen (11999). The subject habey left. The cure was simple: make the particles stickys Th
since evolved into some of the more sophisticated models fagave rise to a new series of models, referred to a “adhesion
the evolution of large scale structure that are discusged la models” [Gurbatoet all, 11989a| Kofmaret all, 11992). They
(e.g..Sheth and van de Weygaért (2004)). were based around the three dimensional Burgers equation.
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In these models structure formed and once it formed it staye @
put: the lack of self gravity within these models prevented
taking them any further. G

It was, however, possible to compute the scaling indice !
for various physical quantities in the adhesion model. This
was achieved by Jones (1999) using path integrals to sodve thg*
relevant version of the Burgers equation.

4. Renormalization group
FIG. 19 The halo model. The simulated dark matter distrdouti
Peebles| (1985) first recognized that power law clusteringleft panel) and its halo model (right panel), from Coorad &heth
might be described by a renormalization group approach ir2002).
which each part of the Universe behaves as a rescaled version
of the large part of the Universe in which it is embedded. This
allows for a recursive method of generating cosmic stragtur spectra, prediction of gravitational lensing effects, efbis
the outcome of which is a power law correlation function thatalso tells us that low-order (or any-order) correlationsru
is consistent with the dynamics of the clustering process.  be the final truth, as the two panels in Higl 19 are manifestly
Peeblds|(1985) used this approach for numerical simuladifferent.
tions of the evolution of structure, hoping that the rend,rma  The success of the (statistical) halo model motivated a
ization approach would complement the usi¥abody meth- new dynamical model to describe the evolution of structure
ods, improving the usually insufficient spatial resolutamd ~ (Scoccimarro and Sheth, 2002). The PTHalos formalism, as
helping to get rid of the transients caused by imperfect inidt is called, creates the large-scale structure using anskco
tial conditions. The first numerical renormalization moldatl ~ order Lagrangian perturbation theory (PT) to derive tha-pos
only 1000 particles and suffered from serious shot noise.  tions and velocities of particles, and collects then plginto
This was later repeated on a much larger scale byirialized halos, just as in the halo model. As this appraach
Couchman and Peebles (1998). As before, they found that thBuch faster than the conventiomgtbody simulations, it can
renormalization solution produces a stable correlatiorcfu be used to sample large parameter spaces — a necessary re-
tion. However, the spatial structures generated by therrenoquirement for application of maximum likelihood methods.
malization algorithm differed from those obtained by the-co
ventional test simulation. The relative velocity dispersivas
smaller, and the mass distribution of groups was differ@st. 6. More advanced models
arule, the renormalization solution described small sciads-
ter, and the conventional solution was a better descrigifon  Two analytic models in the spirit of the Press-Schechter
the large-scale structure. As both approaches, the convedensity patch model are particuarly noteworthy: the
tional and the renormalization procedures, suffer from nu“peak Patch” model of Bond and Myers (Bond and Myers,
merical difficulties, the question of a true simulation rémsa  [19964.h/c) and the very recent “Void Hierarchy” model of
open. Sheth and van de Weygaért (2004).
Both of these models attempt to model the evolution of
structure by breaking down the structure into elements whos
5. The halo model and PThalo model individual evolution is understood in terms of a relativeiyn-
ple model. The overall picture is then synthesized by combin
The early statistical modell_(Neyman and Scott, 1952)ng these elements according to some recipe. This last syn-
for the galaxy distribution assumed Poissonian distriouti thesis step is in both cases highly complex, but it is this las
of clusters of galaxies. This model was resurrected bystep that extends these works far beyond other like-minded
Scherrer and Bertschinger (1991) and has found wide popapproaches and that lends these models their high degree of
ularity in recent years (see the review lby Cooray and Shethredibility.
(2002)). In its present incarnation, the halo model dessrib  The Peak Patch approach is to look at density enhance-
nonlinear structures as virialized dark matter halos dédiint  ments, while the Void Hierarchy approach focusses on the
mass, placing them in space according to the linear largke-sc density deficits that are likely to become voids or are em-
density field that is completely described by the initial pow bedded in regions that will become overdensities. It some-
spectrum. Such substitution is shown in Higl 19, where thaevhat surprising that Peak Patch did not stimulate furthekwo
exact nonlinear model matter distribution is compared withsince, despite its complexity, it is obviously a good way ¢o g
its halo model representation. if one wishes to understand the evolution of denser strastur
Once the model for dark matter distribution has been cre- The Void Hierarchy approach seems to be particularly
ated, the halos can be populated by galaxies, following difstrong when it comes to explaining how large scale structure
ferent recipes. This approach has been surprisingly fuitf has evolved: it views the evolution of large scale strucase
allowing calculation of the correlation functions and powe being dominated by a complex hierarchy of voids expanding
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to push matter around and so organize it into the observe larghese equations are_(Munshi and Starobinsky (1994); Pieeble
scale structures. At any cosmic epoch the voids have a sizZd980)):
distribution which is well-peaked about a characteristiav

size which evolves Self'Sim“arly in time. —(QV) + (V.V)V — _% momentum conservation
ot ox’ '
(55)
D. Hydrodynamic models for clustering
o) -
Let the physical position of a particle at some (Newtonian) 5 TV IA+d)v]=0,  continuity,  (56)
timet ber. Itis useful to rescale this by the background scale
factora(t) and label the particle with its comoving coordinate
0? .
—f = 47Gpoa’s(x, 1), Poisson (57)
1 ox
X=—r (53) ) o S
a(t) Here¢(x,t) is the part of the gravitational potential field in-

relative to the uniform background. Formation of structure‘mCed by the quctuatmg_part of Fhe matter dengity, ¢) re_I—
ative to the mean cosmic densjtyt). G is the Newtonian

means that viewed from a frame that is co-expanding with

the background, particles are moving and the values of theﬁravitational constant. o .
: ’ AR Note that here the source of the gravitational potentidles t
coordinates are changing in time.

There is another coordinate system that can be used: the Lgame density fluctuations that drive the motion of the makeri

grangian coordinatg of each particle.q can be taken to be with velocity u(x).

the value of the comoving coordinateat some fiducial time,

usqally_att = 0 (the B|g_ Bang) or a little Iatgr, and so re- 5 1na cosmic Bernoulli equation
mains fixed for each particle. The transformation between th

Lagrangian coordinaig and the proper (Eulerian) coordinate 4 o5 pe assumed throughout that the cosmic flow is ini-

x is achieved via the equations of motion (see for examplgja )y irrotational; this is justified by the fact that roianal
Buchert (1992)). . . L modes decay during the initial growth of structure or from

_ In a homogeneous universe, the particle velocity in phystg gata. This assumption makes it possible to take the next
ical coordinates is = Hr, whereH = a/a is the Hubble g0 of introducing a velocity potential that completely: de

expansion rate. In this situation the comoving coordinabé i the fluid flow and then going on to get the first integral
a particle is fixed and there is no peculiar velocity relatve ¢ 1o momentum equation: the Bernoulli equation

the co—e_xpanding background coordina}e system. Introduce a velocity potential such that
In an inhomogeneous universe, the displacement of the par-

ticles relative to the co-expanding background coordiagse v=-VV/a, (58)
tem,x is time dependent. The velocity relative to these coor-

dinates is jusk, and this translates back to a physical “pecu-Recalling that the gradient operator is taken with respeitte
liar" velocity v = ax. We can therefore write the total phys- comovingx coordinates, we see thatis the usual velocity
ical velocity of the particle (including the cosmic expamgi  potential for the real flow field,. The first integral of the

as momentum equation becomes
V=v+ Hr vV =ax oV 1 2
; ; . (VV)? = 59
5 52 (VV) =9, (59)

where here the dot derivative is the simple time derivative_ = | ) ) ) )
taken at a fixed place in the co-expanding frame. This is referred to as the Bernoulli equation, though in fluid

mechanics we usually find an additional term: the enthalpy
w defined byVw = (Vp)/p. This vanishes in the post-

1. Cosmological gas dynamics recombination cosmological context by virtue of neglegtin
pressure gradients.

As usual, we work in the standard comoving coordinates As a matter of interest, for a general (non-potential) flow
{x} defined by rescaling the physical coordinae$ by the =~ We have an integral of the momentum equation that is a con-
cosmic scale factar(t), as described above. stant only along flow streamlines. Different streamlines ca

The motion of a particle is governed by the equationshave different values for this constant. Itis only in theecab
of momentum conservation, the continuity equation and théotential flow such as is supposed here that the constant must
Poisson equation. Expressed relative to the comoving ¢oordbe the same on all streamlines.
nate frame and in terms of density fluctuatibrelative to the The Bernoulli equation{39) is a simple expression of the
mean density (t): way in which the velocity potential (described bY is driven
by a gravitational potentiap in a uniform expanding back-
ground (described by the expansion scale fae(@y). De-
spite its simplicity it has several drawbacks, the mosioseri

p(x,t) = po(t)

O0x,t) = po(t) ’

(54)
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of which is the fact that an additional equation (the Poissorviscosity, various “fixup” schemes in which simplifying as-
equation in the fornI{37)) or simplifying assumptionis ne¢d sumptions are made about the gravitational potential or the
to determine the spatially fluctuating gravitational pdiggn power spectrum and “nonlinear” schemes in which the basic
d(x). Zel'dovich approximation is taken to a higher order. We defe
Another drawback of the Bernoulli equation as presentedhe discussion of the “adhesion approach” to the next sectio
here is that it describes a dissipationless flow: there isisto v
cosity. Dissipation, be it viscosity or thermal energy sfam,
is an essential ingredient of any theory of galaxy formation?. Super-Zel'dovich approximations
since there has to be a mechanism for allowing the growth of
extreme density contrasts. Galaxy formation is not an adia- Several recipes have been given for improving on the
batic process! Zel'dovich approximation in its original nondissipativerin
A difficulty that presents itself with EqC{59) is that therrer ~ Without introducing anad hocartificial viscosity. In these
involving the spatial derivative of the velocity potentigly ~ approximations, the Poisson equation is replaced with some
is multiplied by a function of timeu(t). This can be removed ansatzregarding the gravitational potential: it can be set, for

by a further transformation of the velocity potential: example, equal to a constant, or equal to the velocity piatent
Matarreseet all (1992);|Melottet all (19943) introduced a

U — 1% 60 variant called the “Frozen Flow Approximation” (FFA) in

= a2 (60) which the peculiar velocity field at any point fixed in the back

o . . ground is frozen at its original value: the flow is “steady” in
Now, the potential/ is related to the comoving peculiar veloc- the comoving frame. (The initial peculiar velocity field ise

ity field u by u = —aaVid. In terms of this rescaled potential sen self-consistently with the fluctuating potential aritti-
the Bernoulli equation takes on a form that is more familiar i tjg) density field).

hydrodynamics: In another approach Bagla and Padmandbhan (1994, 1995)
and/Brainercbt all (1993) assume that the fluctuating part of
6_2/1 _ E(VU)Q - i(Aqb —U). (61) the gravitational potential at a point expanding with thekba
da 2 2a ground remains constant (as it does in linear theory). Fhis i

referred to as the “Frozen Potential Approximation” (FPA) o
“Linearly Evolving Potential” (LEP). The motivation for i

s a nonlinear extension arises from some special cases wher

onlinear calculations have been done and figrbody sim-
ulations in which the potential is seen not to change much in
comparison with other quantities.

Munshi and Starobinsky (1994) point out that the standard

Zel'dovich approximation is equivalent to the assumptiwat t
V = ¢t, while the Frozen Flow approximation¥s= ¢¢t and
s L - —— . the Frozen (or Linear) Potential approximationdis= ¢.
1;;—;‘(6 Zeldovich approximatiort (Shandarin and Zef'dovich , 5y case, this last equation provides an equation for the
(1989); Zeldov-lm (1940)) to 'gh_e cosmic fluid flow was velocity potential given a model for the gravitational patel.
a remarkable first try at describing the appearance of the More recently, we have seen the “Truncated” Zel'dovich

large scale structuie of the ”Unive“r_se in te’fms of Struc'Approximation (Cole®t all, 11993; [Melottet all, {1994b),
tures referred to as “pancakes” and “filaments” that surdoun ., o “Optimized” Zel'dovich Approximation [ (Melott al,

“voi(_JIs”. Indeeq, one might say thgt through this approxi-1994o) and the “Completed” Zeldovich Approximation
mation Zel'dovich predicted the existence of the strucure (Betancort-Rijo and Lopez-Correddifa. 2000) . Theseeorr

mapped later by de Lappgraﬁ_tal. (.1986)' late remarkably well with fullV-body simulations.
The Zel'dovich approximation is recovered from the last

variant of the Bernoulli equation abo\E161) by settitig) =
—U. This latter relationship replaces the Poisson equation i Nonlinear enhancements
that approximation.

While predicting the qualitative features of large scale various authors have presented nonlinear versions
structure, the Zel'dovich approximation had a number ofof the Zel'dovich approximation. Gramdnr_(1993);
shortcomings, notable among which was the fact that pesticl [Susperregi and Buchlerl_(1997) used a second order ex-
passed through the pancakes rather than getting stopped th@ension, while Buchert (1994) presented a perturbation

and accumulating into substructures (galaxies and groups) scheme that is correct to third order in small quantities.
The last decade has seen a host of improvements

to the basic prescription which are nicely reviewed by

Buchert (1996);| Susperregi and Buchelt (1997) and byE. Nonlinear dynamic models

Sahni and Coles (1995). These improvements largely fall int

three categories: “adhesion” schemes in which particle or- The Zel'dovich approximation and its fixups are La-
bits are prevented from crossing by introducing an artificia grangian descriptions of the cosmic fluid flow. Their impor-

Here we have used the scale factorc /3 as the time
variable, and noted that = —(3aa?)~' = constant in
an Einstein—de Sitter Univerde (Kofman and Shandarin,|199
1988) (NB.: in these papers the velocity potential has the op
posite sign from ours).

3. Zel'dovich approximation
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tance lies in the fact that they capture the gross elemetiti@of 2. The Random Heat Equation
nonlinear clustering while their weakness lies in theiresid
stepping any real gravitational forces. Consequentlyy the The random heat equation was introduced into the subject
have been used mainly as short-cut simulators of the evolwf cosmic structure evolution by Johés (1999). The Bermoull
tion of large scale structure. Little analytic work has beenequation [[5B), modified by introducing viscosity (see Jones
done using these approaches. (1999)), can be linearised by means of the Hopf-Cole transfo

It is the Lagrangian nature of those equations that makegation of variables in which we replace the velocity poteinti
it difficult to perform analytic calculations that might kkéo V' with a logarithmic velocity potentia):
an understanding of how, say, the two-point correlatiortfun
tion evolves with time. In order to make progress on an an- V=-2vinig (62)
alytic front it is necessary to cast the equations into dialy

. . . -7 If the gravitational potential is rescaled with the vist¢psi
cally tractable Eulerian forms. The basis for this was potedi 9 P tp

by the important “adhesion approximation’iof Gurbagnall b(x) = 2ve(x), (63)
(1989b), though in the form presented there it was only ever
used for numerical simulations. Equation[5P) with the viscosity term reduces to

0 1 02

%% = —u—w + e(x)9. (64)

ot a? 0x2

Again, it is worth stressing that can depend on time, but we
The paper by Gurbataoet all (1989b) provided a version of see that invoking a time dependence/imeans that the new
the Zel'dovich approximation in which particle shell-ceosy  potentiale(x) gains an explicit time dependence.
was inhibited: the material was stopped as it approached the This time dependence can be masked so as to give the ran-
pancakes by an artificial viscosity introduced on a fairly addom heat equation in its standard form:
hoc basis into the equations. The underlying equation & thi
approximation turns out to be the three dimensional Burg- Iy I (x)e) (65)

1. Adhesion Approximations

. f . o _ o
ers Equation, and so the approach has the virtues of being ot~ Uoxz T

simple to use and very easy to compute (see for examplg s how o be understood that eitheor « (or both) may con-
Weinherg a”‘? Guin (19_90))'_ . ) tain an explicit time dependence through a multiplyingdact
_The adhesion approximation is in a sense a linear approx- the renormalised potential fielgx) is considered as given
imation: it is allowed to evolve into the nonlinear regime in 54 the task is to find the potential This equation is famil-
the expectation that its behavior will mimic the nonlineerb 5, iy slightly different forms in a variety of fields of physi

havior. This shortcoming has recently been tackled by Mencjynere it has a variety of names: the Anderson Model, the
(2002). ] o o ] Landau-Ginzburg equation, and with a complex time it is sim-

the pancakes, the adhesion approximation ensures thapasynhope to benefit from the vast knowledge that already exists
totically they are infinitely thin, and that the particle @eity 5oyt this equation.

perpendicular to these surfaces is zero. The slowing down of |t e take the limity — 0 and use the definitioly =
the particles as they approach the pancakes, the notionesf*v 9,1, 4 we are led straight back to the familiar looking dy-
cosity” in dark matter, and the lack of a full treatment of the namjcal equation

gravitational field fluctuations leaves open some questsns

to just how good the approximation is for studying, say, éarg d(av) v

scale cosmic flow fields. ot ¢,

It is remarkable how much can be done within the frame-

work of the adhesion model. Babul and Starkirian (1992) ha&elllng us that the gravitational potential drives the fliating

introduced structure functions based on the moments of in\-/eIOCIty field. Despite the circuitous route used in demhe

ertia of the local particle distribution, to describe thedb random heat equation, it still remains very close to the &ind

shape of the matter distribution. They showed this to be énental physical process that drives the growth of the large
useful descriptor of the topology of the galaxy distribatio scale structure.

The evolution of these structure functions was studied ana-

lytically by [Sathyaprakasét all (1996). They analyzed the 3. The Solution of the RH equation
emergence of large scale filamentary and pancake-like-struc
tures and showed how this might lead to a large scale coher- \ya can formally solve random heat equation following
ence in the galaxy distribution._Safetiall (1994) discussed e giscussion df Bri (1992) (but see &lso Zel'dowsthll

the evolution of voids using the adhesion approximation. | 1985/1987)). The solution is expressed in terms of path in-
their model, ever larger voids emerge at successive epoc%gralé as was first given by Feynman and Kac:

eventually leaving the largest voids. According to this rlod

voids contain some internal filamentary and pancake-like su _ [k 0 0\d
structures that dissolve as the voids get older. b(x,t) = (x,, %0, 0)4(x0, 0)dxo,
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where the propagatdt is 5. The Schrodinger Equation
x(t)=x
K(x1,t,%0,0) = / ' es(x(f)af)p[x(ﬂ] (66) Starting with the coupled Klein-Gordon and Einstein field
x(0)=xo equations, Widrow and Kaiser (1993) produced an ansatz for
and replacing the Euler and continuity equations of hydrodynam
9 ics with a Schrodinger equation in the form
S(x(r).7) /[1 S e v]d'
X(7),7) = — — —e(x(7), T T
’ 4 dr’ ’ 2 92
o P17 Y O v, (70)

. . L. . . . T o 2
is the action. This is just the “free particle” action with an ot 2m Ox

evaluated at appropriate places along the various paths thgarameter controlling spatial resolution. In this moded th

the Lagrangian for a particle moving in a potentigt, ¢).

What is important here is that the potentidk,¢) con- 92¢ . )
tributes to the sum over all paths through an exponentialsTh 5z = AnGYYt, o p= | (71)
the additive contributions from each part of the relevathga
results in a multiplicative contribution to the final sotuti It  \Widrow and Kaiser|(1993) see this as a means for doing nu-
is this which creates the lognormal distributiontix, ¢) if merical simulations of the evolution of large scale struetu
the potentiak(x, t) in normally distributed. (they use a Schrodinger solver based on an implicit finite dif
ferencing method called Cayley’s Scheme).
The Schrodinger equation fdr can be solved analytically
4. Statistical Moments by identical procedures to those described above for splvin
the random heat equation, the difference being that thenpote
Zeldovichet all (1985,1987) explain the solution(x,?)  tial U being solved is complex¥ is directly related to the
in straightforward terms. They point out that, of all the density field. This route is advocated by Cbles (2002) in his
paths that contribute to the integral, one might expect theery clear discussion of models for the origin of spatial in-
dominant contribution to come from those paths that pasgermittencyl Coles and Spericer (2003) have taken thisdurth
rapidly through high maxima of this potential. Howeverrthe and shown how to add effects of gas pressure corresponding
are rarer paths (optimal trajectories) that are traversettm to a polytropic equation of state. They present this as ailisef
quickly and so probe a greater volume that can encounter stihpproach for modeling the growth of fluctuations in the nyildl

larger (and rarer) maxima of the potential. These lattenat nonlinear regime, which is somewhat short of the ambition of
in fact make the main contribution to the integral. This is-pr  the original Jones (1999) program.

sented rigorously by Gartner and Molchanov (1992).
The outcome of the discussion is that the moments of the

distribution ofi) scale as 6. General Comments
{7) oc exp((ge + §q202)t) (67) The relative merits of the random heat equation and the
wherez ando are the mean and variance of the progcedhis ~ Schrodinger equation approach are yet to be assessed. They
gives intermittency indices are.der_lved from quite (.Jllfferent.premls.es: one pretgndetm b
) derivation from the basic equations while the other is amtms
tq < (¢ —q) (68)  pased on interpreting quantum mechanics as a fluid process.

(Brax,[199P), where the constant of proportionality is dete Each has a level of arbitrariness: one involves an unknown
mined by the dimensional characteristics of the random protunphysical) viscosity that is allowed to tend to zero, whiie
cesse(x). Thus the solution of the random heat equationother involves a tuning parameter, the effective PIan_ck—_Con
is lognormally distributed for a Gaussian fluctuating gravi  Stant{ that can probably be allowed to become vanishingly
tional potential. small without changing any results.

In view of the Hopf-Cole transformation, the velocity po-  In condensed matter physics generalizations of both equa-
tential is in fact the logarithm of the pseudo-potential  tions have played importantroles as the basis of analytid-mo

V = —2vin. Since is lognormally distributed, it fol-  els for a diversity of physical phenomena. They appear to of-
lows that)V is normally distributed and we can compute its fer an important jumping off point for further research twse
rms error as on well established techniques.
1 More recently| Matarrese and Mohayvaee (2002) have pre-
oy X 0gt2 (69)

sented a modification of the adhesion model that they call
Remember that the variance of the gravitational potentiatfl theforced adhesion modeThis is based on thi@rced Burg-
tuationso2 may itself have a time dependence. This is one ofers equationpwhich they transform into a random heat equa-
the things that was assumed as given and which in the singléion and solve using path integrals. It should be noted that
component model is given by the approximation used to elimthis approach is in fact quite different from that lof Jones
inate the Poisson equation. (1999): Matarrese and Moyahaee use different variables and
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they claim to model the self-gravity of the system, therebydependence afy with the intercluster distancé.. This law,

avoiding Jones’ external field approximation.

however, does not hold for large valuesdpf

Mengi (2002), in an approach rather similar to Matarrese 5ne gyccessful scaling law found in the distribution of
and Moyahaee, also avoids the external field assumptios. Thbalaxies is the scaling of the angular two-point corretatio

is done by generalizing the simplistic gravitational terofis

the classical adhesion model to a form that, it is claimesd, ex

tends the validity of the gravitational field terms. Desjite

function with the sample depth. In this case however, the
scaling argues against an unbounded fractal view of the dis-
tribution of galaxies, supporting large-scale homogemneit

greater complexity, a solution can be achieved via path inte

grals.

Finally, the hierarchical scaling hypothesis of therder

The main shortcoming of tHe Johés (1999) model is indeego'elation function needs further confirmation from thié st

the assumption of an externally specified random gravitatio
potential field, though it is not clear that the proposedrale

under construction deep and wide redshift surveys.
We have attempted here to provide an overview of the math-

tives are much better. In the Jones model the intention hagmatical and statistical techniques that might be usedao ch
been to write two equations: one collisionless represgntinacterize the large scale structure of the universe in coateli
dark matter and providing the main contribution to the grav-space, velocity space, or both, with, we hope, enough refer-

itational potential and the other collisional, represegtihe

ence to actual applications and results to indicate the powe

baryonic (dissipative) component. That program was nevesf the various techniques and where they are likely to fail. O

completed.

VIIl. CONCLUDING REMARKS

A. About scaling

these methods, the ones that have been used most often and so
are needed for reading the current literature are the tviotpo
correlation function (Sect. V.B), the power spectrum (Sect
VI.C), counts-in-cells and the void probability functicBect.
VI.E.3), and fractal and multifractal measures (Sect. M)E
Those that we believe have the most potential for the future
analysis of the very large redshift data bases currentlgiec

As we have demonstrated above, there are many scalingg available are the Fourier .methods (Se;ct. .VI.C and Sect.
laws, which connect cosmological observables. The main reaVl.D), although surely the reliable determination of theptw
sons for that are the scale-free nature of gravitation aad thpoint correlation function at large scales is still very onp

(hopefully) scale-free initial perturbations.
The gravity scaling could, in principle, extend into very

tant for understanding the large-scale structute (Diatret,
2003).

the real world the existence of baryons limits the scalimgea
from below by typical galaxy masses.
The scaling range starts from satellite galaxy distaness, s

data (in two or three dimensions) or to the results of nunaéric
simulations of how structure ought to form in universes with
various cosmological parameters, kinds of dark matter, and

eral tens of kpc, and it may extend up to cluster sizes, 1@o forth (also in three dimensions or two-dimensional proje
Mpc; two-three decades is a considerable range. The scajons).

ing laws at supercluster distances and larger are detedmine

by the physics of initial fluctuations.

The first scaling law characterizing the distribution of
galaxies is the power-law behavior of the two-point correla
tion function at small scales(r) « r~7. Other authors try
to fit the quantityl + £(r) to a power laws 7723, Obvi-

B. Future data gathering

ously the previous two power laws can only hold simultane-

ously within the strong clustering regime, wheie) > 1
and, therefore —only at those scales— the equality3 — D,
holds. At intermediate scale8 & r < 20 h~! Mpc) the cor-
relation dimensiorD, is ~ 2, increasing at larger scales up to

D, ~ 3, indicating an unambiguous transition to homogene

ity. Moreover the statistical analysis of the galaxy catalo
permits to conclude that, within the fractal regime, thel-sca
ing is better described in terms of multifractal inhomogaune
measures rather than using homogeneous self-similangcali
laws.

Scaling of the galaxy correlation length with the sample
size,rg < R, is a strong prediction for a fractal distribution.
Nevertheless, this behavior is clearly ruled out by the gmes
available redshift catalogs of galaxies. The scalinggofor
different kind of objects —from galaxies to clusters inéhgd
clusters with different richness— has been expressed asax li

It may well be that the 2dF and SDSS surveys are the last
great redshift surveys for some time to come. They have
yielded a phenomenal amount of new information which we
have hardly had time to fully digest. It is not clear what axtr

information another million redshifts might yield: longe

funding issues may prevent us from ever seeing that. How-
ever, the future may well lie in the direction of deeper sysve
probing those times when the galaxies themselves were form-
ing and the large scale structure was coming into existence.

A number of such surveys are currently under way:
2MASS, COMBO17, GOODS, DEEP2, CADIS, and the re-
cently funded ALHAMBRA. With these we will be able to
confront our models with real data, but only provided we can
filter out the effects of galaxy evolution which will affecrs-
ple selection and data interpretation (particularly ifrthare
luminosity dependent effects).
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C. Understanding structure matter is doing and data on what luminous galaxies are do-
ing lies all of what one might call gaseous astrophysics (or

We have tried and tested a number of descriptors of theven gastrophysics). The intermediate territory incluides
galaxy distribution with varying amounts of success. Tis&ta flow of baryons into the potential wells, star formation and
has been helped by ever-growing data sets, but it is neverthwind energy input, supernovae (which add both kinetic en-
less becoming clear that a somewhat different approach magrgy and heavy elements, which change how gas cools and
be required if we are to improve substantially on what we un<ondenses), galactic winds, on-going infall into the wel{s-
derstand now. tematic gas flow within galaxies, shocking of baryons plus

What different approaches might we take? Our visual im-heating and/or triggered star formation when halos interac
pression of large scale structure is that it is dominated byollide, and merge, energy input from black hole accretion,
voids, filaments and clusters. This suggests that instead @hd so forth. Most of these currently defy real calculatiod a
looking at sample-wide statistical measures such as eerrel are represented by parameters and proportionalities. fhieus
tion functions, we might try to isolate the very featuresttha statement that some particular set of cosmological paesiet
strike us visually and examine them as individual structure initial conditions, and prescriptions for star formatioroke
Much effort has already been devoted to isolating “clustefrs  forward in time to “fit the data” is not equivalent to beingabl
galaxies, but there are currently few, if any, methods atéél  to say that this is the way nature did it.
for isolating either voids or filaments.

Wavelet analysis and its generalizations such as Beamlets
and Ridgelets may prove useful in identifying these stmastu
(Donohoet all, 2002). Other nonlinear analysis methodolo-
gies exist but have not been tried in this context. The faait th
galaxies (or points in a simulation) provide a sparse Paisso
sample of the underlying data complicates the applicatfon o

what might otherwise be standard methods. and the fact that we see simple power law scaling, leads us

'_I'he power of havm_g aclear _math_ematlcal descnpto_r _I|es Mo believe that the process of how large scale cosmic sireictu
being able to unambiguously identify and study specific ob-

) g : AR Is organized can be understood. What is missing is a clear
ﬁﬁ:}saggs in turn provides a tools for conironting simidats methodology for this, and it is certain that we shall to barro

tools and methods from other branches of physics. This is of
course easier said than done since the driving force, gravit
has infinite range and is always attractive.
Two approaches look promising at this time. There is the
. . . . numerical Renormalization group simulations of Peebles an
Eversince the first S|mulat|ons. by Aa_rseth,_Gott and.Tu”Jetouchman. Then there are the analytic models: the Void Hi-
we have gazed upon ”and adm'refj simulations looking _a%rarchy models of Sheth and van de Weygaert and the Peak
good as the real th|ng_. We were |mpr_essed by the gravitapich model of Bond and Myers. The Random Heat Equa-
tional growth of clustering and we were impressed by the facfj;, model of Jones and the Schrodinger Equation approach
that the two-point corr.elat|on function exhibited a powaw| of Widrow and Kaiser remain to be fully evaluated.
of approximately the right slope.
Subsequent developments explored the dependency of the
results on initial conditions and extended significantlg th
range of length scales over which we could apply our valueF. And finally ...
judgements. There has also been a clearer discrimination be
tween dark matter (the stuff of simulations) and the lumiou We have good reason to believe that our data samples are
matter (the stuff we observe). To this has been added exzow good enough to unequivocally allow an unambiguous de-
ceptional computer graphics to render the simulations bs “o scription of the clustering of galaxies in the Universe. STdhe-
served samples”. They look as good as the real thing. scription is entirely consistent with the view of the Uniser
Several caveats apply. First, simulations provide threes a whole that has emerged from the theoretical and observa-
space and three velocity coordinates for each mass point ¢épnal research of the 20th. century. There are many details
each time. Data provide two (angular) space coordinates arig fill in and there is much left to understand. The details wil
a redshift, which is made up of two terms, one proportionakcome with future observational projects and the understand
to the third spatial coordinate (distance) and one reptesening will come with further exploitation of cross-discipéiny
ing motion of the point (galaxy or cluster) relative to umifo  physics. Itis the existence of scaling laws in the galaxridis
cosmic expansion. These can be separated only within son®ition that provides us with a ray of hope that it is possible t
model of what real (rather thaN-body) clusters ought to be do more than merely models the growth of cosmic structure:
doing in the way of a Virial theorem or some other way of we may be able to understand it.
parcelling out potential and kinetic energy among the mass Arguably the single greatest surprise is how relativelyl wel
points. even rather simple models appear to reproduce the hard-won
Second, between the simulations of what the (mostly darkglata.

E. Where we stand on theory
The evolution of cosmic structure is a complex nonlinear

process driven mainly by the force of gravity. The simpjicit
of the underlying driving mechanism, Newtonian attraction

D. About simulations
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